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HYPERELLIPTIC FUNCTIONS AND IRRATIONAL BINARY 
INVARIANTS. I. 


By ArrHur B. Coste. 


Introduction. Much of the theory of the theta functions, both in the 
hyperelliptic and in the general case, is based on the theorem that all func- 
tions of given order and characteristic can be expressed linearly in terms of a 
definite number, k, of such functions. It thus becomes important to have 
at least one linearly independent set of & functions in terms of which all 
functions of the given order and characteristic can be linearly expressed. 
Nevertheless many applications of great interest. are based on the existence 
of quite special three-term linear relations connecting particular functions 
(cf. *, p. 441). These special relations must be consequences of the more 
general linear relations connecting k + 1 functions. Yet the special relations 
can be obtained from the more general relations only by some knowledge 
of the particular behavior of the coefficients in these relations. 

Usually the coefficients of the theta relations are values of the theta 
functions for particular values of the arguments; or, if one prefers, they 
are the values of given functions with given characteristics for the zero values 
of the arguments. These coefficients depend only on the moduli of the theta 
functions. It is therefore desirable, as Wirtinger has pointed out (cf. °, p. 69), 
to consider theta relations as relations connecting functions both of the moduli 
and of the arguments with coefficients in the domain of the ordinary number 
system. 

A similar situation exists in the theory of invariants. Four quadratic 
covariants of a system of binary forms are necessarily linearly dependent 
when considered as polynomials in the binary variables alone. Usually how- 
ever the coefficients of the linear relation are invariants, and in such case 
the four quadratics are independent in the numerical domain. 

The hyperelliptic thetas, defined by a binary form of order 2p + 2, can 
be exhibited very satisfactorily, in the case p= 2, by beginning with a nu- 
merical domain. It is the object of the present series of papers to consider 
the possible extensions of the situation for p= 2 to higher values of p. We 
outline briefly here the case, p= 2. Having chosen in a linear space, S3(y), 
the five points which determine a codrdinate system, and which therefore have 
only numerical codrdinates, the system (0+) of quadrics on these five points 
425 
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maps S;(y) upon the points of a locus M,;°(2) in Ss whose equation may be 


put into the form, { =0}. A binary sextic with roots 
t,,° and (ik) has 15 irrational linear invariants (A) of the 
form (12) (34) (56) of which only five are linearly independent in the domain 
R(1). Five that are independent map the °* projectively distinct binary 
sextics upon the points of M,°(x). The sextic also has ten irrational invariants 
(B) of the second degree and of the form (12) (13) (23) - (45) (46) (56), 
of which again five are linearly independent. Five which are linearly in- 
dependent, and which are properly chosen with respect to the five invariants 
(A), map the o* binary sextics upon the spaces é of an envelope, M,‘(é), 
of class four, which is the dual form of M;°(x) in such wise that x, é are 
point, and tangent space at the point, of M,°(x). Thus the moduli of the 
theta functions are determined algebraically by the choice of point z, or 
space S;(é), of the “modular manifolds ” M,°(z), M;*(é), which themselves 
have no absolute invariants. ; 

In § 1 we prove, for the general (2p + 2)-ic, that the system of invariants 
(A), and the system of invariants (Bb), have the same dimension, and there- 
fore define modular manifolds, Mop-1(x), Mop-1(€) in the same linear space. 
In §2 Mey-1(x) is discussed as the map of a linear space, Sxp1(y). The 
projective construction of a point x of Mzp1(x), determined by a (2p + 2)-ic 
with ordered roots, is given in terms of the positions of certain ‘ 
points. For p= 2, these median points are the ten nodes of M,°*(x). In 
§§ 3, 4 the linear relations connecting these median points, and the construc- 
tion mentioned, are discussed analytically. In § 5 we prove that the z, é are 
dually related, and that x, € defined by the same (2p + 2)-ic are incident. 

Returning again to the case p= 2, when z is chosen on the 
enveloping cone of M;*(z) from z is a Kummer cone K whose section by an 
S; not on x is a Kummer surface; and the polar quadric of z as to M,°(z) 
cuts M,°(x) in an M,° which is the map from S3(y) of a Weddle quartic 
surface. The birational transformation from Weddle to Kummer surface is 
immediate. If y is a point on the Weddle which maps into z on M,’, the 
tangent S; of M;° at x’ is on z, and therefore on K, and contributes, in the 
section, a tangent plane of the Kummer surface. Hence the domain (%°) 
of the moduli, and of the variables, of the theta functions p = 2 is represented 
by pairs of points z, 2’ on M,* such that the tangent S; at 2’ is on z. 

The extension of the Kummer surface to a Kummer manifold Kp of 
dimension p for the general theta functions of genus p has been developed 
by Wirtinger. In the hyperelliptic case K,> still exists, but doubtless has many 
interesting special properties. The author has recently developed the corre- 
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be sponding hyperelliptic extension of the Weddle W,, and has given the map- 
ite ping by means of which these manifolds are birationally related. In § 6 some 

applications to W; and to W, are given. But the question still remains as to 
he whether the Kp, and W, may not be projectively attached to a point of a 
- modular manifold Msp, in such wise that their birational connection is as 
Ty evident as in the case p = 2. 
ils The author has also proved (*, pp. 144-148) that the configuration of 
); nodes and tropes of the Kummer, as well as algebraic parametric representa- 
ws tions of both the Kummer and the Weddle, can be given in quite simple form 
ats in the case p= 2 in terms of irrational invariants and covariants of the 
) sextic. We shall examine later the possibility of extending these representa- 
mn tions to higher values of p. 
he As at present planned, part II of this series will be devoted to a more 
+ careful examination of the particular case p—3; and part III to a dis- 
om cussion of the loci on Mzp-:(2) which correspond to (2p + 2)-ies with multiple 
roots of any description. 
ats 
es 1. The number of linearly independent linear irrational covariants 
of weight & for a binary form of order j= 2k +/. Let F = (at)/ bea 
‘he binary form of order j whose leading coefficient we take for convenience as 
-ic unity. If the roots of in nonhomogeneous form are = -, tj, 
let 
In (1) (ij) tj, (it) = (4 
ie If then we select from the j roots k pairs, and form the product of differences, 
re 
(2) a = (12) (34) - (2k —1, 2k) (2k +1,t)-- - (2k+1, 6), 
the this product is an irrational covariant of F of degree 1, weight k, and order | 
an (, I, §3). 
*) The number of distinct covariants of this type is 
tic 
AG, i! 
the 
the However, by using the binary identities, a particular product may be expressed 
i) in terms of others with coefficients which are free of the roots, i.e., these 
ted covariants are related linearly and with integer coefficients in many ways. 

We ask for the number, 
(4) Gtk +D, 
e 
es Which are linearly independent in the ring of integers. 
in The products * which vanish when ¢t —¢; are those which contain the 
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factor (jt). The coefficients of (jf) in these products lie in the linear 
system of irrational linear covariants of weight & and order /— 1 belonging 
to the form F'/(jt). Thus the number of linearly independent coefficients 
of (jt) is mei+. If w does not contain ¢; in the form (jt), must have 
the form 


Since (17) (2¢) = (12) (jt) + (14) (27), it is clear that, to within products 
containing (jt), i.e., to within the linear system already accounted for, 
the terms, 

(1j) (8t) (I+1,t): 7, 

(1¢) (2¢) (87) (J +1,t) 


are equal to each other. But the sum of these terms divided by / +1 is 
the polar of ¢; as to a covariant of weight #—1 and order /+ 1. Since 
all of these covariants can be expressed in terms of Mx-1,141, we have the 


recursion formula 
(5) Net = Me, 1-1  Me-1, 141 i= 


In the derivation of (5) the existence of factors of the type (jt) was 
assumed. If none such occur, i.e., if we seek mxz,o (j = 2k), the number of 
linearly independent invariants of type (12) (34): then, as 
before, there is a linear system which has the factor (12), and of these mx-1,0 
are linearly independent. The remaining invariants are of type (13) (24)z’. 
This type pairs with (14)(23)x’. The difference of the two contains the 
factor (12), and is in the linear system accounted for. The sum is twice 
the polar of ¢,,¢2 as to the quadratic (3¢)(4¢) +7’ which lies in a linear 


system containing nx-2,2 linearly independent terms. Hence 
(6) Nk,o = Nk-1,0 + Nk-2,2- 


If we call r+ s the rank of the number n,;,s, we observe that the recursion 
formulae (5), (6) give the value of nx,: in terms of numbers n’,’,1 for which 
the rank k’ + I’ is either smaller than & + 1, or equal to & +1 when I’ >I. 
Since the maximum value of J is j, and then there is a single covariant F, 
i.@., Mo,j =1, the formulae (5), (6) suffice to determine the numbers mx,1 
completely. 

A table of early values calculated from these formulae is: 
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1 (j =1,2,---,10), 
m,1=1,2,3,°°°,9 (1 =0,1,2,----,8), 
No,1 = 2, 5, 9, 14, 20, 27, 35 (1 -,6), 

N3,1 = 9, 14, 28, 48, 75 (1=0,---,4), 
N41 = 14, 42, 90 (1 =0, 1, 2), 
Ns,9 == 42. 


From an inspection of the table we find that 


(7) me 


It is easy to verify that this value of nx,: satisfies the recursion formulae (5), 
(6), and therefore it is the value sought. 

For the particular case when / = 0 and k = p+ 1 the linear covariants 
become the linear invariants of the binary (2p-+ 2)-ie of type (A), ie, 
of type (12) (34) (56)-- - (2p +1,2p-+ 2). For these it is clear that 


(8) Lhe number of linearly independent irrational linear invariants of the 
binary (2p + 2)-te is 


Another type of irrational invariant of the binary (2p -+ 2)-ic arises 
from the norm-curve in Sp with canonical equations, 


The condition that the (p+ 1) points of this curve which are determined by 


t=t,: + -,tp be on an Sp. (a condition which entails a degeneration 
of the norm-curve) is 

£9 
(10) (123---,p+1)—| 7 

Dp 


= (12) (13) (23) (p,p +1) =0. 


. 
The product of two such complementary determinants, 


(123: *>P+1) (p+ 2, p+ +2), 


is an irrational invariant of type (B) of the binary (2p + 2)-ic, whose degree 
isp. The invariants of type (B) are connected by linear relations with integer 
coefficients, which arise from determinant identities. According to [*, I, 
p. 188(70)] 


429 

|_| 
as 
the 
vice 
rich 
>I. 


430 ARTHUR B. COBLE. 


(11) The number of linearly dependent invariants of type (B) is the 
same as the number of linearly independent invariants of type (A). 


In § 5 we develop a duality between these two types of invariants. 


2. The modular variety M.,, in Sv... The invariants (A) for two 
projectively equivalent binary (2p -+ 2)-ics are proportional. If then we 
select v linearly independent invariants (A) according to §1 (8), and set 


the aggregate of projectively distinct and ordered binary (2p -+ 2)-ics is 
mapped upon the points of a variety Moy, of dimension 2p — 1 in a linear 
space 

The choice of the independent set 2; may’ be made in many ways. For 
a particular value of p an available set may be obtained by following out the 
recurrences of §1. Thus for p= 0,1, 2,3 independent sets are 


p=0: (12); 
p=1: (12) (34), (13) (24); 
p=2: (12) (34) (56), (12) (35) (46), (14) (25) (36), 
(13) (24) (56), (13) (25) (46) ; 
(2) p=3: (12) (34) (56) (78), (12) (34) (57) (68), (12) (36) (4 


(47) (58), 
(13) (24) (56) (78), (13) (24) (57) (68), (13) (26) ( 

( 

( 


7) 
7) (58), 
(12) (35) (46) (78), (12) (35) (47) (68), (14) (26) (37) (58), 
(13) (25) (46) (78), (13) (25) (47) (68), (15) (26) ) 


(14) (25) (36) (78), (14) (25) (37) (68). 


( 
47) ( 
37) ( 
37) (48), 


A notable property of Mop; is: 


(3) The modular variety Mop+ is a rational variety, which is invariant 
under a collineation group C (2p.2): which is isomorphic with the symmetric 
group of order (2p+ 2)! 

For, if the root tops. be transformed to t= o, and at the same time 
the remaining roots are transformed so that their sum is zero, then these 


remaining roots, say 91,° * *, Y2pe, for which 
(4) Yi t+ + Yon = 0, 


are determined only to within a factor of proportionality. Thus the ordered 
binary (2p + 2)-ic is represented by the point y in the linear space S2p1(Y); 
and conversely a point of Szp-1(y) determines the ordered (2p + 2)-ic to 
within a projectivity. In the mapping (1) the binary (2p + 2)-ic, with roots 
yi, © furnishes a point 


the 


or 


the 
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(5) — (Yis — Yis) 


the factor (% tz) which contains tep,2 being simply +1 or —1 according 
as ij or t is 2p-+2. Thus 2 on M2», has codrdinates which are rational 
in the coordinates y of a linear S2)1, and Mzp-; is a rational variety. If the 
roots of the given (2p- 2)-ic are permuted, the representative point y is 
transformed by an operation of a Cremona Gi2p.2): in S2p1(y)—the cross- 
ratio group of Moore [cf. 1, I, §7 (k=1)]. The varieties 2; —0 in (5) 
make up the simplest linear system of varieties which is invariant under the 
Cremona G2p.2);} When S2»1(y) is mapped by this linear system upon Mop-1, 
the Cremona group induces a collineation, group C2p42): in Sv-. under which 
Mop, is invariant. The equations of these collineations can be obtained from 
(1) by permuting the roots ¢, and expressing the resulting products 2’; linearly 
in terms of the original products aj. 

The 2p-+ 1 coordinates y, subject to (4), determine in Sep; a base 
whose 2p + 1 points have typical codrdinates 


Clearly all of the p factors (yi,-- yi,) vanish at such a basis point except 
one at most; all except two at most vanish at two basis points; etc., whence 


(7) Mop+ is the map of Sop-s(y) by the linear system of spreads of order p 
which contain the (*#*') points of a basis in Sxp1 as (p—1)-fold points ; 
and which therefore also contain the ( 7") basal lines p—2 times; the 


simply. 

For, if we set 2 = Yi—Yopu +, 2p), then 2p of the basis 
points become the reference points, and the last basis point becomes the unit 
point. The general spread of order p with (p—1)-fold points at the refer- 
ence points is 3 12... p 2122° * *% =O with (*) terms. This will also have 
a (p—1)-fold point at the unit point if its polar of order p— 2 vanishes. 
This polar has () terms of the form 222° * * Zp-2, whence the linear system 


in (7) contains 


independent members. 

We seek now certain sets of points or sets of linear spaces conjugate 
under the C242)! in (3), which are of significance for Mzp,. We begin with 
a set of $(2”?) —v(p + 2)/2 median points. These are defined as follows: 
Consider those (2p + 2)-ics for which the p+ 1 roots, tps2, topse 
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ear 
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become equal to ¢. Then all of the invariants (A) either vanish or are equal 
to + (1t)(2t)---(p+1,t). Thus the codrdinates x in (1) become, on 
dividing by this factor of proportionality, 7; =i, where «i is + 1, —1, or 0. 
If, on the other hand, the complementary set of roots all become equal to s, 
the same invariants (A) vanish as before, and the non-vanishing ones become 
equal to + (s,p + 2)(s,p+3)°- (s,2p+ 2), i.e., the coordinates 2; are 
proportional to the same set «; as before. Hence 


(9) There exists on Mop, a conjugate set of v(p+2)/2 median points 
Py2,..., ps1 == Pose, ..., p12 Which are the maps of those ordered (2p 2)-tcs 
for which one set of p+ 1 roots (or the complementary set) are all equal. 

These points are singular points of the mapping since the oo?” pro- 
jectively distinct (2p-+ 2)-ics which depend upon the double ratios of 
ti," * *, tpi, all map on the same median point. 

Consider now the aggregate of (2p -+ 2)-ics for which only p of the 
roots, say the last p, coincide at ¢. The invariants (A) which now do not 
vanish have the form 


(10) (12) (3¢) (44) - -(p+2,t). 


Of these, according to §1 (7), there are m:,,)—p-+1 which are linearly 
independent, and the (2p-+ 2)-ics are mapped upon the points of an Sp. 
As t changes in (10) the mapping point runs over a norm curve of order p 


in Sp which for = t,, -,tp.2 passes through the p-+ 2 median points, 
of t1,: + +, tp2 we obtain the system of «”* norm curves on the base in Sp 


which consists of these median points. The number of such S,’s is 


‘ea, =(p+1)v. Hence 


(11) There are v(p+1) sets of p+ 2 median points whose indices have 
p common subscripts such that each set lies in an Sp which is contained 
entirely on Moy. The points of such an Sp map binary (2p + 2)-ics with 
a p-fold root t. As t varies, the map describes a norm-curve N® on the p +2 
median points; and as the remaining roots vary, the N® runs over a baste 
system on the p+2 points. On each median point there are 2p + 2 such 
spaces Sp. 

Consider again the aggregate of (2p-+ 2)-ics whose last p—1 roots 
coincide at ¢. The invariants (A) which do not vanish have the form 


(12) (12) (34) (5t) (p +3, #). 
According to §1 (7%), there are p(p+ 3)/2 of these which are linearly in- 
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dependent. Such (2p -+ 2)-ics are mapped upon the points of a manifold 
My.. of dimension p-+ 1 in a linear space S_:.p¢p+3)/2. As ¢ varies in (12) 
the mapping point runs over a norm-curve N?"' (necessarily in an Sp), and 
as ¢ takes in succession the values ¢,,: - :.¢p,3; the mapping point strikes 
successively a point of one of p+ 3 of the spaces Sp of (11). Since the 
N”* is defined by p+ 2 points, the question arises as to whether an Sp1 
which meets p-+ 2 of the spaces Sp, will also meet the remaining one. 
We find that there are 0” /? §)_,’s in S_ispcp+ay/ 2, and that it is p(p—1)/2 
conditions that an Sp, shall meet an S,. Hence there are o” S,_.’s which 
meet the given p-+ 2 Sy,’s, one on each point of a given Sp. The N?* 
these p -+ 2 intersections passes through the point where the Sp-, meets the 
(p+ 3)-th Sp. Hence 


(13) There are () sets of (p+ 3) of the spaces Sp of (11), each set 
lying in linear space In the Sp+’s which meet 
p+ 2 of the Sy’s are «©? in number, one on each generic point of an Sp. 
Such Sp-1’s also meet the (p+ 3)-th Sp, and the p+ 3 intersections of the 
Sp. with the p+3 Sy’s lie on a norm-curve N?®*. The locus of these «? 
ts a manifold Mp1, the section of Mop+ by and the map 
of binary (2p + 2)-ics with a (p—1)-fold root. 


From entirely analogous considerations there follows: 

(14) There exists a set of feed ) linear spaces {S}x (k =1,° -,p—1l) 
of dimension — 1 + (met) + 2)/k which cut the mamfold 
Moy, each in an Mp,x-+, the map of projectively distinct binary (2p + 2)-ics 
with a (p—k-+1)-fold root. A space {S}x% contains (p-+k-+1) spaces 
(S}in. Through each point of Mp,x-1 there passes a norm-curve N°! which 
meels the (p-+k-+1) spaces {S}x-1 each in one point. The parameters 
of these (p-+k+1) points on N’** are projective to the remaining distinct 
roots of the binary (2p + 2)-tc. For the extreme case k = p, there is one 
(S}p—=Sv.. containing Map. and (8%) spaces {S}p1. On each point of 
My, there are (2p + 2) lines each of which crosses (2p +1) of the spaces 
{S}p4. 

The theorems given furnish projective constructions for a generic point 
on M.,., in terms of the known median points. The median points them- 
selves are obtained from the reference and unit points by harmonic con- 
structions. For example, to obtain the point on M; in S,; determined by 
the binary octavic with ordered roots t;,- - -,¢s we proceed as follows. In 
the {S}, determined by tg = t; = ts =t we take an N® on the 5 S,’s, 
or median points, determined by = t, = t; =ts,: +, ts; = te = ts 
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with parameters ¢,,- - -,¢; at these five {S}o’s in order, and mark the point 
on this N* with parameter ts. This is the map of the octavic t,,°-* , fs, f6. te, ts. 
We construct similarly the map of the octavics te, ¢s,fs3 °° 5 
ti,’ te, These six points lie on an a conic, with parameters 
te, ts,° * +, t, respectively. On this conic the point ¢; is the map of the octavic 
t:,: Similarly the maps of the octavics °°; 
t:,: * *,t7,¢t, are constructed. These seven points lie on a line with para- 
meters t;, te,’ ¢, respectively. On this line the point with parameter 
is the required point -, ¢s. 


The manifold Mozy, has, according to (14), 2p+2 distinct linear 
rulings. If the is mapped as in (7) from an then 2p + 1 
of the rulings are the maps of the systems of lines each of which is on one 
of the 2p + 1 basis points in S2»-:(y), and the remaining ruling is the map 
of the system of norm-curves N*?"' on the basis. These 2p + 2 systems are 
permuted symmetrically by Moore’s G 2p,.2)!, and thus on Mop. the 2p +2 
linear rulings are permuted symmetrically by C(2p,2)1. 


3. Canonical form of the linear identities connecting the invariants 
(B). The geometric constructions of § 2 have an algebraic parallel which 
is developed in the next section. In this the median points are assumed as 
before. These depend upon the division of the 2p + 2 roots into two sets 
of p-+ 1 each, and thus are in one-to-one correspondence with the invariants 
(B) of §1 (10), (11), namely: 


(1) (B): * * * 


These invariants are determinant products, and a canonical choice of sign 
for each, and a similar choice of a set of independent linear relations con- 
necting them, is useful in the next section. 

Let one root, say the last, tzp,2, of the (2p + 2)-ic be isolated, and let 
this root occupy the last place in the second determinant in (1). The re- 
maining elements in each of the two determinants are then written in the 
natural order in their respective determinants so as to produce 


(2) diy... tp = * (hile - 2p + 2) 
and if 1<7), 


where € is + 1 or —1 according as the permutation 
* 


from the natural order is even or odd. Thus the ‘oe, products di,... 1, ate 
determined in sign as soon as the group of subscripts 1,,- - -, J, is given. 


~ 
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The linear relations connecting these determinant products are = 
in number. Each relation contains the p-+ 2 products which have in one 
determinant a fixed group of p roots. Thus the relations are of two different 
types, in the notation introduced above, according as the last root fop.2 is or 
is not in the fixed group of p roots. For the first type we have 


To prove this we observe merely that in the identity as usually written the 
signs are alternately + and —, since each term arises from the preceding 
one by an inversion. However, this change of sign due to the inversion has 
been accounted for by ¢ in the definition (2) of di,... 1,. 


In the second type we have a fixed group m,° - -, mp and a residual 
group *,kpu,2p-+ 2. The terms in the identity are 


For the same reason as before the signs are like in all terms except perhaps 
the first. Thus we have to determine ¢’ in 


edn, Mp + dr, 


so that this shall be the pair of terms 

(key (my Mp, 2p + 2) + (My Mp kp, 2p + 2). 
Since only the relative signs are to be determined, we may suppose that 
+ and *, Mp are already in the natural order. If « transposi- 
tions are required to put ki: kp mp into the natural order, then 
p transpositions will put mp ki kp into the natural order, 
since the p transpositions, (k,m1),° (kpmp) change the one into the other. 
Thus the pair of terms becomes 


(— dus, My -f- (-— 1 dy, 
and the second type of linear relation reads as follows: 


(4) Tm... mM, = (-- 3 dm, + Key + dx, 


We now prove that the identities of this second type (4) are obtained 
from those of the first type (3). Let the roots other than t2y,2 be divided into 
two sets of p and p+ 1 each, say t1,- - -,% and j,,° * *, Then there 
are products of type (a) or di,... i,, (3) (*%*) products of type (a1) 
OF (3) products of type (dz) or finally 
(5) (%") products of type (ap) or dj,...;,- Also there are (7) identities 


ba 
) 
) 
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of type (bi) or 1i,...i,,, each containing 1 term of type (a) and p+ 1 
terms of type (a); (2) identities of type (bz) or Ti,...ip2i, each 
containing 2 terms of type (a) and p terms of type (a2); °° °; finally 
te) identities of type (bp) or 1j,...4,., each containing p terms of 
type (d+) and 2 terms of type (ap). On adding all identities of the type 
(b:); all of the type (b2); etc., we obtain 


Pp > (ao) = 0, 
(p—1) 3 (a1) +23 (a) =0, 
2% (dp-2) + (p—1) (apr) = 9, 
(dy-1) + p% (ap) =0. 
The elimination of +, from these p equations yields 
(do) (ap) = 0. 

The number of determinant products is (*?t), the number of linear 
identities of type (3) is Since ) forge 
is the number of linearly independent determinant products or invariants (B) 
[cf. §1 (11) ], we have shown that 


(5) With the sign of a determinant product determined as in (2) the 
‘oan. products di,...1, may be arranged as the elements of a p-way deter- 
minant D of order 2p+1 with lines determined by the ordered subscripts 
ii,° * + lp. An element in two or more lines of the same index is to be zero. 
Then the ee. independent linear relations of type (3) arise by equating 
the sum of the elements of any line to zero. 


4, Canonical form of the linear identities connecting the median 
points; equations of the norm-curves of § 2 in terms of the median points. 
Setting, as in § 2, 


(1) Li = (tte) (Teper topse) 


let the codrdinates € be contragredient to the point codrdinates x in Sy-1. 
An equation linear in the és is the equation of a point. We prove that the 
equations of the median points may be affected by such factors of propor- 
tionality that their left members satisfy the same system of independent 
linear relations as the determinant products (B) in §3 (8). 

A particular median point is obtained in (1) when the p+ 1 roots of 
either of two complementary sets become equal. Let the set containing top. 
be preferred, and let 
(2) é1,...1, =0 


5 
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be the equation of that median point for which + = ti, = 
=t. If tj,,: ¢;,,, are the remaining roots, the factor (j:t)- (jps t) 


is removed from the codrdinates z; in (1), and the residual factors, + 1, 
—1, or 0, are the coefficients of the codrdinates é in (2). For this canonical 
choice of the factors of proportionality in the codrdinates of the median points 
their equations satisfy the linear identities, 


We have merely to show that a particular codrdinate z; is either 0 at all 
of the p+ 2 points in (3), or else is + 1 at one, —1 at one, and 0 at the 
p remaining points. If 2; contains a factor (mimj;), or a factor (mi, 2p + 2), 
it vanishes at all of the points of (3), and the identity is satisfied. If no 
two of the m,°°*,mMpi1,2p-+2 occur in the same factor of zi, we may 
suppose that each occurs last in the particular factor which contains it. This 
amounts to examining + 2, or — 2; as the case may be. Then 2; or —@j 


has the form 
(k’p, 2p + 2) (lerke) 


where k’,,- k’p is some permutation of the other than and 
k,. This vanishes when tm,,° +, are all equal to ¢ at every point 
€ in (3) except at the two points &,m,...m,, and &&,m,...m,.- At the first 
of these the factor (k,yks) becomes (tks), and at the second (ft). On 
removing the factors (kst), (kt) as part of the factor of proportionality 
to be deleted, the first point has the value — 1, and the second the value + 1, 
for the codrdinate 2; (or for the codrdinate — 2; as the case may be). Hence 


(4) The ) median points é1,...1, may be arranged as the elements of 
a p-way determinant D’ of order 2p +1 with the lines determined by the 
ordered subscripts 1,,- - +l). An element in two or more lines of the same 
index is to be non-existent. With factors of proportionality chosen as above 
the () independent linear relations of type (3) arise by equating the sum 


of the elements of any line to zero. 


Let 
(5) tos (k =1,---,p+1) 
Up+1 
denote the polar of the form (tp,2t) of order k as to the form 
(ut): - (tut) of order p+ 1 without however the usual numerical factor ; 
and let 
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denote the value of the polar form (5) for !=t;. We prove the theorem: 
(7) The parametric equation of the norm-curve N?*** which lies in the 
space {S}x of § 2 (14) is, in terms of the parameter t, and fork =1,:-:-+,p 
as follows: 

k 


+ 


where % is such as to symmetrize for its subscripts. The equation of the 
point on Mop, which is the map of the general ordered (2p + 2)-tc is, in 
terms of the equations of the median points, 


p 
\ €i,...i, = 0. 


The given equations have coefficients which are polars containing ¢ to an 
order which ensures the existence of the corresponding norm-curve. In order 
to prove that N?-** is the map of the binary (2p + 2)-ic with ordered distinct 
roots °°, and coincident roots = = tape = t, it is 
necessary only to show that for t= ;,,,,. in N?*' we obtain the point 
t = on N?**? j, e. that 


k 
(8) > iy \ &i, cee tops 


* Upeket 


ipsk+ 


For, the norm-curves N in (7) will then be determined by precisely those 
points which were used in § 2 (14) to define them in succession. In order 
to prove (8) the following auxiliary formulae are necessary : 


* J iy r=2 Uper Up+1 J ty 


These give the value of the polar when ¢ is a root, either of the polarizing form, 
or of the polarized form. In (9.1) the left member is obtained from the polar 
form i ; 

and then setting ¢ = ti,,,,- According to Euler’s theorem on homogeneous func- 
tions, this is the right member. In (9.2) the terms in the polar on the left 
which contain the factor (4,4) vanish for t= ti, The terms which persist 
are those which contain 7, in the form (ttpir) (r= +41). The 
residual factors are the terms of a polar of next lower order so that the 


of order p—k + 2 by operating with (tp.x+1 0/0), 


left member can be written as 
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r=2 * * J 

Qn the right the terms of the polars which contain factors of the form 
(ipsr +13; will vanish. For, when r takes the 
value s, the same terms come in with factor (ip,s tyr). The only terms which 
persist when ¢t = 1%, are those which contain (tp,rt), and these also reduce to L. 

Returning to (8), and isolating the index %,4.:1, the sum on the left 
breaks up into two parts, namely: 


‘teat k+1 


| Upsk 


On applying (9.1) and (9.2) respectively to these sums, they become 


+ 


+ Up+k+1 


f 


? P 


Those negative terms in which the lower line of the brace is %* * *%.x« will 
have for coefficients 
r=ptk 
— 
r=k 


Thus these negative terms combine with the positive terms to raise the 
coefficient (p —k +2) to (p—k-+3) as on the right of (8). 


5. Duality of the invariants (A) with respect to the invariants (2). 
The final equation of § 4 (7) which expresses the general point of the modular 
manifold Ms»_, in terms of the median points contains all of the median points. 
The coefficients in it, though formed for isolated tzp,2, are in reality symmetric 
in all of the roots. The equation might be written in the more symmetric form 


+1 
(1) > f é 0. 


The earlier form has, however, the advantage in that the summation, and the 
signs of the terms, are more easily defined and we retain it. The coefficients 


are the apolarity invariants of two complementary factors of order p+ 1 of 
the binary (2p -+ 2)-ic. Each term of such an invariant is itself an in- 
variant (A). In fact 
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(1.1) 


where & refers to the (p +1)! permutations of or Of 
tops2- We make then a linear transformation from the coordinates x of § 2 (1) 
to codrdinates defined by these apolarity invariants. Again we fix tep.2 to be 
2p + 2 and set 
(2) Vine... = 
1 Up+1 
With respect to these new codrdinates or new invariants (A) we first 
observe that they satisfy the same set of independent linear relations as the 
determinant products, or invariants (B) in §3 (3), or as the median points 


in §4 (3), namely: 
(3) Tm... . Mp4 Chkym,... Mya + + ... Mp1 0. 


For, the identity 

ks \2 f 3 
is verified by noting that the term (k2k1) (kst) of the first of the 
polars in (4) is cancelled by the term (kik2) (kst) of the second, 
etc. If this identity is polarized further with respect to 


(mit) (mpat) (2p + 2, t), 


the identity (3) is obtained. These relations ensure that the number of 
linearly independent codrdinates z in (2) is not greater than the number, », 
of linearly independent invariants. We ensure that this number is as great 
as v by expressing an individual invariant (A) in terms of the invariants # 


in (2) by the formula, 
2)! 
(5) (19) (34) (ep + +2) = 3 (—1)? aus... 


where the 2” terms in & arise from the one given by the operations of the 
generated by the p transpositions, (12), (34),- (2p—1,2p), pro- 
vided that, when a transposition is applied to a term, the sign of the term 
is also to be changed. Thus, for p= 2, and p= 3, we have 


12: (12) (34) (56) V13 — Veg — + Dea, 
60 (12) (34) (56) (78) = — + + — Leas + Lise — Lose — Vise 


To prove (5) we note first that the transposition (12) changes the sign 


j 
q 


Lose 
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on the right, whence = contains the factor (12); and, by the same argument, 
> contains the factors (34),---,(2p—1,2p). As a function of the dif- 
ferences of the roots linear in each root % must then also contain the factor 
(2p +1, 2p-+ 2). In order to verify however that % does not vanish identi- 
cally, and at the same time to check the numerical factor in (5), let the 
odd-numbered roots all be equal to r and the even numbered roots all be equal 
to s. Then the left member of (5) has the value (rs)?: (p+ 2)!/2. Each 
term on the right has the form 


( ) | g . . . . . J 

where k is the number of 7’s in the upper line and k =0,1,: - -,p since 


top = always. This value will however arise from (4) terms since in 
general the (p—k) roots s in the upper line other than the last may be 
any of ts, In forming the apolarity invariant the roots s,r in 
the lower line are distributed in any order with respect to the roots r,s in 
the upper line so that the non-vanishing terms contribute 


k! (p+1—k)! = (— k! (p+ 1—k)! (rs). 


k=p 

The value of is therefore [ ki (p+1—k)! ](rs)?. 
k=0 

(ij) =p!/k! (p—k)! this can be written as 


p! 1—k)] =p! (15) (V+) 


which coincides with the left member. 

For values of p beyond three no convenient choice of v independent 
variables Tm,...m,, nor of independent combinations of them, seems to exist. 
Even for p= 2,3 the best procedure is to select a set of v-+ 1 combinations 
whose sum is identically zero (for p= 2 cf. ', 1, p. 167; for p=23, cf. 
Part II of this account). Thus, in the general case, it seems best to retain 
all the variable point codrdinates 2m,...m,, and therefore to carry along the 
linear relations (3) on these codrdinates. The question then arises as to the 
nature of the dual codrdinates € in Sv_,. If the variables were independent 
we should have dual codrdinates 2, € with the incidence condition & 2ié; = 0. 
When the linear relations are introduced, the coefficients é of this condition 
can be modified into 


If we write this as 3 rif, the values of the &; are 


, 
(6) my = Em,... my + Amy... + Amymg...m, + + Amymg.. . 
2 


k-0 
\, 
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where the constants A are at our disposal. It is natural to attempt to choose 
these ee) constants A so that the codrdinates & satisfy the same system 


of (3%) linear relations as the codrdinates x in (3). If 
then from (6) there follows that 


(8) (p + 2) Ams. My + My + My + Akymams 
+ Akoms . .. My + Akomom, My + + Akgmoms . 


If the ook equations (8) in the => constants A can be solved for the 
\’s in terms of the és, the relations (7) can be satisfied. That the solution 
is possible (i.e., that the determinant of the system is not zero) can be 
proved by showing that any individual Am,...m, can be obtained by taking 
proper linear combinations of the left members of equations (8). For, if 
that equation derived from (8) by the interchange of mz and hk; be written, 


the difference of the two left members is 


(9) (Ams ) { (p + 1)Ams. My + Akom, + + Akoms 
+- My + + Aky.2ms + My 


In (9) the multiplication is symbolic, i.e¢., AmAm,* ‘Am, =Ams...m,- The 
part of (9) within the brace is the left member of (8) formed for p’ = p—l1. 
Assuming that this latter system can be solved for Am,...m,, the original 
system can be solved for Amgng...m,— Akymg...m,, 1.€., for the difference of 
Am,...m, and any A which has p—2 subscripts in common with it. On 
adding such properly chosen differences to (8) the resulting left member 
is a multiple of Am,...m,- Thus the system (8) can be solved for the 2’s 
if it can be solved in the earliest case p—=2. For this case the five left 


members have the typical form, 
+ + As + As + As 


and the possibility of the solution is obvious. 

At the moment we do not need the explicit values of the new codrdinates 
& in (6); but they are useful later, and therefore we give the solution of 
the system (8) and the resulting values of the &’s in (6). So long as only 
linear expressions are in question, it is legitimate to use the symbolic multi- 


plication, 
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If the 2p + 1 subscripts are divided into complementary sets m,° °°, Mp-1 
and ky,- + -,kp.2, and if 3,8 refer respectively to sums which symmetrize 
with respect to these sets, the equation (8) can be written in the form 

2)! 
(11) [(p + 2) Amy... -+ .. . | 
2)! 


Due to the symmetry of the system (8) in all the indices we may assume 
that the solution whose existence was proved above has the form, 
2)! 
j=0 
If we substitute this value in (11), and note that the coefficient of 
En... mys-4 On the right is zero, except that for it is 
— (p+ 2)!/2, then do,* +, are determined by 
(2p + 1)ao + (p—1)(p + =— (p + 2)/2, 
(13) + 1)aja +(7 + 1) (2p — + 
+(p—j—1)(p—j +1)ajn =0 
[Gy 0, jm > >, p— 1]. 


An easy verification shows that 


or 
2)! 1)! 
(14 ) Am, MM... Mp1 S&., 
2 2 
(—1)417! (pn—jt+1)! 
+ 2 ( J J + Mp-1-5 oes 
Let the equation (6) be written in the form, 
(15) Em,... ap = mp pm, . my 
Then 
2)! 
where 3’, 8’ refer to complementary sets m1,°°°,Mp; On 


substituting the values of A as given in (14) in the value of » obtained from 
(6), we find that 


= + (p—J)aj (j = Pp). 


e 
1 
y 
f 
? 

\ 
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Using the values of the a; in (14) this yields 


1)! 
whence 
! 


+ (— 1)47! (p—j -f- 1) ! 
=1 
We prove now that 


Em, ...mp = €(hy* mp, 2p +2) [ef. (2)], 


the aggregate of projectively distinct and ordered binary (2p + 2)-ics is 
mapped upon the points x of a manifold Mop-s(x) in Sv-1, and also upon the 
spaces € of a mantfold Mop-s(€) in Sv-1 which is dually related to Mop+(«) 
im such wise that the SAME ordered (2p + 2)-tc determines INCIDENT point « 
and space €. Under permutation of the roots of the (2p + 2)-ic the point « 
and space € are subject to the operations of the SAME collineation group, 
Cops2)1, for which also the manifolds M are invariant. 

For, the variables €, defined as in (18), satisfy according to §3 (3) 
the same set of linear relations as the variables x [cf. (3)]; and therefore, 
as proved above, they may be taken as dual codrdinates with the incidence 
condition 
(19) Sam,...m, &m,...m,=9 Mp =—1,° 2p+1; mi Amy). 
The a’s are of degree (p + 1) in the differences of the roots, the és of degree 
p(p +1), so that zig; is of degree (p+ 1)*. On interchange of tmi, tmj the 
és are permuted with a change of sign throughout, while the z’s are merely 
permuted. Hence (z&) must contain (mim;) as a factor, and thus must 
contain as a factor the p(2p-+ 1) differences which is impossible since its 
degree is (p-+1)?. Thus (vé), as a function of the roots, must vanish. 
When the roots are permuted, the variables x,é are permuted in the same 
way, and the two permutations are dual forms of the same collineation 
in Sy-1. 

When the Mzy-1(z) is regarded as the map of the linear space Szp-1(Y) 
as in §2 (7), the ordered binary (2p + 2)-ic determines a point y in Szp-1 
and also the map z of this point y on Mzp+(x) in Sv-1; but it determines 
also as in (18) a linear space € in Sv_,, and therefore a particular member 
of the linear mapping system in Sop1(y). We determine this particular 


q 
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member in the following way and obtain thereby a new interpretation of the 


incidence relation. 
With basal codrdinates y in S2p1(y) such that 


(20) Yi t Yot =, 
and 2p +1 basis points of which the 1-th is 


the equation in terms of the parameter ¢ of the norm-curve N??-1, which 
passes through the base points with parameters ¢,,° - -, top: respectively, is 


(22) yi—yy— (jt), (18) - (2p +10); 
or 

This is in effect the space {S}; —=Szpi(y) of §4 (7) when the root topre 


is transformed to o and the other roots are transformed into 91,° °°, Yeps- 
For dual codrdinates in S2p1(y) we use m1,° * Where 

(23) m+ = 90; 

and 


is the incidence condition of point y and space y. The norm curve N??1 is 
a locus of spaces 7 as well as a locus of points y. The dual parametric equation 
of N29-1 is 
(25) —=(—1) #2(123- —1, 1,- +, 2p +1) (it) 

For, we observe first of all that the linear relation (23) is satisfied due to 
the linear relation, 


2pr+l 
4=1 


among 2p -+ 1 perfect (2p—1)-th powers of linear forms. Secondly we 
prove that the space »(¢) in (25) will cut the curve y(¢’) in (22) in 2p—1 
points determined by (t/t)??1—0. Indeed the incidence condition (24) 


can be modified, by using (20) and then (22), to read 
2p 


4 
2 p 

2 

i f 
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This reduces, by using the relation (26) in which f2),; is replaced by ¢’, to 
2p 

— [II (4, 2p + 1)] -(123- - - 2p) - =0. Thus the equation (ny) =0 
4=1 

of the space n(t) of the N??-1 in (25) is 


(27) Yi (234 2p +1) — y, (134 - 2p +1) (2t) 274 
Yop (123+ (2p +1, = 0. 


For given t, (27) is the equation in variables y of the space y which has 
(2p —1)-point contact with N??"1 at the point ¢; for given y, (27) is the 
equation in variable ¢ which determines the 2p—1 parameters ¢ of spaces 
of N*?-! on the point y. 

A binary form of odd order 2p—1 such as (27) has a covariant of 
degree p, order p, and weight p(p—1), namely, its canonizant, such that 
the form can be expressed as a sum of the (2p—1)-th powers of the p 
linear factors of the canonizant. If the form can be expressed as a sum of 
less than p such powers the canonizant vanishes identically. If then the 
form is 


the canonizant is, to within a numerical factor, 
+ hy(12- - p)2(1t)(2t) - (pt). 


Hence the canonizant of (27) is made up of a sum of such products, each 
product arising from p terms of (27). We examine the above typical product 
when = ete., and observe first that it contains 
[ (Asp1)#]? as a factor where (Azp,:)” is the product of differences, 
(12: --+,2p-+1). The residual factor is 


There is in addition a sign depending on the number of minus signs occurring 
in the p terms in (27). This sign will change as the p terms selected from 
(27) change, but the change is precisely that accounted for in the definition 
of diz...» in §3 (2). Hence 


(28) The canonizant of the binary (2p—1)-ic in (27) is, to within a 
numerical factor and the factor, [ (Asp) 


This expression for the canonizant can be modified so as to take the 
form (19) of the incidence condition in Sv... For, the dis...» satisfy 
according to §3 (3) the same system of linear relations as the codrdinates 


q 
4 
3 
q 
4 
| 
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ti2...p in (3), and therefore their coefficients may be modified as in (17) 
the é:2...p were modified into &12...». Thus the canonizant (28) can be 
written as 

2)! 


+> (p—7 +1) per * * 


where 3” refers to a symmetrization as to 1,---+,p, and S” as to 
p+1,---:,2p+1. The coefficient of diz...» is now 


\ 
29 
( ) Yori’ * J 


For, the value of this polar is 


— Yprr) (Y2 — Yos2) * * (Yo — Yop) 


i.e. it is a sum of (p+1)! products. In each product there is a term 
Y:Y2" * *Yp Moreover in the sum there are (p +1)! (4) terms of the type 
(7) by; ) terms of this type, whence each term arises (p —j-+1)!j7! times. 
Hence 


(30) To within an additional numerical factor the canonizant (28) can be 
written as 


fy \ 
* Yoper 
We recall that the diz...» in (30) have been formed for t,,° + -, tops: 
and top. = Their polar coefficients have been formed from *, © 
which are projective to t1,° °°, tops1,¢. Hence the canonizant is the form 


taken by the incidence condition (19) [cf. also (18)]. This leads to a deter- 
mination of the nature of the p-ic spread (30), and of the place of the linear 
space € in the mapping of Szp+(y) on in When +, tops 
are given, the norm-curve N2?-! in So»,(y) is determined, and for given y 
in (27) the parameters ¢ of the 2p —1 spaces of N2?-! on y are determined. 
The canonizant of this (2p—1)-ic furnishes the p values °°, 7p 
such that y is on an which cuts at the points t= -, Tp, 
Say a p-secant Sp. of N*?"1. If then this canonizant is set equal to zero, 
for given ¢ we obtain the locus in variables y of the 0?! p-secant Sp-1’s of 
which are on the point of Hence 
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(31) In (18) the ordered (2p + 2)-ic determines an incident point x and 
space € in Sv. When the (2p-+ 2)-tc is first mapped on a point y in 
Sop-1(y), and y is then mapped upon x in Sy-1 [ef. § 2 (7) ], the linear space & 
arises from a particular member of the mapping system defined at y by the 
basic norm-curve N*?"! on y. This member ts a cone of order p, the locus 
of the «©? p-secant spaces Sp. of N??"1, each of which 1s on y. A section 
of this cone is the locus in S2p-2 of the 0?! (p—1)-secant spaces Sp-2 of a 


norm-curve N?2?-, 


6. Applications to W; and W,. We close this initial article with a 
contrast of the incidence condition described in §5 (18), (31) for the two 
cases p=2 and p=3. This condition is bilinear in the invariants (A) 
and (B). The invariants (B) however can be expressed as polynomials of 
degree p in the invariants (A) [cf. °]. When the invariants (A) are ex- 
pressed as polynomials of degree p in the coordinates of a point y in S2p4(y), 
and the invariants (B) in terms of a point 7 in S2p+(y), this incidence 
condition becomes 
(32) 


where f is a double form of the degrees indicated. According to (31) this 
equation expresses that, for given 7, y is a point on a p-secant space Sp1 
through 7’ of the norm-curve N??! determined by the set of 2p + 2 points 


made up of the base of the mapping system (say pi,° °°, Pop) and ¥. 
In the notation introduced in connection with the generalized Weddle W 

p 
(*, p. 449), and for oy = pop, f =O is the equation of the P-locus, 


For p= 2, the incidence condition, f(y’, y’*) =0, is for given a 
quadric cone with generators on y’ and the points of the N* on ".° = pr, 

»Ps,y¥- Thus it is the condition that P.*—p,,---,ps,y, be on a 
quadric cone with vertex at y. Hence for given y it is the equation in 
variables y’ of the Weddle surface determined by P,*. The symmetry of the 
condition in the six points of P,* is notable. 

For p= 3, this symmetry does not persist. The f(y, is, for 
given 7/, the locus of trisecant planes on of the N® on = 
Therefore it is the condition that Ps° = p:,---,p:,y be projected from 4 


into Qs* = qi," * *, G7, 2 where z is a point on the bisecant locus B of the N* 
determined by q:,° * *,q:- We have obtained [*, p. 478 (67e)] the equation 
of B in terms of q:,° in the form, 


(33) (14567) (23567) (24157) (24367) 
X (13257) (13467) (24132) (24562) (13562) = 0, 


' 
4 
i} 
i, 
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where & refers to the six terms obtained by permutation of 1, 2, 6 (or 3, 4, 5). 
By the Clebsch principle of transference, 


(34) = (1456%y’) (23567) (24157) (24367y’) 
(13257) (13467y’) (2413yy/) (2456y7/) (1356yy’) = 0. 


Thus the condition f(y’, y’°) = 0 is of degree six in pz and of degree 
three in y. 

For p=2 and P,? = Ps) Pe=Y, the surface f(y’, =0 is 
precisely the Weddle W2. For p=3 and Ps° = *, pr, Ps=yY, We ask 
whether the spread f(y*, y’°) = 0 contains the Weddle 3-way, W;; and, if not, 
how it cuts W;. If we follow out the argument (*, pp. 478-9) from which 
the equation (33) was obtained, in the form in which it transfers, as in (34), 
to S;, we obtain 


(35) HoH 3Gi4sGoss Gse7 f(y’; y”). 


In this G23 is the S4 on pa,* °°, ps, and Hs is the 4-way Weddle cone of 
order 4 with 4-fold line p;ps obtained by the Clebsch principle from the W. 


on points 4s in With respect to the indices 1,- --,6; 7,8 the 
F-loci of the third kind of Ps*[cf. *, § 1] divide into types 7), r®, as, 2 


where x“® is the plane pipjpx, and 7; is the quartic 2-way cone of bisecants 
of N° on pi. Then H;s contains 7 doubly, z{$ and zs simply, and does 
not contain 7,“ [cf. * (78f) ]. Also H7s contains the surface V,“ [cf. * (76) ] 
with respect to which we wish to correct and amplify the theorem [* (82) ] 
to read as follows: 


(36) Ws contains the surface V2, a 2-way of order 26 with 4-fold points 
at Ps’ and with simple curve N* and simple lines pipj. 


The correction is with respect to the order 26 which was given as 15. In 
fact V,“ is projected from ps into V2“ of order 11 doubly covered as will 
appear later in connection with (39). This double covering of V2‘* was 
overlooked in (*). 

In order to find the intersection of (35) with Ws; we examine first the 
intersection of Hz, with W;. Since W; has the order 19 with 9-fold points 


5 


at P.°, triple curves N® and pip;, and simple F-loci of the third kind of Ps 
[* (81 )], Hrs cuts Wz in a 2-way of order 76 from which the six es separate 
doubly, the thirty 7°. and the two cones 7;“°, ms separate simply, the 
residual intersection is precisely V2‘" of order 26 with 4-fold points at Ps° 
and simple curve N°. Since V2‘ is itself invariant under the Cremona group 
(22° of Ws, it must also contain the lines pip; conjugate to N® simply. 
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It is now clear from the form of the left member of (35) that f(y*, y’’) 
= f(ps*, =0 contains V,“ doubly, the 35 planes doubly, and the 
21 planes w{>’ as well as the seven cones m‘*’ simply. Since 2.26 + 35.2 
+ 21+ 7.49.19, the total intersection of f(ps*, 7°) =0 with Ws is ac- 
counted for. Moreover the left member of (35) does not contain W;. For, 
according to [* (78h) ], the following octaviec spreads contain W;: 


(37) + HogHy4/(23) (14) = + Hg: (31) (24) = + (12) (34). 
Hence on W, this left member is equivalent to 
(31) (24) GrasGess (23) (14) GissGoas Gi2348, 


the quadric with nodes at ps, Pe, pz and simple points at pi,° °°, pa; ps 
[cf. * (7%8e)]. This quadric however does not contain W; but rather meets 
W; in certain F-loci of the third kind and in a 9-ic 2-way which is on G5e; 
also [*, p. 489]. Hence 


(38) The 9-te locus, f(ps*, y°) =0, which is determined by the incidence 
condition of §5 (18), (31) has a nodal locus V;°. It also contains all the 
F-loct of Ps° of the third kind except the quartic cone ms“, and in particular 


contains the 35 planes of type x‘°) doubly. 


23 

Thus the property of W. with respect to this incidence condition extends 
not to W; but rather to the surface V2.“ on W;. This is a situation which 
will frequently recur. 

We have attached the «?” points of W, to the ” projectively distinct 
but birationally equivalent curves H,?*? of genus p and order p+ 2 with 
p-fold point at O and branch points 11,° * * , %2p42 for which the pencil of lines’ 
from O to the branch points is projectively given. We inquire therefore as 
to the projective peculiarity of H,”** when the point of W> is on V.‘°?"!’. 

In S2p-1 a normal elliptic curve £7? depends upon 4p? constants. Since 
it is 2p— 2 conditions that /?” pass through a given point, there are * 
curves /?? on —. If such a curve £?? has two nodes it breaks up into 
two rational norm-curves bisecant to each other. These degenerate /*?’s are 
distributed in a variety of families, each «7%. A particular set of 2p +? 
of the families is of special interest. One such family consists of %* curves 
each made up of a line on pi and an N??"! hisecant to the line and on the 
remaining points of gprs As i runs from 1 to 2p + 2 the 2p + 2 families 
are obtained. Lach of these 2p-+ 2 families has the property that it is 
invariant under the Cremona group G2.” of W,. This indeed is almost 


evident for the generators Ji; of G2... If m,, m2 are the nodes of an £?? in 


i | 
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the family determined by pi, then from mn; (or nz) the set pete is projected 


into a set ie in Sep» which lies on an N??-?. But this is the condition 
that n, be a point on V2‘? [ef. * (76) ]. 

The existence of this family of degenerate Es explains the double 
covering of the projection of V.‘°?"!) upon V,‘*?-?) from the point pi. By 
beginning with a point of V.“°?’ and projecting it, and the new points so 
obtained, from the points of Face upon V.‘"?!) a closed system of 2.27? 
points is obtained on V.‘*?"!) analogous to Baker’s closed set of 2.16 points 
on W:. The closure is a consequence of the invariance of each of the 2p + 2 
families under the group of Wy. 


(39) A line through the 2(p—1)-fold point pi of V2‘??? to a pownt of 
V,°?-)) meets V2‘) in another point. By repeated projections from points 
pi a point y on V2?) gives rise to a closed set of 2.27” points on V2?) 
which divide into two sets of 27” points, each a conjugate set under the group 
of the Wp. 


Here we again have a property of W. which generalizes into a property of 
V,°)) rather than a property of W>. 

The essential condition on a point y of V.‘*"!? is that the set rae is pro- 
jected from y upon a set co on an N???, But roe are associated with 
the planar set of points r1,° T2p.2,0. Hence the projection, of 
from y is associated with the planar set 7,° °°, 7p [', I, p. 158 (6) ]. 
But is a set on a rational norm-curve whence 18 
also a set on a rational norm-curve, i.e., a conic, with parameters on the 
conic projective to the parameters of (7? on N*?* [7, p. 12, Theo. (10) ]. 
If Hy?*? = x67 fp + 2Xof p11 + = 0, the branch points of H,’*? are on the 
conic Ho? = + 22091 + = 0 if 


(40) Jof ps2 — + GJofp = 


This identical vanishing of the (p+ 2)-ic (40) imposes p+ 3 conditions, 
of which only five can be satisfied by proper choice of go, g:, gz, leaving 
2p — 2 projective conditions to be satisfied by fp, fps1, fpx2. These conditions 


confine the representative point y on W), to the locus V,‘°?"!’. Hence 


(41) The locus V2?!) on W, is that locus whose points correspond to 


hyperelliptic curves H,?*? whose 2p + 2 branch points are on a conic. 


It may be observed that, for p= 3, the 9 points are the 
hase points of a pencil of cubics. Thus O is determined in general by 


= 
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Gr 


If however are on a conic, O may be any point of 
the plane. Let s,,- - be the parameters of on their conic. 
In S; let s,,° 87,83 be the parameters of the points pi,° Pz, %2 on the 
N” through them. On the quartic 2-way cone of lines from nz to the points 
of N’* let ps be any point, and let the line psm2 cut N” again at nm. Then 
the Weddle W; determined by ps will contain a V2“ on m2. On 
the determined by ps these points will have parameters - -, ts. 
Then there will be a unique point O in the plane for which the octavic pencil 
of lines from O to will be projective to As ps runs 
over the above quartic cone, the point O runs over the plane. 

On W, there will be similar manifolds of higher dimension, V4, Ve,° - -, 
which map curves H,’t? whose branch points are respectively on a cubic 


with O, on a quartic with node at O,- - -. Doubtless these further manifolds 


in the higher cases will have properties as interesting as those of V2“?")”. 
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ON THE TOPOLOGY OF ALGEBROID SINGULARITIES. 


By Oscar ZARISKI. 


The classification of algebroid singularities from a topological point of 
view has been the object of a thorough investigation by K. Brauner.* If 
the singularity consists of one branch, given by a Puiseux expansion y = y(2), 
its intersection with the boundary of a small neighborhood, say of the 4-cell 
|| < const., | y| < const., is projected stereographically into a knot of the 
ordinary space. Brauner gives a full description of these knots and he also 
derives the generating relations of their fundamental group.t 

If the singularity consists of several branches, the above intersection 
consists of several linked knots. 

To complete the classification of the algebroid singularities from a topo- 
logical point of view it would be still necessary to prove that the different 
knots thus obtained are actually distinct, i.e., are not isotopic. The case of 
singular branches of genus 1, which give rise to knots lying on a torus, is 
settled by a paper by O. Schreier.{ The purpose of the present paper is to 


prove the general theorem: § 


*K. Brauner, “Zur Geometrie der Funktionen zweier Veriinderlichen”: III. 
Klassifikation der Singularitiiten algebroider Kurven; IV. Die Verzweigungsgruppen; 
Abhandlungen aus dem Mathematischen Seminar der Hamburgischen Universitit, 
Vol. 6 (1928), pp. 8-54. 

7It is apparent, however, that this part of Brauner’s paper, though extremely 
interesting in its conclusions, is unnecessarily long and complicated. E. Kihler obtains 
Brauner’s results in a simpler manner in his paper “Uber die Verzweigung einer 
algebraischen Funktion zweir Veriinderlichen in der Umgebung einer singuliiren Stelle,” 
Mathematische Zeitschrift, Vol. 30 (1929), pp. 188-204. 

40. Schreier, “Uber die Gruppen AcBb)=1,” Abhandlungen aus dem Mathe- 
matischen Seminar der Hamburgischen Universitit, Vol. 3 (1924), pp. 167-169. 

§ After having communicated this theorem at a meeting of the American Mathe- 
matical Society in March, 1932, I learnt from Professor Lefschetz that the same 
theorem has been proved by Werner Burau, and that Burau’s paper entitled “ Kenn- 
zeichnung der Schlauchknoten” is being published in the forthcoming issue of the 
Abhandlungen aus dem Mathematischen Seminar der Hamburgischen Universitit. 
The polynomial F(a) in section (5) of this paper is also obtained by Burau as the 
Alexander polynomial of the knot (See J. W. Alexander, “Topological Invariants 
of Knots and Links,” Transactions of the American Mathematical Society, Vol. 30 
(1928), pp. 273-306). This was to be expected since the connection between the 
homology characters of the k-sheeted manifolds with the knot as branch curve and 
the Alexander polynomial of the knot was clearly pointed out in general by Alexander 
in his quoted paper. 

Conceding priority to Mr. Burau, I publish only an outline of my proof. I do 
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If two algebroid singularities, each composed of a single branch, are dis- 
tinct from an algebro-geometric point of view, t.e., are either of distinct 
genera, or being of the same genus do not have the same pairs of characteristic 
numbers,* they are also topologically distinct, and thew fundamental groups 
are not isomorphic. 

The method of proof is based on the consideration of k-sheeted cyclic 
Riemann manifolds having the given singularity as locus of branch points. 
The idea of using these manifolds as a source of invariants has been applied 
by Reidemeister ¢ in his treatment of the theory of knots and also by the 
author in two papers dealing with the fundamental group of plane algebraic 
curves.{ 

It seemed advisable to the author to include in this paper another method 
of deriving the generating relations of the fundamental group of a singularity 
composed of a single branch. This method differs from the one used by 
Brauner in that it is algebraic and operates directly on the given singularity 
instead of on the corresponding knot. It can be readily extended to singularities 


composed of several branches. 


THE FUNDAMENTAL GROUP. 
1. Preliminary remarks. Any closed path in the residual space of the 
given singularity y= y(), can be deformed, one of its points remaining 
fixed, into a circuit lying in a “line”, 2 =const.§ If the order of the branch 


this especially because of the additional result arrived at in the course of the proof 
to the effect that the Betti number R, of the k-sheeted Riemann manifold is the 
number of roots of the polynomial F(x) which are also roots of the equation wk = 1. 
Whether this is a general property of the Alexander polynomials or holds only for 
the particular knots connected with algebraic singularities—is a question which would 
be worthwhile considering. 

* The characteristic numbers of a singular branch determine completely the char- 
acter of the singularity in the sense of Nother, i.e., as an aggregate of successive, 
infinitely near multiple points. For this and related notions of the theory of singu- 
larities see the original exposition in F. Enriques and O. Chisini, Teoria geometrica 
delle equazioni e delle funzioni algebriche, Vol. 2, book 4, Ch. I. 

+ “Knoten und Gruppen,” Abhandlungen aus dem Mathematischen Seminar der 
Hamburgischen Universitét, Vol. 6 (1926), pp. 7-23. 

the Linear Connection Index of the Algebraic Surfaces 2n =f (z,y),” 
Proceedings of the National Academy of Sciences, Vol. 15, No. 6 (1929), pp. 494-501; 
“On the Irregularity of Cyclic Multiple Planes,” Annals of Mathematics, series 2, 
Vol. 32, No. 3 (1931), pp. 485-511. 

§ See S. Lefschetz, L’Analysis Situs et la géometrie algébrique, p. 33. See also 
my paper “On the Problem of Existence of Algebraic functions of Two Variables 
Possessing a Given Branch Curve,” American Journal of Mathematics, Vol. 51, No. 2 
(April, 1929), where the method outlined below has been applied to the similar problem 
at large, involving algebraic curves instead of the neighborhood of an algebroid 
singularity. 
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is n, that circuit is a product of loops go, 9:,° * *,9n-1, each surrounding one 
of the points Yo, ¥1,° °°, Yn-1, in which that line intersects the branch. Hence 
the loops gi can be taken as generators of the fundamental group of the given 
singularity. As x makes one turn around the origin « = 0, (the fixed initial 
point of the considered circuits being the point at infinity on the y-axis), the 
original set of non-intersecting loops gi is continuously deformed into a new 
set of non-intersecting loops g’;. We obtain all the generating relations of 
the fundamental group by expressing the loops g’i in terms of the loops gi, 
and by putting g’; = gi(t = 0, 1, 2,- - -,n—1).* 

Let y => war", 

p=1 
be the Puiseux expansion of the given branch, which we shall denote by I. 
We suppose that the axis y = 0 is tangent to the branch. Then a, >n. Let 
a,/n = m,/n,, where m, and nm, are relatively prime integers, in symbols 
(m;,”,) =1. We write the exponent 2/n of the second term of the series 
in the following form: 


= mM, /Ny + M2/Ny No, 


where (m2, m2) =13; and more in general, let 


where (mv, mv) =1. Obviously there is only a finite number of values of v, 
for which m >1. If mq is the last nv, which is greater than 1, then 
NN" * *Ng==n. The terms aya%’, for which nv > 1, are called the charac- 
teristic terms of the Puiseux expansion, and the number p of such terms is 
called the genus of the branch. 

It is well known that the type of the given singularity, from the stand- 
point of analytic transformations on the variables 2 and y, is completely 
determined by the characteristic terms defined above. It follows a fortiriori 
(and this has also been proved directly by Brauner) that also topologically 
the given algebroid branch is completely determined by the exponents of the 
characteristic terms. We therefore replace the given series by the sum of its 
characteristic terms: 


*The assertion that we obtain in this manner all the generating relations of the 
group follows from the fact that the relations y', = 49, Offer the sufficient conditions 
for the existence of functions of two variables possessing the given singularity as 
locus of branch points. For the proof of this last statement see F. Enriques, “ Sulla 
costruzione delle funzioni algebriche di due variabili possedenti una data curva di 
diramazione,” Annali di Matematica pura ed applicata, Ser. 4, Vol. 1 (November, 1923), 
pp. 185-198, 
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‘ ‘ +Mz ot... +Mp/nyne...7n 
y= + + +. p/N4N2 


where nj > 1, (t—=1,2,--°-,p), and (mi,ni) =1. Since the actual values 

of the coefficients are irrelevant, we shall put for conveniency a; = 1/2*"'. 
We shall derive the fundamental group of the given branch T by a pro- 

cedure of induction, considering first the case of branches of genus 1 and 2. 


2. The fundamental group of the branch y=ax"/™, We let x vary on 
the circle | «| —1 starting from the initial value a1. We mark in the 
plane of the complex variable y the initial values of y: 


and we fix the loops gi so that if m, —1, then as x makes one turn about the 
origin, the loops gi should be transformed as follows: 


where P; = 9ogi° * Gn,-1 is the circuit surrounding all the points We 
shall denote this transformation by 7. It is obvious that P,; is an invariant 
circuit: 7,(P:) = P,. 

For an arbitrary m, the transformation of the loops obtained by letting x 
turn around the origin coincides with the m-th power of 7;. If we put 


mn, = hin, 


where n, > 1, 2 0, then 7," can be written as follows: 


h 


= P, hy g 2-1 = P, 


We therefore obtain for the fundamental group, which we shall denote by 
(7,, the following generating relations: 


Gist, = (¢=0,1,- -,m—l,—1), 


(2) hyt+1 -hy-1 M4 


Hence G, is generated by the two elements go and P,, since n; —1 of 

the above relations can be used for expressing the remaining g;’s in terms ol 

go and P;. By elimination we derive the following relation between go and P': 


(3) Jo 


which could have also been obtained by operating directly on go by the trans- 
formation 7,""™, We obtain a second generating relation by replacing 1 
Py = * the factors 91, by their expressions in terms 


al 
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of go and P;, derived from (2). We denote by 2, and y; two positive integers 
such that 
(3’) tym, = yin, + 1, 
and we consider the relations between the gi’s to which the transformation 
7%" gives rise. These relations, which are obviously a consequence of (2 
) q , 
are the following : 
(4) jin = (0 =0,1,--°,n— 2), 
Jo = gn 
Conversely, the relations (2) follow from (3) and (4). In fact, from 
(4) we derive 
= Pyrhg Pm, 1), 
Now these relations lead back to (2), since by (3) and (4) P," is 
commutative with each element gi, and since moreover 


(a,/, —1)m, = — 1. == hy (mod m,). 

From (4) we deduce gin = (4 =0,1,° + and 
substituting into = gogi* *Gn-1, we find the required second relation 
between gy and 
(5) (Ps%go)™ 

Let 
Then, by (3) and (5), 

= (Py%go)™™P = (P\"qo) (Pi%go)™mP 

or 
(6) = Pi"go, 
and hence P; and Q, can be taken as generators of G,. The relations (3) and 
(5) lead to the following relation between P, and Q,: 
(7) P,™, 
and conversely from this relation follow (3) and (5), if we use (6) to define 
go in terms of P, and Q,. Consequently, the group G, is generated, by two 


elements P, and Q,, satisfying the relation (7). 
3. The fundamental group G2 of a branch of genus 2: 


t 
y 
f 
n 

3 
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Let, as before, yx = (k Then the nn, 
values of y in (8), for «= 1, can be denoted by yij, where 7 runs from 0 to 
n, — 1 and j runs from 0 to nz— 1, in such a manner that for a fixed 1 the 
n» points yi; lie on the circle of center y; and of radius 1/2. We choose our 
notations so that arg. (Yi,j1 — yi) /(yij — Yi) = 2at/me, and that Yoo = 3/2. 
It is immaterial, for the sequel, which of the points yi;, for + fixed and > 0, 
is denoted by Yio. 

We shall accordingly denote the loop surrounding the point yi; by gij. 
We choose these loops in the following manner: We first construct the loops 
gi («= 0,1, 2,- -,m,—1), considered in the preceding case, where now 
surrounds the points Yio, Yi1,* Ying-1, and hence also yi. We then choose 
the loops gi; in such a manner that 


* Jim-1 = Gi- 


Let T. be the transformation of the loops gi; affected by a complete turn 
of the point x around the origin. This transformation induces a trans- 
formation of the loops gi, which coincides with the transformation 7’, considered 
in the preceding case. We therefore have, as a first set of generating relations 
of Gs, the generating relations (2) of G:, or the relation (7) involving the 
reduced set of generators P; and Q,. As for the new relations between the 
gij’s, it is not necessary to write them all explicitly, as most of them serve 
only to express the gi;’s in terms of the gi’s and of the go;’s. For instance, 
the loops go,; go by 7, into transformed of the loops gi,,;, where 1, is defined 
by (3’), and the corresponding generating relations are of the type: 


= Ajgo, As”; 
- where the elements Aj; are in G4, i. e., are expressible in terms of the gi’s, hence 


also in terms of P; and Q;. If we express the fact that Il Ajgo,jAj = Jy 


j=0 

we obtain a relation in which the loops go,;’ will necessarily combine into their 
product go, and the result will be obviously one of the relations (2), namely: 
ji, = 

In a similar manner we express all the loops gij in terms of the loops 
Jo,is Ji, by considering the successive powers 7’,”, 7'.*,- -, of T2. 

In order to obtain relations for this reduced set of generators of (fz, we 
must consider the transformation 7'.", obtained by letting the variable 2 make 
n, complete turns around the origin. We put «= 2", and hence 


y = 1/2 


and we let z make one turn around z=0. If we put 


ar 
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(9) Mz = hen, + 


we easily conclude‘that the transformation 7." has the following form: 


= { G05 = Jo ™P1™Go, (j =0,1,: +, 


We have then, in addition to the relation (7), the following relations: 


{ Jo,ist, = (7 =0,1,- +, ; 


(10) 


The relavions (7) and (10) constitute a complete set of generating rela- 
tions of the group G,. Obviously a further reduction of the number of 
generators is possible, since the elements go,;, j > 0, can be eliminated, leaving 
Yoo: P; and Q,; as only generators of G.. In order to accomplish this elimina- 
tion we proceed in a manner similar to the one followed in the preceding case. 
we derive from (10) the 


Observing that by (3) go is commutative with P,”", 


following relation: 

(1 ) Joo gor? P (go"™P mate) 

which could have also been derived by operating directly on goo by 72". Let 

av, and yz be positive integers, such that 

(12) = + 1. 

The transformation 7’,"*: leads to relations which are obviously a consequence 

of the relations (10). These relations are: 

(13) = Bao, (j = 0, 
BgoGo,n.-19o 

where B= go¥2P,™", Conversely, the relations (10) follow from these 

relations and from the relation (11). In fact, from (13) we deduce 


(14 Jo, j+lg = (7 = 0, n2—I,—1), 


Now, we have the following identity: (yzle— hz) nz = (%2lz—1) me, and 


therefore — he = mzk, where k is an integer. Conse- 


quently, using throughout the fact that go and P,”"" are commutative, we find; 
Blt == (go"2P,™") kg 
Since, by (11), go™P,""" is commutative with goo and therefore also, by (13), 
with any of the elements go,;, we see that the relations (10) are a consequence 
of the relations (14) and (11). 
Using (13) in order to express all the elements go,j in terms of P:, go 
and goo, and substituting into the relation go = googor* We find: 
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The relations (11) and (11’) are, together with (7), the generating 
relations of group G2. It is possible to replace the relations (11) and (11’) 
by one relation. In fact, let us consider the following element of G.: 

(googo#P ma "2 ) “Y2, 

It is then easily seen that 
( 15) Joogo"P 
and consequently we can use (2 as one of the generators of G2, instead of goo. 
The relations (11) and (11’) lead to the following: 

and conversely (11) and (11’) follow from this relation, if we use (15) in 
order to define goo in terms of P;, go and Y:. We change slightly our notations, 
using the letters P, and P; in order to denote the elements go and goo respec- 
tively. With these notations we may state the final result as follows: The 
group Gz is generated by three elements P,, Q: and Qe, satisfying the following 
two relations: 

where P2 =Q:"P,%. The elements P;, P, and P; have the following sig- 
nificance: Ps; is a loop surrounding one point, yoo, Pz surrounds nz points yoj, 
and P, surrounds all the points yij. 

4. The fundamental group Gp of a branch Ty of genus p: 

1 nine +...+ Mp/nyne--- np, 


We prove that: The group is generaled by p+ 1 elements: P,, Q, 


The generating relations of G, are the following: 

(17) Qi" == , (i= 1, 2,° 1), 

where the elements P2, P;,- - -, Py are defined by the following relations: * 
(17’) Pin Pim (4 2, 1). 


Here x; and yi are positive integers, such that 
Lim; = ying + 1. 
Moreover, if an element Py, is defined as follows: 


(17”) PoP = Vp”, 


* See K. Brauner, loc. cit. 


| 
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the elements P,, Ps,- + +, Pp have the following significance: Pi is a loop 
surrounding Ninis' * * Np of the values of the function y for x=1 (one 
value, if += p+1). 

Since the theorem has already been proved for p—1, 2, we prove it by 
induction, assuming that it is true for p— 1, and namely for the branch Tp_,: 


obtained by dropping the last term in (16). We have then for the group Gp. 
of this branch the generators P;, Q:, Q2,°°*,Qp-1, and the generating 
relations : 

where 

The elements P; are loops in the plane, z = 1, of the variable y and surround 
NiNin* * ‘Mp1 points yi of the branch T,,. On each circle of center yi and 
radius 1/2?" there are np points yi; of the branch Ty. The elements Pi can 
therefore be considered as elements of Gp, each Pj; surrounding ninNiy* * * Np 
points yij of Tp. Let the notations be so chosen that y=1-+1/2+°:°:°: 
+ 1/2? and Yoo = Yo + 1/27", and let go, 91,° * *5Gn,-1 be a set of loops 
surrounding the points Yoo, Yor.’ * * Yo.n,-1 respectively, and such that 


P»5. 


Then it follows as in the preceding case p= 2, that the elements gj; together 
with the generators P;, Q1, +; of constitute a set of generators 
of Gp; that the relations (18) and (18’) still hold; and that the only new 
generating relations of G» are those which are obtained in the following 
manner: Let turn around the origin mp1 times. Then each yi 
will be reproduced, and the points yo; will be permuted according to the 
following cyclic substitution : 
where 


Mp = hyny + lp, OS ly < nm. 


There ensues a transformation 7, of the loops gj, which furnishes the re- 
quired new generating relations of Gp. It is easily seen that these relations 
are the following: 


(19) Gist, = AgjA”, (j = 0,1,° ++, m—lp—1), 
AP (7 =0,1,° — 1), 
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where 
A — Pymnans P,. 


Using (18) and (18’) we can easily show that 
A= 


[In fact, from those relations it follows in the first place that Pj is com- 
mutative with Qe. Since this is obviously true for += 2, let us assume 
that this is true for a given 7 and let us prove it for 1+ 1. . Since by 
hypothesis P; is commutative with Q%«:, it follows from Qi"! = Pyrenean that 
Qi" is commutative with P; and with From = 124 
it follows then that Qi" is commutative with Pj,,. Using this result, 
we find: 


etc., and finally A = ono P,*. 

As in the preceding case the generators g;, j/ > 0, can be eliminated, 
and the elimination leads to two new relations between the generators of the 
reduced set: P1, Qi, Qp-1 and go. One of these relations is obtained 


directly from (19) and is the following: 
(20) Jo= Py™?go(4 P,”) 
The second relation is obtained by considering instead of the relations 
(19) the weaker relations: 
(21) = By;B, =0,1,- +, %—2), go = BP 


where 


p-l 


The relations (21) correspond to the transformation 7'p”’. It is easily shown 
that the relations (21) together with the relation (20) lead back to (19). 
Using the relations (21) in order to express the elements g; in terms of 
go and of the remaining generators and substituting into the relation 
Pp = Yn,-1, We find the required relation: 


We now put 
Qn ) ) “UP, 


Then 


( 
( 
: 
( 
5 
a 
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and hence we may take Q» as a generator to replace go. We find then from 
(20) and (20°): 

99/ D 

(22 ) Op” 


and conversely (20) and (20’) follow from this relation, if we use (22) 
as the definition of go. The last two relations (22), (22’), together with 
the generating relations (18), (18’) of @ 1, coincide with the relations (17), 
(17’), (17) given in the theorem announced above (where Pp,1 stays for go). 


5. The fundamental homologies of the manifold z* = I(y— yi). Given 

the Puiseux expansion y= y(zx) of a branch Ty of genus p, we consider the 
n 
manifold z* = J] (y— yi), where n is the order of the branch, and & is an 
i-1 

arbitrary positive integer. This k-sheeted cyclic Riemann manifold, which 
we shall call V, has the given branch Ty as locus of branch points. If we 
limit the range of values of 2 and y to the boundary of a 4-cell | 2 | < const., 
|y | < const., we obtain a closed k-sheeted Riemann manifold M, composed 
of k samples of the ordinary space, the & sheets being connected along a 
cylinder whose boundary is the knot associated with the given branch. The 
topological invariants of V, or of M, are topological invariants of Typ. We 
proceed to derive the fundamental homologies for the one-dimensional cycles 
on M using the generating relations of the fundamental group Gp of the 
residual space of Ty. . 

It is known that if permutability relations hetween the generators of Gp 
are added to the generating relations, then G,, being the group of a knot, 
becomes the infinite free group generated by one element. In the present 
case this also follows immediately from the fact that G) is also generated 
by the loops gi (t= 0,1, 2,---,n—1), and these loops are conjugate ele- 
ments of Gp. Any of these loops can be taken as the generator of the free 
group. We have seen before that the element P,,; is one of these loops. Hence 
in the above free group all the elements are powers of Pp... If we put 


Vi = “Np, (i= 1,2,-- 


l, 
and if we introduce integers Ai, A2,* * *, Ap, defined by the following recurrent 
relations: 
Ai =™,;3 N= M + 
we easily find that in the free group {P,,:} the elements P; and Qi are 


represented by the following powers of Pp,1: 


464 OSCAR ZARISKI. 


It follows that the elements 


(s=— 0, 1, 1, j= 1, 2, p) 


p+1 
produce the identical substitution on the branches of z and hence correspond 
to 1-cycles on V. It can also be shown that these 2pk cycles form a base for 
the cycles of their dimension.* We next write the fundamental homologies 
for the 1-cycles on M. In doing this we may neglect all powers of Pp, in 
which the exponent is a multiple of &, since obviously P*),. ~~ 0 on M. 
The generating relations (17) and (17’) lead to the following homologies: 


Mj 


r=-0 


where P;”*! should be replaced by 0 

The relations (23) and (24) constitute a complete system of 2pk homo- 
logies between the 2pk cycles Qs/, Ps’. The rank of the matrix of this system 
is 2pk — R,, where RF, is the Betti number of M. This matrix, which we shall 
call A, is made up of circulants of order k. Each circulant may be associated 
with a polynomial of degree & — 1, whose coefficients are the elements of the 
first row of the circulant. Let foa-1,g and fea-1,8:p be the polynomials associated 
with the cycles and respectively (1 in the k homo- 
logies of (23) in which j = Let foag and foaip be 
the polynomials defined in a similar manner for the system (24). Then 


fea-1,a = (amare — 1)/(2’4 —1), 


foa-1,0+-1 = mara ( )/ 1), 
feoa-1,a+p = (aanavar 1)/ — 
== gas (avara | )/ (ar 1), 
= 

2a,a+p-1 == —1)/ (a\a-va ) 


and fi; is identically zero in every other case. 

The matrix A is completely described by the matrix B = || fi; ||. It can 
be proved that if 1, w2,- - +, are the & roots of the equation 2 = 1, and if 
B(;) denotes the matrix obtained from B, by replacing x by wi, then A can 
be brought into a diagonal form, the elements of the main diagonal being the 


* See K. Reidemeister, loc. cit. 


| 
( 
| 
a 


TOPOLOGY OF ALGEBROID SINGULARITIES. 465 


matrices B(w;), while all the other elements are zero-matrices. It follows that 
the rank of the matrix A is equal to the sum of the ranks of the k matrices 
B(w;). By induction it can be easily shown that 


Det. B= F(z) = f(r) f2(z) 
where 
fut) —1) —1) (a —1) 


is a polynomial in x. The proof by induction is based upon the fact that for 
every p’ < p the matrix of the elements of the first p’ rows and columns of B 
is again of the same type as B. Namely, if we write 


B = B(a, p, 11, * * M1, * *, Mp) 


in order to indicate the dependency of the matrix B on the characteristic 
numbers n and m; and on the variable x, we find that its first p’ rows and 
columns form a matrix p’, m1, * Mp3 M1, M2,° * Mp). Hence 
B(w;) ts of rank less than 2p tf and only tf w; is a root of the polynomial F(x). 
But it can be shown that if B(w;) is of rank 2p—oa, then ow; is precisely a 
o-fold root of F(a), or, since all the roots of each factor f;(2) are simple, 
oi is a root of o of the polynomials f;(2). Also this statement is proved by 
induction in the following manner. If f;(#) is the first of the polynomials 
fi, which vanishes for = o;, then the last 2p — 2) rows and columns 
of the matrix B form a matrix 


2p — 2), * * Mp5 * Ap) — B, 
so that 
Det. B = fp(2). 


It is then easily proved that if B(i) is of rank 2p—o, the matrix B(wi) 
is of rank 2p —2j-—-o-+ 1. Assuming that the statement is true for matrices 
B(x, p’: - where p’ < p—for p= 1 the truth of the statement is obvious— 
it follows that. the statement holds for the given matrix B of order 2p. 

We thus arrive at the following theorem: The Betti number Rh, of the 
manifold M is equal to the number of roots of the polynomial F(x) (each 
root counted to its proper multiplicity) which are also roots of the equation 
1, 

It is now an easy matter to show that if two singularities are topologically 
equivalent their associated polynomials /’(x) must coincide, and hence the 
polynomial F(a) is a topological invariant of the singularity. From this 
it follows immediately that also the genus of the singularity and all its char- 
acteristic numbers m; and n; are topological invariants. 


THE JoHNS HopKINS UNIVERSITY. 


ON A THEOREM OF EDDINGTON. 


By Oscar ZARISKI. 


1. In a recent paper,*. Eddington considers a set of 4-rowed complex 


’ 


matrices F'n, satisfying the following two conditions: 1) = — Ff, 
where £ is the unit matrix; 2) any two matrices of the set are anticom- 
mutative, i.e., = —FjFi, if iA j. He proves that the maximal number 
of matrices in such a set is five, and that if the matrices are conditioned 
to be either real or pure imaginary, then two at most are real and the other 
three are pure imaginary. 

Eddington’s proof is algebraic. It may not be without interest to show 
that it is possible to derive Kddington’s theorem geometrically in a simple 
and elegant manner by making use of known facts concerning abelian groups 
of involutory collineations in the complex or real projective space. These 
groups were classified by Study + for projective spaces of any dimensions. 
In the present case we find that the problem is connected with the so-called 
collineation group of a Kummer configuration, which is a group of order 16 
all elements of which, besides the identity, are harmonic biaxial collineations.{ 


2. With each matrix ’; of the set, considered as the matrix of coefficients 
of a linear homogeneous transformation, we may associate a collineation 7; 
in the complex projective space S;. The condition /';? =— EF says that T; 
is a non-degenerate involutory collineation. The condition that any two 
distinct matrices of the set be anticommutative says that any two collinea- 
tions 7; and 7; are permutable. Moreover, the n collineations 7 
are all distinct, because if, for instance, 7; and 7; were the same, then the 


*On Sets of Anticommutative Matrices,” Journal of the London Mathematical 


Society, Vol. 7, Part 1 (January, 1932). 
¥ “Gruppen zweiseitiger Kollineationen,” Géttinger Nachrichten (1912), pp. 452- 


t In a paper by M. H. A. Newman, “ Note on an Algebraic Theorem of Eddington,” 
published in the Journal of the London Mathematical Society, Vol. 7, Part 2 (April, 
1932), the reader will find a generalization of Eddington’s theorem to matrices of 
any order 2nq, q odd. Also this more general theorem could be derived, by a method 
similar to the one given below, from Study’s classification of the maximal groups of 
involutory collineations in S,, 7=2nq—1. The number of projectively distinct 
maximal groups and their structure depends solely on n. It is therefore obvious 
from a geometric point of view, that the maximal number of anticommutative 2”q- 
rowed. matrices and 2n-rowed matrices must be the same. Dr. J. Williamson, who 
called my attention to Eddington’s theorem, was interested in its generalization and 
arrived at results, which agree with Newman, except for a slight difference in the 


possible number of real matrices in a set. 
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elements of the matrix /’; would be proportional to the elements of the 
matrix /’;, and the two matrices would be commutative, contrary to hypothesis. 
It follows that the collineations 7; generate an abelian group of involutary 
collineations, since the product of two permutable involutory collineations is 
again an involutory collineation. By Study (loc. cit.) there are only two 
distinct maximal groups of involutory collineations in 93, i.e. such that every 
group of involutory collineations either coincides with or is a subgroup of 
one of them: 1) the tetrahedral group, 2) the group of a Kummer con- 
figuration. The elements of the tetrahedral group, which is of order 8, are 
collineations whose loci of invariant points are opposite elements of a tetra- 
hedron, i.e., either a face and an opposite vertex or two opposite edges. 
It follows that the collineations 7; cannot belong to the tetrahedral group, 
because otherwise, assuming this tetrahedron as reference base for coordinates 
in S3, the matrices ; would be reduced simultaneously to the diagonal form 
and could not be anticommutative. 

Having proved that the collineations 7’; must belong to the group of a 
Kummer configuration, we recall that this group of order 16, which we shall 
denote by Gig, is obtained in the following manner. Consider a quadric 
surface Q in Sz, and the two families of lines on Q. Call the lines of one 
family-lines uw, and the lines of the other family-lines v. Let wu’, @ and wu’, i? 


be two pairs of lines w harmonically related to each other. Similarly, let 


v',0' and v?, be two harmonically related pairs of lines v. Let U; and l 


be the harmonic biaxial homologies whose axes are the lines wu’, @ and wu’, a 
respectively, and let V; and Vz be the harmonic biaxial collineations whose 
axes are the lines v', and T respectively. The four collineations U2, 
V;, V. generate the group Gis. The product U,U.—=U,;, has as its axes the 
pair of lines u*, @, which are harmonically related to both pairs wu’, a and 
Similarly the axes v*,t* of the product V; are harmonically 
related to both pairs v',t' and v*,7*. The axes of the collineation iV; 
are the diagonals of the skew quadrilateral formed by the lines u‘, a‘, v4, 0’. 
The collineations of Gi. leave invariant the quadric Q and transform the lines 
of each family into the lines of the same family. The collineation Uj; 
(t= 1, 2,3) leaves each line v invariant and induces in the family of lines 
uw an involution whose double elements are the lines wu‘, i‘. We shall denote 
this involution by wi. Similarly let »; denote the involution induced in the 
family of lines v by the collineation Vj. 

A last remark about the group G1, which shall be of use in the sequel, 
is the following. There are 10 quadrics which are left invariant by the Ge, 
one of which is Q, and each of these quadrics is related to the Gig in the 
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same manner as Q. If the collineations of the G1. are real, the above quadrics 
are all real, and namely 9 are real ruled quadrics, while the tenth has no 
real points (imaginary ellipsoid) .* 


3. By a proper transformation of the codrdinates we first reduce the 
equation of Q to the following canonical form: 


and we also consider the parametric representation of Q: 


where the parameters w1, U2 and v;, v2 can obviously be considered as homo- 
geneuos codrdinates of a line wu and of a line v respectively. We point out 
immediately that if the matrices /’; are either real or pure imaginary, the 
collineations 7; are all real, and therefore, by the remark at the end of the 
preceding section, we may assume @ to be a real ruled quadric. Therefore 
the transformation of codrdinates, which reduces the equation of Q to the 
above canonical form, is real. 

If T is any collineation in G6, and if the equations of the projectivities 
7 and » induced by T in the system of lines uw and in the system of lines v are 


and 


= dir + = + 
respectively, then the equations of the collineation 7’ are the following: 


= + + + A420 22%4, 
= 2101022 + 123 + 


The matrix F of the coefficients of 7’ is nothing else than, the direct product 
of the two matrices A and B, in symbols: 


Ry 


AX B, 


a Ayo b b 
A—( 11) 11> 
G21, bor, 
If the matrix F’ is given, then the two matrices A and B are determined 
to within factors « and 8 connected by the relation: #8—1. Moreover, if 


where 


* Study, loc. cit., p. 467. 
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Fi, =A, X B,, FP, = Az X 


then 
(1) PLP, = (A,A2) (B,B,). 


In particular, ’? = A? X B®. Since both 7 and » are involutions, we have 
A? =pE and B*? cE. We shall choose the factor « so as to have always 
A?=£F. But then, in view of the condition F? —— FE, we must have 
B? =—F. A and B are then determined to within a + sign. 

We have to consider 3 matrices A : A,, A2, As, corresponding to the 
3 involutions 71, 72,73 considered above, and 3 matrices B : B,, B2, Bs, corre- 
sponding to the 3 involutions ,2,3. We also introduce the matrices 
A, and Bo, corresponding to the identities 7) and  . The involutions 
™, 2,73 and the identity 7) form a group, and if Gi¢ is real, then of the 
3 involutions zi, all real, two are necessarily hyperbolic and one is elliptic. 
We may then suppose that the double elements u', a’; u’,i?; u®, a of the 
involutions 2, 72,73 correspond to the following values of the non-homo- 
geneous parameter u = U,/Uz: 0,0; +1,—1; +4%,—i. In view of the 
condition A,” = EF, we find then: 


0 0 0 4 
Ay = = As >= 3 == 


Making a similar supposition for the double elements of the involutions 


We find in view of the condition B;? = — EF, that 


0 0 0 0 


Each of the matrices is the direct product of an A, 
by a B;. Let 


Fy, = Ai, X Bj, (k = 1, 2,° 


where % and jx are numbers of the set 0, 1, 2, 3. We can verify directly 
that A;Aj; = — A;A; and BiB; =— B;B; if iAj and neither nor j has 
the value 0. In the excluded cases the matrices will be of course commutative. 
We now use the condition that FP: =— Fil’. We deduce from this con- 
dition and from (1) that the matrices ‘Ai, and Ai, are commutative or anti- 
commutative according as the matrices Bj, and Bj, are anticommutative or 
commutative. I say that if no % and no jx is 0, then n= 3. In fact, if all 
the %,’s have the same value, then any two of the matrices Ai, are commutative, 
and therefore any two of the matrices Bj, must be anticommutative, and that 


| 


470 OSCAR ZARISKI. 


is possible only if all the jx’s are distinct and different from 0, i.e., if nS 3. 
If not all the %’s are equal, let, for instance, 1; ~%2. Then necessarily 7; = j2. 
For any other value of & we must also have jx = ji. In fact, if jx A Ji, then 
Bj, is anticommutative with B;, = B;, and therefore Ai, must be commutative 
with both Ai, and Ai,, which is impossible, since 1; 12 and %~0. Hence 
all the jx’s have the same value, and we conclude, as before, that nS 3. 
Hence, if n > 3, then for some value of & we must have either %—0O or 
jx =0. Suppose that, for instance, 1; —=0. Then obviously 7, ~ 9 for any k. 
If now n > 4, then two indices % must be equal. If these two equal indices 
are not 0, then let, for instance, 121; 1. Since any two of the matrices 
Ao, Ay, Ai are commutative, the indices j;, 72,7; must be all distinct and 
different from 0. Let, for instance, 7; =—1, = 3. For any other 
value of k > 3, we must have 7, ~ 1 and also 7x ~ 2,3, since Bj, must be 
either commutative or anticommutative with both and Hence = 9, 
which is impossible. Consequently, if n > 4, the two equal indices % must 
be equal to 0. Let 4;—=%t2—=0. Then j; and j2 must be distinct and again 
no jx can be equal to 0. For any k > 2, we must have jx ~j:, 72. Hence 
Js = Ja = Js =* =Jjn, and for this reason the indices 13, %4,15,° % 
must be all distinct and different from 0. We conclude that » = 5 and, 
1, 14 = 2, 1; = 3, and that the matrices Fy are the 


for instance, that 1; = 
following : 
F, Ay x B;, F, Ay x B,j,, FP, A, x F, A» x B;,, Fs — A; x 
where the numbers j;, jz, 3 coincide with the numbers 1, 2, 3, in some order. 
This proves the first part of Eddington’s theorem. 

From the explicit expression of the matrices A; and Bj given above, 
we see that if j; = 3 then the matrices ’; and /’; are real and the others are 


pure imaginary, whereas if j; 43, say if j:=1, jo—=3, js =2, then 
and J’; are real and the others are pure imaginary. This proves the second 
part of Eddington’s theorem. 
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REGULAR LINEAR SYSTEMS OF CURVES WITH THE SINGU- 
LARITIES OF A GIVEN CURVE AS BASE POINTS. 


By MarGuerite 


Summary. An irreducible algebraic curve of order m, f(z, y) in 
the plane r(z = 0) is given with singularities of a specified kind. The surface 
F,2z" =f (2, y) where n is a positive integer, gives rise to adjoint surfaces ¢y, 
and to complete linear systems of surfaces ¢vy— dz which together with the 
plane + taken d times form adjoints dy. These systems of surfaces cut the 
plane w in systems of curves | C%|, shown to be complete. The irregularity 
of the surface F can be expressed in terms of the superabundances of some of 
the systems | C%|, hence application of the theorem * that F is regular if n 
is a power of a prime shows the regularity of the systems of plane curves 
involved. For f(z,y) =0 having only nodes and cusps, Zariski + obtains 
in this manner regular systems of curves with the cusps of f as base points. 
In this paper we consider f possessing either of two types of singularities :— 
ordinary k-fold points and k-fold points each of which is the origin of one 
branch of order k. The resulting theorems are analogous to the well-known 
theorem: Curves of order m—3 with (&—1)-fold points at the k-fold 
points of f form a regular system; we prove that curves of order m— 3—j 
with (k—vt)-fold points («=1,2,---,4—1) at the k-fold points of f 
form regular systems for 7 having a certain range of values. Thus restrictions 
are imposed on the number and position of specified singularities for f. 
Further, since the surface F is regular for all positive integral values of n 
when f(x,y) has a cyclic fundamental group with respect to its carrying 
complex plane,+ the connection between the irregularity of /” and the super- 
abundances of the linear systems described enables us to state sufficient 
conditions that f(z,y) 0 have a non-cyclic fundamental group; these 
conditions show that there exists a connection between the position of the 
singular points other than nodes and the structure of the fundamental group. 

The adjoints ¢v(z, y, 2) = 0 are conditioned in general at all singularities 
of 2" = f(x,y). This surface F has isolated singularities only at the singular 


*O. Zariski, “On the Linear Connection Index of the Algebraic Surfaces 
*n=f(«,y),” Proceedings of the National Academy of Sciences, Vol. 15 (No. 6, June, 
1929), 

+O. Zariski, “On the Irregularity of Cyclic Multiple Planes,” Annals of Mathe- 
matics, 2nd ser., Vol. 32 (No. 3, June, 1931). 

471 


472 MARGUERITE LEHR. 


points of f when n=m; if n> m the line at infinity in the plane 7z is 
multiple on F, the only hypermultiple points on it being intersections with 
f(x,y) = 0. This line may be considered in generic position with respect to f, 
having m distinct intersections with f. In the paper quoted,* Zariski gives a 
necessary and sufficient condition imposed on adjoints ¢v by the multiple line, 
and shows that the hypermultiple points on it impose no additional conditions. 
We shall determine the conditions imposed on ¢y at isolated singularities of F 
due to various types of singular points on f(z,y) =0. These together with 
the condition mentioned will completely describe the adjoint surfaces dv. For 
the sake of clarity, the case of f possessing only ordinary k-fold points will be 
handled fully first; the procedure can then be modified for other conditions 
on f. 
I. f HAVING ORDINARY k-FOLD POINTS ONLY. 


1. Necessary and sufficient conditions on dv at O. Let O be an ordinary 


k-fold point of f(z, y) 0, which we may suppose to be at the origin. If 
y, 2) =0 is to be adjoint to z* = f(z, y), the double integral 


dedy 


must be finite for every analytical 2-cell containing e—y—0O. Since the 
required condition is of differential character, we may replace f(z, y) by the 
product av) = (y— ar) (y— (y—axx). Introduce two 
new independent variables wu, ¢ by the relations 


(1) ye ut, 2% == = 
Let Capyv*y’z’ be the general term of the polynomial ¢y(z,y,z). The 


transformed double integral is then the sum of integrals of the form 


{ P( t) }v/n 
fJ { P(g) dudt, 


which must be finite for u—0, ¢ arbitrary. So far as ¢ is concerned, the 
integral is finite for all finite values of ¢ including those for which P(t) = 9; 
the infinite value for ¢ can be investigated by using «= u"t, y= wu", which 
leads to the same form of integral. Hence a necessary and sufficient condition 
that the double integral remain finite is 


(2) (a+ B—k+2)n+k(y+1)>0. 


This condition requires « + 8 + y= k—2 and is satisfied by 


*O. Zariski, “On the Irregularity of Cyclic Multiple Planes,” Annals of Mathe- 
matics, 2nd ser., Vol. 32 (No. 3, June, 1931). 
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a+ B=k—2, y=0; 


so every ov has at least a (k — 2)-fold point at O, and the generic ¢v cuts the 
plane 7(z = 0) in a curve C of order v— oo (where o» accounts for the line 
at infinity occurring in the intersection), having an ordinary (/ — 2)-fold 
point at O. On the other hand, consider any curve of order v—v» with the 
points * O(k — 2)-fold in the plane z, and project it from the point at infinity 
on the z-axis. The resulting cone satisfies the adjoint condition at O given 
by (2). Since y% satisfies the conditions imposed + by the multiple line at 
infinity in the plane z, the degenerate surface made up of y% and the cone is 
an adjoint ¢v. Every such curve can be cut out thus by an adjoint surface, 
so the system of curves cut out on z by | ¢v | is complete. 


2. Nature of the curves | C4|. Consider all surfaces ¢v-a which with 
the plane + taken d times give ¢y adjoint. They form a complete linear 
system which we denote by | ¢» — dr |, and this system cuts the plane z in a 
system of curves | C4|. We wish to describe these curves for arbitrary values 
of d. Surfaces ¢dv— dz are those ¢y satisfying (2), in whose terms y = d. 
When they are cut by z = 0, the curves C% are given by terms in ¢y in which 
y=d; hence in the equation of C(a,¥) = 0, the exponents of satisfy 


the relation 
(3) (a+ B—k+2)n+k(d+1)>0. 


The surfaces dy cut r in a (k —2)-fold point at O, and we know that there 
are in addition, in general, infinitely near multiple points to O, so removing 
z=0( as a factor from ¢y will not necessarily reduce the multiplicity of O on 
the curve of section. From (3) we see that if terms a -+ 8B =k—83 are to 
be present in the equation of C, then 


d = [n/k] 


where [/k] means the integral part of n/k. So the systems 
| |, | | bv — {[n/k] — | 
cut z= 0 in curves with (k —2)-fold points at the k-fold points of f. These 
points are ordinary (& — 2)-fold points since any terms for which 
a+ 
satisfy condition (3). The curves C4 cut out by | dv-—dza| can and will 
* The only singularities of f are ordinary multiple points of one order k; we shall 


say “the points O” meaning that set of points. 
i O. Zariski, “ On the irregularity, ete.,” loc. cit. 
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have O as a point of multiplicity s —2—v if and only if d satisfies the 
relation 

—m+kd+k>0 or d= [tn/k]. (4=0,1,---,k—2). 
The curves C4, then, cut out on x by | dv—dn| have the ordinary k-fold 
points of f as ordinary (k —2—1)-fold points for values of d given by 


(4) [in/k] Sd < [(+1)n/k]. 


Finally for d= [(k—2)n/k], the systems | ¢y—dz| are unconditioned 
at the ordinary k-fold points of f(z, y) = 0. 

The order of the curves | C4| is y—d—oa, where oa accounts for the 
multiple line at infinity. Write 


(5) n—m =hm—m,, h>0, 0S m < m. 


For values d= n—2, where is the 
positive integer defined * by 


(6) —2 < dS +1) —[(#+1)m,/m] 


For d > n— 2, the surfaces are not only unconditioned at the multiple line, 
but they are also unconditioned at the k-fold points of f(x,y) = 0, since 
| (k —2)n/k] S n— 2 for all positive integral k and n. For d= n— 2, the 


order of | C4| is v—d. The systems 
therefore distribute themselves into sets of consecutiwe systems all of order 


v—n+m+1—pz where » runs from 0 to m—1. There are h+e 


systems in each set, where 


ex = 1 if and p~0, 

en = 0 if [wmi/m] = [(4+1)m,/m]| —1, or p= 0. 

In particular, the first h systems are of order v—n-+ m + 1, and the last h 
of order v—n + 2. 


(7) 


3. Completeness of |C%|. Consider any curve of order »—d—aa 
lying in the plane z and having points of multiplicity 


k—2—1 


at an ordinary k-fold point of f. The cone obtained by projecting this curve 


*O. Zariski, “On the irregularity of cyclic multiple planes,” Annals of Mathe- 
matics, 2nd ser., Vol. 32 (No. 3, June, 1931). 
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from the point at infinity on the z-axis together with the plane z taken d times 
satisfies condition (2); it is a surface, therefore, which satisfies the conditions 
imposed on adjoints at isolated singularities of F. As previously stated, y%4 
will satisfy the conditions imposed by the multiple line, hence the cone together 
with og times y and d times z will give an adjoint ¢v. The cone plus oa times 
y is then a @v— dz, and since every C% of the type described can be cut out 


by such a surface, the systems | C4| cut out by | ¢»— dz | and described by 


the relations (4) and (6) are complete. 


4. Virtual and effective dimensions of | ¢v—da|. If a system | $a 
linear and complete, cuts a plane z in a complete system of curves C)-o, and 
if we denote by | o, — 7 | the complete system of surfaces ¢)-; which with 7 
make a @), then for 7 a generic plane it is well-known that 


= (Na — +, 


where ry, 7”, are respectively the effective and virtual dimensions of | ¢y |; 
Yespectively those of | ¢,— 7 |, and s, is the superabundance of the 
complete system of curves C cut out on a (o being zero). In the case of the 
systems | dv — dw |, however, the plane is not generic; it goes through the 
multiple line and all isolated singularities. It is true, nevertheless, that 
, and we shall show that under 


| dv — dz | cuts z in a complete system | C4 
this condition 


where ra, 1a are respectively the effective and virtual dimensions of | ¢v — dr | 
and sq is the superabundance of C%. If we denote by pa, p’a the effective and 
virtual dimensions respectively of the complete system | C4 |, we can write 


—d+2 


Ka, K’a, Kas, K’a: being the postulation constants independent of v, for any 

fixed d, or, in other words, algebraic functions of d alone, we obtain 

(8) = ( 2 =a) Kan) — (K’%a — 


valid for all non-negative integral values of v and of d. Now when v—d is 
sufficiently high, ra = and raz. = 1 it follows that 
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v—d—oi+2 


— = — ( 9 


)- Ki’ Sa 


where Kq’” is the postulation in the plane on the curves C%. Since oa is the 
multiplicity of the line at infinity in 7 on ¢v— dz, oa is independent of 1; 
for high values of v the order of the curves C% increases and sa becomes zero. 
For v—d sufficiently high, then, 


(9) =patl. 


The two expressions in (8), (9) are equivalent for all non-negative 


integral values of v and of d for which v— d is sufficiently high, 7. e., 


2 
(’ d + )- Ka + sa, 


the K’s and oa being independent of v. Fix d at a value dy. The two poly- 
nomials in v are identical for all v sufficiently high, hence they are identical 
polynomials and their coefficients (algebraic functions of d)) are the same. 
These relations between the coefficients hold for all non-negative integral 
values of d, hence the coefficients are identical and the two expressions are 
equivalent for all values of v,d. Consequently, so long as | ¢,— dx | cuts 7 
in a complete system 

= pa +1 
regardless of whether z is generic or not. Since 

Td — "do. pd -}- Sd i. 
we obtain the desired relation 
(10) Ta — = — + 

5. Irregularity of F im terms of su. Adding the relations (10) for 
d=0,1,---, [(k—2)n/k] —1, we find 
, 

(11) = So + Sy + -+- S[(k-2)n/k]-1 -+- (1 


cease to exist, if 


This relation holds even if the systems | ¢v— dz | or | C4 
we adopt the convention that the effective dimension of a non-existent system 
is —1. 

For v= n—A4, — 1 tck-2)n/k) CaN be shown to be zero. Con- 
sider the subadjoint surfaces ov; they are conditioned at the multiple line as 
are dy, and are not conditioned at the isolated singularities, so 


| 
476 
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| and | —[(k—2)n/k]x | 


are coincident systems. Now all systems | ¢v — dz | cut out complete systems 
| G4| by even stronger reasoning than for | ¢v— dr |, so 
= - - 
‘er = d41 T Sd. 
But | C@| is virtually and effectively the system all curves of order v — d — oa, 
of the same order as | C*|, but unconditioned at isolated singularities, so 
Sa = 0, if the order is =— 2. It follows that 
: 
for any d such that y—d—oa =—2. When d= [(k—2)n/k| —1, the 
order of C4 is =v—n-+ 2, so if v= n — 4, curves C% are all of order greater 
than or equal to — 2. When 
d = | (k— 2)n/k| —1, 
then 


Since | —[(k—2)n/k]x| is identical with | [(k—2)n/k] 
| 


cut out on a generic plane complete and regular linear systems of curves. 


Now by a theorem of Castelnuovo,* 7) —7"o will be zero if | dvs: Pi 
If v= n—4, these systems cut out curves of order = n— 3, adjoint to the 
plane section of F, and it is well-known that these curves form regular 
systems. They are clearly complete, for any curve Cy in a generic plane o, 
adjoint to the section of / made by , can be projected from the point at 
infinity on the aw-axis giving a cone which is a subadjoint surface ov of F. 
This establishes the fact that =O if v=n—4. 


Restating (11), then, for v = n—4, we obtain the following expression for 
the irregularity of F: 

(12) G =='56 + Sy + + S[(k-2)n/k]-1+ 

The systems | involved all occur in the set | C°|, | C'|,- |G"? | 


described in § 2, and sa is the superabundance of the system | O%| for which 
the order is given by (6) and (7), and the multiplicity at the ordinary k-fold 
points of f is given by (4). Hence the irregularity q of F is equal to the sum 
of the superabundances of the first [(k—2)n/k] systems | C*| described. 


3 


6. Regular systems | C4%|. If f is irreducible, curves of order m 


*G. Castelnuovo, “ Alcune proprieta fondamentali dei sistemi lineari di curve 
tracciate ece . . . ,” Annali di Matematica pura ed applicata, ser. 2, Vol. 25 (1897). 
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with k-fold points of f as (k —1)-fold points form a regular system, so s, 
and possibly certain others succeeding it are zero. Suppose that m— 3 — ji 
is the maximum order for which the base points O do not give rise to a regular 
system, 1. e., curves of order m — 3 — yp with points O(k — 2)-fold are regular 
and sy*? is zero if w <j, but sy** >0 for »=—j. The irregularity of F 
involves such superabundances in the first [”//] terms, hence if the order 
m——3—J is such that the number of systems preceding it in the sequence 
is less than [n/k], a non-vanishing superabundance will appear in (12) and 
the surface F’ will be irregular. The first system of order m—3—j is 


preceded by 

Bh 1) —1— [jm 
terms. Denote the difference between this and [n/k] by A. 
(13) h=j(h +1) —1—[jm,/m] — [n/k]. 
Then if A < 0, ¢ > 0 and F is irregular. Write 

n = pk +o, < 

Recalling that n = (h + 1)m— m, we find from (5) and (13) 
(14) kd (h + 1) (kj —m) —k— jmi/m] + mi +o. 


As n becomes indefinitely large, h increases indefinitely, but all other elements 
in A are either fixed or have an upper limit set by k& or by m, so A takes its 
sign from kj—m. If kj < m, A would be negative for all values of 1 sulli- 
ciently high. We know, however, that if n is a power of a prime, F is regular 
and A cannot be negative for such values. Hence kj must be greater than or 
equal to m. We state the geometric result: If f(x,y) = 0 be irreducible of 
order m, with ordinary k-fold points O, and if » be the maximum integer 
such that kw < m, then the complete systems of curves of orders m— 93, 
m—4,° *+,m—3—yp with the points O(/ —2)-fold are regular. 

Next, let m—3—yj be the maximum order for which the points 
O(k —3)-fold form the base of a superabundant system. For each system 
|C4|, d=0,1,---, [2n/k] —1, set up a system of the same order with 
O(k —3)-fold; the superabundance s¢-* of such a system is not greater than 


0 


the superabundance sq occurring in g. If in the sequence 
then, the first system of order m—3—j is preceded by less than [2n/k] 
others, a non-vanishing superabundance will occur in (12) and F will be 
irregular. Writing 


A=j(h +1) —1— [jmi/m] — [2n/k], 
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we find, precisely as above, kj = 2m. Hence for kp < 2m, the systems of 
order m — 3 — p» with points O(k — 3)-fold are regular. The general theorem 
may be derived by application of this method, using (4) to give the number 
of systems | C4 | involved when d is set. 


THEOREM. If f(x,y) =0 be irreducible of order m, with only ordinary 
k-fold points O, and if p be the maximum integer such that kp < («+ 1)m, 
(1 =0,1,-- +, k—2) then all complete systems of curves of orders m — 3, 
3—p with the points O(k —2—1)-fold are regular. 


m—4,°°°,m 


7. Conditions on the k-fold points of f(x,y). The theorem just proved 
excludes the possibility of an irreducible curve having so many k-fold points 
that the virtual dimension of any of the systems described becomes less than 
—1. It also precludes the ordinary k-fold points of an irreducible curve from 
having such special positions in the plane that they do not impose independent 
conditions on the curves of the orders stated, when used to the multiplicity 
described in the base set. An example will show how this condition operates. 
A curve of order 14 can have 26 triple points; by the theorem just proved, 
curves of order 7 passing simply through these points must form a regular 
system. (Note that for f irreducible, a repeated application of the theorem 
on adjoints of order m — 3 will give curves of order eight through the triple 
points forming a regular system; the present theorem lowers the degree here.) 
Fix sixteen of the eighteen intersections of a cubic and a sextic. Any C; 
through the fixed points cuts the sextic in addition in 26 points which cannot 
be triple points of an irreducible C,,, as the following argument shows. 
Consider all C;’s through the 26 points; the characteristic series cut out on 
a generic C; of the system is a complete g.;, and the system is regular or 
superabundant according as the series is non-special or special.* Among the 
groups of the g.; is one made up of the sixteen points fixed on the sextic and 
an arbitrary line section of C;. This group is also cut out on C; by a quartic 
made up of the given cubic (with its additional five points of intersection with 
C; fixed) and an arbitrary line, hence this group is contained in the complete 
series cut out by canonical adjoints through five fixed points. Since the genus 
of a non-singular C; is 15, the canonical series is gj, ; the complete series 
determined by the group of 23 points is therefore 93,» special; hence the 
system of curves C; is superabundant. This contradicts the theorem; the 
group of 26 points described cannot be triple points of an irreducible C14. 


“Guido Castelnuovo, “ Ricerche generali sopra i sistemi lineari di curve piane,” 
Torino Memorie, Ser. 2, Vol. 42 (1891). 
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II. f HAVING AT EACH k-FOLD POINT ONE BRANCH OF ORDER k. 


8. Necessary and sufficient condition on pv at O. Again suppose O, k-fold, 
to be at the origin, and consider first O as the origin of a single branch of 
order k and class 1. The condition being of differential character, f(z, y) 
may be replaced by y* + 2***. If $v(a,y,z) is to be adjoint to 2” = f(z, y), 


the double integral 
dv (2, z) 
away 
must be finite for every analytical two-cell containing z= y—0. Introduce 


two new variables u,¢ by the relations: 
y= yn kL) 


By considerations precisely like those of part I, we find that a necessary and 
sufficient condition that the double integral remain finite is 

(15) kn(a-+ >0. 
Clearly, if a + B = k —1, the condition is satisfied; further, if n = k(k + 1) 
no terms for which «+ 6 + y < &—1 can appear. So the generic ¢y cuts 
the plane 7 in a curve with O as (k —1)-fold point. As in part I, we see 
that any curve in z with O as ordinary (k —1)-fold point can be projected 
from the point at infinity on the z-axis, giving a cone which satisfies the 
conditions imposed on adjoints by the point O, and the system cut out on 7 
by | ¢v | is complete. 

9. Nature of the curves | C“|. We consider the systems of curves | C*| 
cut out on a by the systems of surfaces | ¢.—dz|. The curves | C%| are 
given in the plane z = 0 by terms x*y®z¢ of dv, hence terms in the equation of 
C(x, y) => Cagxty® satisfy the relation 
(16) kn(a+B—k+1) +n(B+1) + (d+1)k(k+1) >0. 

The system | C°| has points O(/ —1)-fold with no further restriction. If 

terms a + 8 =k—2 are to satisfy the condition, the minimum value of d 

is given by the maximum £6 = k — 2, or 

d = [n/k(k + 1) ]. 

Hence the systems | |, | | dv —{[n/k(k + 1)] —1}a| cat 

the plane in curves with points O as (k —1)-fold points. Stating the general 

case, then, the curves cut out by | ¢y— da| can and will have O as multiple 

point of order s — 1—7‘ if and only if d satisfies the relation 


480 


ce 


If 


ral 
ple 


REGULAR LINEAR SYSTEMS OF CURVES. 481 


(17) — ten +1) +1441) > 0, 
(4 = 0, 1, 
Again the minimum d satisfying this condition is given by the maximum 
b=k—1—41i, so 
d= [{(t—1)k + t}n/k(k +1)]. 

The curves C4 cut out by | ¢v—dzr| have O as (k —1—1%)-fold point for 
values of d gwen by 

(t—1)k+1 
+ 1) n |. 


In particular, for d= [(k?—k—1)n/k(k-+1)], the curves are uncon- 
ditioned at points O. 

In addition, the singularity at O on | C“| will in general be specialized, 
having a certain number of tangents coinciding with the tangent to f at O. 


Actually the condition (17) gives 


~ 
aia a=[ k(k +1) | 


for O(& — 1—1)-fold or less. The maximum value of £8 gives the minimum 
value of d stated in (18) ; for this, | C¢| has all tangents at O coincident with 
the tangent to f at O. As B decreases, d definitely increases until we reach 
d =| (tk—1)n/k(k + 1)] which gives — 1—1)-fold with all tangents 
freed from coincidence with the tangent to f at O. From this value to 
d=[(ik +i+1)n/k(k +1)] the curves | C%| have the same behavior at O. 


The order of the curves is given in part I. For n sufficiently large, i.e., if 


[ —k—1)n/k(k +1)] Sn—2 


the surfaces | dv—dzx| for d=n—2 are unconditioned at the isolated 
distribute themselves 


points as before. Hence the systems | C°|,- ~~, | CG" 
into sets of consecutive systems all of orders v—n+m-+1—p, where p 
runs from 0 to m—1. Any given | C4| has its multiplicity k—1—i at 
points O determined by (18), and it has at each such point + tangents coin- 
ciding with the tangent to f there, where + is the minimum integer satisfying 
fhe relation 


—ikn +n(r+1) + (d+1)k(k+1) >0. 


are complete, 


10. Irregularity of F in terms of sa. The syste 
by considerations analogous to those in part I, hence the results of paragraph 4 
there apply; further, for n sufficiently high, the surfaces | ¢y—dza| for 
d= [(k? —k—1)n/k(k +1)]=8 are conditioned at the multiple line 
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only, so the argument of paragraph 5 on subadjoint surfaces can be applied. 
Summing (10) then for values d=0,1,---, [(k7>—k—1)n/k(k+1)], 
we obtain 


For v= n—4, therefore, 
(21) + 86-1 


where the sq are superabundances of the systems | C4| described in 9. 


11. Regular Systems. If f is irreducible, curves of order m— 3 with 
the points O as (k —1)-fold points form a regular system, so so and possibly 
others are zero. Suppose that m— 3— j is the maximum order for which the 
base points O(k —1)-fold give rise to a superabundant system. The first sys- 
tem of order m-—3—7j in the set | C° |---| C"*| is preceded by j(h + 1) 
—1—[jm,/m] systems. If this is less than [n/k(k + 1)], a non-vanishing 
superabundance will occur in (21) and F will be irregular. If k(k + 1)) < m, 
then, F will be irregular for all n sufficiently high, as in part I, contradicting 
the established theorem that 2” = f(a, y) is regular for n a power of a prime. 
We deduce that k(k + 1)7 =m; for any p satisfying k(k + 1)p < m, curves 
of order m—3—p with the points O(k —1)-fold are regular. 

To state the general case, let m — 3 — j be the maximum order for which 
curves with the points O(& — 1—71)-fold do not form a regular system. We 
find that 


k(k +1)7 = (k& +1+1)m. 


The geometric result may be stated thus: Jf f(a, y) =0 be irreducible of 
order m, with singular points O, each of which is the origin of one branch of 
order k and class 1, and if p be the maximum imteger such that k(k + 1)p 
< (tk#+%+1)m, then all complete systems of curves of orders m— 93, 
m—3—yp with the points O(k—1—t1)-fold are regular. 
Similar theorems can be stated for curves having the points O(/ — 1—1‘)- 
fold, and having in addition at each point O a given number 7 of tangents coin- 
“ciding with the tangent to f at that point, using in each case the value for d 
given in (19). In particular, if » is the maximum integer satisfying k(k + 1)p 


< (k*? —k—1)m, then curves of order m 3 passing simply througi 
the points O form a regular system; if » is the maximum integer given by 
h(k+1)p < (k? — 2k —2)m, curves of order m 3—yp passing through 


the points O in contact with f at each point O form a regular system. 


12. Conditions on such singularities of f. The theorem just stated 
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imposes certain conditions on the number and position of singularities O pos- 
sible on an irreducible curve of given order. The question of existence of an 
irreducible curve possessing a stated set of singularities can in some cases be 
given an immediate negative answer, by this theorem, whereas the extended 
Pliicker relations would be cumbersome to handle or would yield no conclusive 
answer. A simple example shows this: <A curve of order 13 can have 22 
ordinary triple points; when these become origins of a single branch each, 
the Pliicker relations reduce this number to 19. Now by the theorem just 
proved, curves of order m—3— yp with these points as double points must 
form a regular system for k(k + 1) < m; but the system of curves of order 
% with 19 double points has virtual dimension less than —1, hence 19 such 
points are impossible for an irreducible curve of order 13. As an example of 
the second type of restriction, consider curves of order 10, with points O each 
the origin of a single branch of order 3 and class 1; cubics simply through 
these points must form a regular system. ‘There cannot be eleven such points, 
then; there are at most ten and if there are nine, they cannot be base points 
of a pencil of cubics. 


13. One branch of class greater than 1. The two cases treated in detail 
make clear the fact that if we know the inequalities governing exponents of 
terms occurring in the equation of the adjoint surface dv, we can describe the 
systems of curves | C%| cut out in the plane z, and enunciate for these systems 
theorems on regularity for determined orders. When O is the origin of a 
branch of order k& and class ¢ prime to k, the governing inequality * obtained 
by a transformation of the integral is of the form 


(22) kn(a+ 


Under this condition the curves | C“| must have the following properties: 


The generic C° has points O as (k —1)-fold points; all tangents at the point 
are arbitrary if the class ¢ = k/k —1; one tangent coincides with the tangent 
to f if k/e —1 <eSk/k —2, ete. Further, the contact may be more than 
ordinary for any branch of C° which has contact with f, when c and k satisfy 
relations readily obtained from (22). All systems given by 


d=0,1,---, [nc/k(k +c)]—1 


have the points O((k — 1)-fold; the next set, given by 


* This inequality can be obtained directly from the description of the behavior of 
the adjoint surfaces at O as given by the Newton polyhedron for F, as well as by a 
transformation exactly analogous to that of paragraph 8: See W. V. D. Hodge, “The 
isolated singularities of an algebraic surface,” Proceedings of the London Mathematical 
Society, ser. 2, Vol. 30, part 2 (1929). 
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= [nc/k(k + ¢)],---, [n(k+ 3c)/k(k + c¢)]—1 


have the points O(k —2)-fold, and so on. The systems | C°|,---, | C™?| 
whose superabundances may be involved in expressing the irregularity of F 
do not necessarily include systems with points O as ordinary (k —71)-fold 
points with arbitrary tangents. The sequence contains a group of systems 
| Cx | to | C®| having the points O as (k —7)-fold points and satisfying cer- 
tain other conditions as to number of tangents coinciding with the tangent 
to f and as to the nature of the contact; these additional conditions decrease 
as we progress from 46, to 5, but they do not necessarily disappear entirely 
before the appearance of | C**| with O(k—i—1)-fold. However, if we 
denote by ss the superabundance of | C®|, then a system | (| of the same 
order having the points O(k—71)-fold with arbitrary tangents will have 
superabundance s = ss, hence if | C®| must be regular, certainly | C| is 
regular. In this way we are able to enunciate theorems analogous to those of 
part II on the regularity of curves of determined order with behavior at the 


points O specified. 


III. AppiLicatTion To f HAVING POINTS OF DIFFERENT MULTIPLICITIES. 
14. In J and II, the behavior of the curves | C%| is described at points 
O for any value of d. The theorems there are stated for the case of f with 
multiple points all of the same order, but when different multiplicities are 
present, it is necessary only to describe the behavior for separate multiplicities 
and then state the general theorem as the intersection of these theorems. Let 
f(z, y) =0 be irreducible of order m, with ordinary multiple points O1,°-- , Or 
of orders k,,° - -,k, respectively. From paragraph 6 we deduce the theorem: 
All complete systems of curves of order m—3—vp with the points Oj; as 
(ki; —2—pi)-fold points are regular provided 
kip (pi -f- 1)m. (a = 0, r) (pi = 0, 1, k; 


Suppose f has, in addition, points O; each the origin of a single branch 
of order k, and class 1. Each order k; determines a set of critical values of d 


d=([n/ki], [2n/ki],---, [(ki—2)n/ki], (1—0,1,---,7) 


for which the multiplicity of points 0; on C4 decreases by one; similarly, each 


ky» determines a set of values 


for which the multiplicity of points On, on C4 decreases by one. If these values 
are arranged in order of magnitude, the sequence | 0° |, | C'|,- - - may be 
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described successively, for each time that a critical value of d is reached, the 
subscript will show which points change their behavior on | C“| for that value 
of d. The systems with base points thus specified will be regular for order 
m — 3—p, where » can be determined by the method of paragraph 6. For 
example, suppose f has cusps and ordinary triple points. The critical values 
as follows: 


of d arranged in order of magnitude give the behavior of | 04 


0 [n/6]° [n/3] 
Multiplicity of C% at triple points 1 1 0 
Multiplicity at cusps .......... 1 0 0 


Consequently, curves of order m—3— yp passing simply through the triple 
points and cusps are regular for 64 < m; curves of order m — 3 — p passing 
simply through the triple points only are regular for 3p < m. 

The nature of the curves | C%| occurring in the sequence for any given f 
depends on the relation of the multiplicities k,- - -k, among themselves, 
since n may be taken as large as we please. If, for example, f has multiple 
points of orders ky, kz respectively, where k, = pk», the multiplicity of | 07 | 
at points O, will have reached k, — 2 — p when the multiplicity at points O- 


decreases to k,—3. The systems of curves obtained by this method are 
essentially different, then, from the curves obtainable by the process of 


successive adjunction to f. 


IV. Curves wItH NON-cycLic FUNDAMENTAL GROUPS. 

15. Sufficient conditions that the fundamental group of f be non-cyclic. 
In his paper on cyclic multiple planes,* Zariski proved that if the fundamental 
group of a plane irreducible algebraic curve f(«,y) = 0, in general position 
with respect to the line at infinity, is cyclic, the surface z" = f(a, y) is regular 
for every positive n. From this and the expression of the irregularity in terms 
of the superabundances of the systems of curves through the cusps, he deduces 
a connection between the structure of the fundamental group and the position 
of the cusps of f when f has nodes and cusps only. In any case, a condition 
under which z" = f(a, y) is irregular will be a sufficient condition that f have 
a non-cyclic fundamental group. 

When f has only ordinary k-fold points, the systems of curves | C“| fall 
into consecutive sets each with the points O(k—i)-fold; if any of these 
systems are superabundant, F will be irregular. From paragraph 6, we see 
that if m — 3 —j is the maximum order for which the points O as (k —1)- 
fold base points give rise to a superabundant system, then 


* 0. Zariski, “On the irregularity, ete.,” loc. cit. 
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(23) = (h +1) — (1— 1) m} —k — k [jimo/m] +(i— 1) + 0. 
If A; = 0 for a particular value of 1, no non-vanishing superabundance will 
appear due to those | C¢| with points O(k —i)-fold; when A; = 0 for all 
values of 1 from 2 to k —1, no non-vanishing superabundance can appear in 
(12), and F is regular. From (23) we obtain 


kji = (t1—1)m (4 = 2,3,---,k—1). 


If kj; > (t—1)m for a particular 7, the corresponding A; =0; if then 
kj; > (t—1)m for all the values of 7 given, F is regular for n =m. It is 
then of necessity regular for values n < m, for if F were irregular for a value 
n ==, it would be irregular for n any multiple of m,. For F to be irregular, 
therefore, it is necessary that at least one of the quantities 

m, 2m, (k—2)m 
be divisible by &. 

Suppose that for a particular value of 7 between 2 and k—1, we have 
kji = (t—1)m. From (23) we see that if (1 —1)m, is not divisible by 
k, A; = 0; we must have not only (t—1)m but also (tc —1)m,, and hence 
(1 —1)n, divisible by &. When this is true, o—0 and Ai < 0; we may state 
the result: Jf f(z, y) =0 ts an irreducible algebraic curve of order m, with 
only ordinary k-fold points, the necessary and sufficient condition that the 
surface 2" =f(a,y) (n= Mm) be irregular is that (1 —1)m and (i—1)n be 
divisible by k for at least one value of 1 = 2, 3,- - -,k—1, and that putting 
= (t—1)m, the system of curves of order m —3— ji with the k-fold 
points of f as (k—1)-fold points be superabundant. 

For f having points of the second kind discussed, of course, more values 
of d enter as critical We may state a set of sufficient conditions: for 
example,—A sufficient condition that f, irreducible of order m, with points 0; 
ordinary k-fold and points O, each the origin of «a single branch of order k 
and class 1, have a non-cyclic fundamental group is that m be a multiple of 
k(k +1), and that writing m =k(k + 1)j, the systems of curves of order 
j with O,(k — 2)-fold and O.(k —1)-fold be superabundant. The 
condition; that f with nodes and cusps only have a non-cyclic fundamental 


m—3 


group, mentioned at the beginning of this paragraph, is a special case of the 
above theorem. The set of sufficient conditions concludes with: A sufficient 
condition that f, irreducible of order m, with points O, ordinary multiple 
points of order k and points O. each the origin of a single branch of order k 
and class 1, have a non-cyclic fundamental group is that (k? —k—1)m be 
divisible by k(k +1), and that for (k7 —k—1)m=k(k +1)j, the curves 


j passing simply through the points O. form a super- 


of order m—3 
abundant system. 


i 
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16. Suppose that f has ordinary multiple points O,,- - -,0O, of orders 
Yvespectively (arranged in order of magnitude). The systems 
| C4| have the points O; as (ki -- 2 — pi*)-fold base points and the irregu- 
larity of 2" = f(a, y) is expressed in terms of the superabundances of these 
systems 1. e. 

(24) g=S t = [ — 2)n/k,|] —1. 
If /’ is to be irregular, it is necessary and sufficient that a superabundant 
system appear in this sequence. The actual set of values pi? need not be 
calculated; we shall set up systems to compare with | C%| as follows: Let 
pis’ ° *ypr be a set of r numbers, each associated with a ki, where each pi 
may have any value from 0 to ki —2. From (4) we know that | C%| will 
have Oj as (ki — 2 — i )-fold point (at least), provided d < [ (pi + 1)n/ki]. 
Evaluate this quantity for each pair pi, ki and denote by Rk, K that particular 
pair giving the minimum value 8 for d; 

[(R + 1)n/K] =6. 
(If two or more pairs give the same minimum value for d, use any one of 
them as R,K.) Then for | C°|,---,|C%*| the points O; are of order 
kj; —2— pit =k, —2—pi for 1—1,2,---,r. 

Now suppose that m — 3—, is the maximum order for which the sys- 
C | with the points O; as (ki; —2—pi)-fold base points are 
superabundant ; systems of curves of the same order with O; (ki — 2 — pi*)- 
fold will then certainly be superabundant. Curves conditioned in this way 
J4|, so if the order m— 3—j 


tems of curves 


occur in the first 8 terms of the sequence 
is such that the number of terms preceding it is less than 8, a non-vanishing 
superabundance will occur in (24) and F will be irregular. The first system 
of order m is preceded by 7(h +1) —1—l|jm,/m] terms, where 
n—m==hm—m,. Denoting the difference between this and 8 by A, we have 
A=j(h +1) —1— [jm./m] — + 1)n/K]. 
If A < 0, F is irregular for there is a system | C*| of order m — 3 —j given * 
by a value of d< [(R+1)n/K]; it has the points O; to multiplicity 
=k; —2—p; and is therefore superabundant. Writing 
(25) (R+1)n=rK +a, XK), 
jm, = hym + mo, (0S mz < m), 
we obtain 


(26) + (R+1)m 


“A system | Cd| of order m—3—j does occur for every j from 0 to m—1, 
since by par. 2, there are h + eu systems of each order, and h > 0. 
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As before, Kj = (& + 1)m since A cannot be less than zero for all large values 
of n, F being regular when n is a power of a prime. 

Suppose Kj > (R + 1)m for a given set of values p:,: - -, pr defining 
R,K. Ifh,=0, KA>—K andA=0. If hy is not zero, from (26) we 
have 


Kj —(R+1)m= {Kh,— (R+1)m}j/hi + (R +1) 


Since m <m, j >hi; hence even if h=o~—0, KA>—K and again 
A=0. If then Kj > (Rk + 1)m for all possible sets of numbers p:,° - -, p,, 
all the corresponding A values are greater than or equal to zero. Under these 
conditions Ff’ may be shown to be regular as follows: If for one set p:,- - -, pr 
the corresponding 4 = 0, we know that no non-vanishing superabundance 
appears due to curves with the points O; exactly (ki —2— i)-fold. For an 
arbitrary choice of pi,- - -, pr, these curves are not necessarily curves | 0% |, 
and in this case, A= 0 does not give information about the regularity of F. 
However, any system | C%| is described by some set pi,- and if the 
defined for that set is = 0, the system is not superabundant. We conclude 
that of for every possible choice pi,: * +, pr the A defined by (26) is = 0, no 
| C4| is superabundant and F is regular. For F to be irregular, then, it is 
necessary as well as sufficient that for at least one set of numbers p:,° °°, pr, 
the A defined be less than zero. 

We saw that for Kj > (R +1)m,A=0; we must have Kj = (R + 1)m 
for some set pi," **,pr- The A for that set is given by 


KA=—K—K [(R+1)m,/K] + (R+1)m+c. 


It is clear that A will be = 0 unless (R + 1)m, is divisible by K. In this 
zase, (2 + 1)n is also divisible by K, o—0, A< 0, and F is irregular. 
We may state the result as follows: Given f(x,y) =0, algebraic, and irre- 
ducible of order m, with O,,:--,0, ordinary multiple points of orders 
respectively. Let pi,: be any set of + numbers, each pi 
associated with a ki and allowed to assume any value from 0 to &; — 2, and 
denote by R, K a pair pi, ki which gives to [(pi+1)m/k;i] its minimum 
value for i=1,2,---,7. Then a necessary and sufficient condition that 
z"—=f(r,y) (n=™m) be irregular is that for at least one set of numbers 
pis’ * ‘spr, both (R+1)m and (R+1)n be divisible by K, and that for 
j defined by Kj = (R+1)m, the system of curves of order m—3—j with 
the points O; as (ki —2—pi)-fold base points be superabundant. Since 
F’ is regular if f has a cyclic fundamental group, the condition given is 4 
sufficient condition that the fundamental group of f be non-cyclic. 
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SECOND NOTE ON THE CELESTIAL SPHERE. 


By Frank Mor ey. 


1. The caustic of a correspondence. In a note on the Celestial Sphere 
[this Journal, Vol. 54 (1932), p. 276], I attempted to show the convenience 
of regarding the space around one as bounded by a sphere 2. The points of 2 
are named by numbers z,y: +. An are orthogonal to 2 (or if preferred a 
line of the hyperbolic space) is named by its end points x and y. 

To call 2 the Cayley absolute would be to begin at the wrong end— 
to pass from projective geometry to inversive geometry. The aim is rather 
to infer the properties of the included space from the known nature of its 
boundary. 

We suppose now a correspondence between the points z and y, and that 
this is differentiable, so that for « + dz we have in general y + dy. 

We have a double infinity or congruence of arcs z,y. And the problem 
is to determine their envelope. This is, in a Euclidean space (when Q is a 
point), a part of Hamilton’s theory of systems of rays. 

It is convenient to regard the sphere 2 as a plane. An are z,y is then 
a semi-circle, say above the plane. The arc 2, y intersects a consecutive are 
z-+ dx, y + dy when the pairs of points are on a circle and are interlaced. 
The cross-ratio drdy/(x—y)? is then positive. We have then, when dé 
is real, 


(1) dady/ (x — = (d6)?; 


thus the condition of intersection is that this differential invariant under 
homographies is to be invariant also under antigraphies (that is not altered 
by writing < for x) and is further to be positive. Geometrically stated, 
the elements dz and dy make opposite angles with «— y. 

To find the point of intersection, we first find the point z where the 
join of z and y meets the join of «+ dx and y+ dy. Taking the circle 
on which they lie as the base-circle, and replacing x and y by turns ¢ and + 
we are to have 

2+2ztr—t+r 
and 
Z(rdt + tdr) = dt + dr. 


Let dt/dr = pe, where » is positive (the magnification). 
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Then = 
dt/dr = + pt/r. 


For interlaced pairs, dt/t and dr/r have the same sign, so that, as we 
have taken y positive, 
dt/dr = pt/r. 
We have then 
=1/t+p/r 
2(1+p) =t+ pr, 
and therefore in general 


(2) a—= (4+ py)/(1 +2), 


where 


p=| da/dy|. 


The point z is thus the internal center of similitude for corresponding small 


circles around z and y. 
On the normal to © at this point z, we take a distance ¢ given by 
(3) = (z—2) —2Z) 


to obtain the intersection of the consecutive arcs. The envelope of the arcs 
is then given by (1), (2), and (3). For convenience let it be called the 
caustic of the correspondence. 


2. The caustic of a homography. As a case in point, consider the 
homography 


L = ky. 
Then dz = «dy. Then from (1) 


(« — 1)*y° 


where d@ is real. Hence y=cexpA@, where A = ve —-1/ve, ¢ a constant 


(d@) 


x = kc exp 


and 
—«)(1—«) cé exp (A+A)8, 


that is £? = c,zz, where c, is a constant. This is a right cone. ‘The arcs 


i 
K 

1+p 
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then all touch this cone; the direction of an are at contact makes a con- 
stant angle with the generator. 
For the general homography 


ary + Bx + yy +8—0, 


it follows that the arcs touch an inverse of a cone, that is a Dupin cyclide. 
The double points of the cyclide are the fixed points of the homography. 


3. The caustic of an antigraphy. As a second case, consider the anti- 
graphy 
+ Be + yy +8—=0, 


When there are fixed points, say 0 and ©, this is 
c= py. 


The equations (1), (2), (3) are unaltered from (1) 


pdydy — (d0)?. 
(t—y)? 
Hence «— y is a real. 
Hence x, y, and z are reals. Thus in this case the only ares which can 
intersect consecutive arcs are those erected on the axis of reals. We have 


= (1— p)?2?/4y 


where z is a real; and the arcs touch two half-lines in the vertical plane 
on the axis of reals, the lines being images as to 2. For any antigraphy 
with fixed points, the envelope of arcs is accordingly two arcs which meet 
at the fixed points. 

When the antigraphy has interchanging points 0, 0, it may be taken 


ry = t? 
where ¢ is a given turn. 
From (1) we have 
_dydy 
y (t—y) 
so that 
x 


that is cy/(a— y)? is a real. 


Hence az and therefore y must be taken on the base circle. The en- 
velope of the arcs is then a circle parallel to ©, lying on the base sphere. 


e 
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For an antigraphy with interchanging points, the envelope of arcs is 
accordingly a circle, such that the spheres on it, which touch ©, touch it 
at the interchanging points. 

In general for an algebraic correspondence f(z,y) =0, that is for a 
Riemann surface, we shall have a caustic surface. The equation (1) giving 
at the place (z, y), or its correspondent (y, 2), two directions at right angles, 
gives a natural dividing of the surface into orthogonal curves. 

But for a correspondence f(z,¥) —0, we shall have a caustic curve. 
In particular this is the case when the equation is self-conjugate, that is, 
when it is the image-system of an algebraic curve. 


4. The euclidean case. When the infinity 2 becomes a point, the Dupin 
cyclide becomes a right cylinder and the arcs are all lines which touch this 
cylinder at a given angle. 

For antigraphies in this case, the circles which cut Q, other than ortho- 
gonally, disappear. We are left with a circle of the euclidean space. The 
arcs are lines such that, if 0 be the center of the circle, 1 the radius, p any 
interior point, they are perpendicular to the stroke 0,p and make with the 
disc an angle whose cosine is p. 
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ON THE COMMON POINTS OF TWO PLANAR CUBICS AND OF 
TWO PLANAR CYCLIDES. 


By Frank Moruey and W. K. Morrixt. 


We consider a pencil of cubics in a plane, 
Co + 0. 


The nine base points (1, 2,3,: --,9) of the pencil are said to be associated 

and any one is determined by the other eight (supposed given). The problem 

is: Given eight real points and a ruler to construct the associated ninth. 
Any quartic Q on the base points may be written as 


obec Coolio 0 


where Lo, Loo are linear. 

The cubic Cy + ACo =0 meets Y, outside of the base points, at three 
points on a line of the pencil Io -+ALo—0; and this pencil of lines 
meets the quartic at a point c, the coresidual point of the base points as to Q. 
In particular if the quartic is two conics, one, B, on 16789, and the other, 
B’, on 2345, any cubic of the system meets B’ at two points, B at one point; 
these three points are on a line which meets B again at a fixed coresidual 
point c. Now there exist an infinity of conics on 2345 and to each there 
corresponds a point ¢ on 16789, and conversely. In particular to a pair of 
lines on 2345, say 23 and 45, corresponds a point ¢,; which we may indicate by: 


16789 | 23 | 45. 


This point is determined by 16789 and 23. Any cubic on these seven 
points meets the line 23 again at 2, the conic again at y; and the line zy 
meets the conic again at the point c;. Therefore we may denote c, by: 


16789 | 23. 


To construct it we may take for the cubic on the seven points a conic 
26789 and a line 13. This can be done in ten ways. The points x and y 
are then given by Pascal’s theorem. 

If 23 be the “circular points” and the conic 16789 be an ellipse, then 
using the eccentric angle 6 the coresidual point is: 


+0, +6, + 05 + 
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But the construction by Pascal’s theorem fails. 
The essential fact is that we have for the point c, 


(1) 16789 | 23 = 16789 | 23 | 45 = 16789 | 45. 


Take now the two conics 16789 and 26789 and the point 5. We have 
the two degenerate cubics 
16789 25 
and 26789 &K 15 


meeting again at two points a, and a2. The join of these points meets 
16789 at c, or 16789 | 25 and meets 26789 at or 26789|15. Let us 
suppose now that 5 is the sought point. We recall that 16789 | 25 is identi- 
cally 16789 | 34, and 26789 | 15 is identically 26789 | 34. Thus we have the 
construction of 5: Find the points 16789 | 34 and 26789 | 34. Their join © 
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determines the points a, and daz on the conics, and a1, a22 meet at the 
required point 5. 

There is the related inversive problem of the eight intersections of two 
cyclides (or bicircular quartics). Here seven points determine mutually an 
eighth. If 8 and 9 in the projective case be taken as the “ circular poinis” 
the cubics are ‘ 
point o. Thus the above construction becomes inversive if we replace 8 
and 9 by the single point o. We have now the eight associated points 
123456700 and wish to construct the point 5, when the other seven are given. 


We take the pairs of circles 


‘circular cubics” or in the inversive plane cyclides on the 


f 134 and 234 on 34. 
(167 and 267 on 67 


Let the two radical axes 34 and 67 meet at r. Let 167 and 134 meet again 
at b,. Let 267 and 234 meet again at bo. Let rb: meet 134 again at c, 
and rb. meet 234 again at cz. Let the line c,c. meet 134 at a, and 234 at az. 
Then a;1 and a22 meet at 5. 

It is to be noticed that in the inversive problem we do not have to 
assume actual intersections. A pair of circles may or may not intersect. . 
Thus 3 and 4 may be a common image pair. And it would not be difficult 
to handle the case when there are no actual intersections, that is when there 
are four common image-pairs. 

For other solutions one may consult P. Serret, Géométrie de Direction, 
H. 8. White, Cubic Curves, and the references given in H. F. Baker’s Prin- 
ciples of Geometry. 


THE RECTANGULAR FIVE-POINT. 
By F. Morey and R. C. YAres. 


I. An 
We take four points on a plane as the points pi, 1/pi of a rectangular 


hyperbola. They are on a circle if 


Pipopsps = 1 
and are orthocentric if 
= 


The Euler line of pip2p3 is then in rectangular coordinates 


| x y 
| 1/83 S83 ] 
| S2/83 3 
and meets the curve at 
1/8, S3 1 = 
Sy 


that is, at » + 1/s; = 0, the orthocenter, and at a point po given by 


S2/8s 3 | 
or, explicitly 
(1) + oops M5") = + (pr + + ps) 


Now this is for a given wo an involution-form. That is, for given 
and pz we have three values of ys, say ws, #4, #s Which are symmetrically 
related to w; and peo. For we have from (1) 


(ps ps) = me” — (mr + pe) 
= Poppe 
that is, writing s; for a product-sum of all five, 
496 
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(2) S85 = po 
(3’) S, = 3. 


Five points on a rectangular hyperbola so related give ten triangles, as 
pupoy3; the Euler lines of the ten all meet at the point po. 

The equations (3) and (3’) are central in the paper of Mrs. Dean * 
so that we have here another way of approach to the theorems there given. 
It is there shown that the relations (3) and (3’) belong to the six points, 
pi and co. A six-point ai is completed by drawing the six biquadratics which 
have a double point at one point and are on the other five. And in the case 
in question each curve cuts itself at right angles, or is rectangular. It is 
fair then to call this six-point rectangular, and to call a five-point, which 
with co makes a rectangular six-point, also rectangular. Our five-point yi is 
then rectangular, in the sense that the ‘circular cubics’ on the five points 
and with a double point at one of them, will all cut themselves at right angles. 


II. NEUBERG’s INVARIANT. 


For four points, the condition that the four Euler lines meet at a point 
is found by eliminating pp; from (3) and (3’) to be 


G303 -— 1004 3 = 0. 


It is shown (p. 594 of the memoir cited) that this invariant is a factor of 


Neuberg’s invariant for a four-point: 


Ai2As4 + Asa 
+ 1 3 
AsiAc4 Asi + Aza 


where Ajj is the squared distance of two points. Accordingly, we may say 


that when the Euler lines all meet, for a four-point, the Neuberg invariant 


vanishes, or else the four-point is concyclic. 


III. CoNstrRuctTION OF THE RECTANGULAR FIVE-POINT. 


It is of interest to construct a rectangular five-point. We take on a 
rectangular hyperbola three points yi, 2, ws and mark the orthocenter p, 
the centroid g, and the point wo where their join meets the curve again. 


*Americqn Journal of Mathematics, Vol. 52 (1930), p. 592. 
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We have from (2) and (3) 
Ho (1 + + ps)/3 (1s + Bs) /3 


and from (2) and (3’) the same in the reciprocals 1/y. Hence, if we draw 
from the center of the hyperbola a stroke 3/2 that from g to wo we have the 
mid-point of ws and ws. And from (2) the chord ps, ps is parallel to the chord 
Ho, Where c is the point 1/pipops. 


ff 
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THE QUARTIC SPACE INVOLUTORIAL TRANSFORMATIONS 
WITH A DOUBLE CONIC.* 


By L. A. Dye and F. R. SHARPE. 


1. Introduction. Some of the birational transformations of space which 
are determined by quartic surfaces with a double conic, are briefly developed 
by Cremona’s method in a paper by Aroldi.t Among these transformations 
there is a (44) transformation with a double conic, a rational quartic 
curve meeting the conic in four points, and a single isolated fundamental 
point. Miss Aroldi gives a short synthetic discussion of the fundamental 
elements and of the principal surfaces of the transformation but does not 
derive the analytical form nor does she consider the possibility of the trans- 
formation being involutorial. 

In this paper the equations of the involutorial quartic transformation 
with a double conic and a rational quartic curve are found by showing that 
the transformation is the product of a quadratic transformation and a bilinear 
cubic transformation. If the quadratic transformation is involutorial and 
certain restrictions are imposed on the cubic transformation, then the quartic 
transformation is involutorial and its equations are obtained by this method. 

It is also shown that there is another type of involutorial transformation 
with a double conic which is the transform of a linear involutorial trans- 


formation by a quadratic transformation. 


2. The Cremona transformation. I's: +0. Two 
quartic surfaces /’, in a three space S; having a double conic C2 in common, 
meet in a residual curve of order eight, Cs. By the formulas of Noether ft 
this C, meets C, in eight points and is of genus five. If the two surfaces 
have a rational quartic curve Ly in common, meeting C, in four points, the 
Cs consists of [4 and a Cy which, by Noether’s formulas, meets C, and I, 
in four and six points respectively and is of genus zero. Conversely through 
C', passes co* quartic surfaces having C2 as a double conic, such that any two 
meet in an [4 which meets Cy in six points and (2 in four points. Three of 


* Presented to the Society, December 28, 1931. 
+G. Aroldi, Giornale di Matematiche di Battaglini, ser. 3, Vol. 58 (1920), pp. 
175-192. 
tM. Noether, Annali di Matematica, ser. 2, Vol. 5 (1871), pp. 163-177. 
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these quartic surfaces meet in two points not on C2 on C4, so that if one 
point is fixed, there is a homaloidal web of surfaces, F's, : C2? + Cs + 0. 
There exists therefore a Cremona transformation, 7’, between two spaces S; 
and S’s by which a plane of 8’; corresponds to a surface of the web of /’s in 83. 

If the web of FP, : C.2-+C,+ 0 of the transformation 7’, is subjected 
to a quadratic involutorial transformation J, having C2 and 0 as fundamental 
elements, a web of cubic surfaces : Cz is obtained. The 
composite curve C2-+C’, is a Co(p—=3), and the web of cubic surfaces 
define a bilinear Cremona transformation 7’;. Hence the quartic transforma- 
tion may be obtained as the product of a bilinear 7’; and a J; having a conic 
in common. The variable curve of intersection of two cubic surfaces of the 
web of F'; is a Cs meeting C’s in six points and C2 in two points. The «' 
trisecants of C’, are P-lines (P — principal) and they generate a quadric 
surface P, containing C’,. The bisecants of C’, which meet C2 are also 
P-lines, and their locus is a ruled surface of order six which contains C2 as a 
triple conic and C’, as a double quartic, Ps : C2? + C’,?. These two P-sur- 
faces make up the jacobian Js : C2* + (’,°. Any cubic surface of the web 
meets P, in C’, and two P-lines, and meets P, in (2°, C’,?, and four P-lines. 
Hence Pz corresponds to a conic C2”, P, corresponds to a quartic curve C4”, 
and the fundamental curve in S$’, consists of the conic C2” and the rational 
quartic curve C,” which meets C.” in four points. The transformation 7" 
is therefore similar to 7’3. 

Since it follows that if 7, is involutorial == and 
hence that 7’; must have C, + C, as fundamental sextic, and that 0 must 
be invariant under 7,7. Amongst the web of F; there is a net of 
F,: C.+0%,+0 which, by I, go into the plane of Cz and a net of 
F,: C2+C,+0. Amongst the web of F2 there is a net of quadrics, each 
consisting of a plane through 0 and the plane of C2, which are transformed 
by 7,1 into a net of F* : C,-+ C,-+ 0 and the plane of Cz. Hence the net 
of planes through 0 are transformed by YZ, into the net of cubics 
Fr; : C.+C,-+0 and the plane of the conic. There is a composite cubic 
surface in the web of F; which consists of the plane of the conic and the 
unique quadric surface P, : C’,. Under Jz this goes into a unique quartic 
surface Py: C.2+C,+ 0%. The plane of Cz is transformed by J into the 
cone Kz : Cz -+ 0? which goes by into the quartic surface P, : C22 +s 
+ 0?. Therefore by the involution 7’, the plane of the conic must go into 


this quartic surface. 


3. The web of F;: C.+(’,. The transformations 7; and 7';* can 
be derived from three equations bilinear in (x) and (2’), 


( 
{ 
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U2"; U2 » -}- s 4 0, 
(1) + + + = 0, 
+ Wee's + + war's = 0. 


When we put z, 0, the four cubic curves, obtained by equating to zero the 
four third order determinants of the matrix 


Ue 
We Ws W4 


must be of the form (a,x, + + a;%;)K,—0, where is the cone 
K,: C,+ 0%. The two surfaces 


Uy, — V4sW3) V1 (UsWs UsW4) Wy = 0, 
Uz — + Vo — + — = 0, 


obtained from (1), determine a pencil of : C2 C’s, passing through a 
residual C’; which meets the conic C, =a, = K,=0 in two points P and Q 
and the plane 2,0 in one other point R. If we put z;—0 we get, by 
putting certain restrictions on 11, U2, V1, V2, W1, and we, the conic C2 through 
P and Q, and a pencil of lines through R. The matrix (2) is then of the 
required form. By linear combinations of rows and columns and by a linear 
transformation on (2), this matrix can be reduced to a normal form, 


(3) L3 0 
— Xo 0 


The four cubic equations obtained from it are = 0, 22K, = 0, 
and a fourth which is identically equal to zero. The cone K, has the form 
+ + = 0. From (3) a general form for (1) can be obtained 
in the following manner; replace the first three columns in (3) by the three 
columns of the determinant which is the product of 


Ay2 Ais 0 —— Da Le 
gg — 22 0 


and add terms in 24 with coefficients from the elements of 


| 
f 
i 
| 
t 
e 
| 
e 
0 

| bis Dio Dis 

be, 
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The three bilinear equations now have the form 
(41322 — Ay2%3 + + (2302 — A22%3 + 
+ + 2's + C1207, = 0, 
(— Ayg%1 + M123 + + + + boots) 
+ (— + + X's + = 0, 
+ (32%. —- + + = 0. 


The equations of 7’; as obtained from these bilinear equations are 
Ts: = (Aijaj) Ke + Mit, + 24’, 1, 2,3), 
= + + (05205) + Lay + At,’], 
where Ky = + + C323’, 


M;,=a quadratic ternary form in %, 22, 2s, 
[ =a linear ternary form in 2%}, 22, 2s, 
(Aijz;) = + A i2Xe + A iss, 


The Ai;, Bj; are cofactors of aij, bi; in D and A respectively. The equations 

of are 

where K’, == + (b2j2";) + 


M’; =a quadratic ternary form in 22, 2's, 
(545) = + + 
(5,27;)? + + ete. 


Let the involutorial quadratic transformation J, be 
x's = K, = 4.. -f- 
The quartic transformation obtained from the product TJ. is 


T,: Ke + Mia, + (Aijxj) 247], = 1,2, 3), 
+ + (b jos) (Ajay) ] 


and the inverse transformation 7',-! obtained from J27';7 is 


t 
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+ Mia's + {10203 a’? }/er], (t= 1, 2,3), 
= + Cop's? + 


The transformations 7, and 7,-' must have the same form when 7, is 
involutorial, hence 


K, = 
(42) aji = Cj Bji, 
(44) M,=WM’,, 
(45) + + = [AK2? + + (41275) 
+ (bj2%;) + } 247] 6's. 


If condition (42) is used to express the aj; in terms of cj and 6;i, then 
condition (4;) requires that A=1. With these restrictions on ai; and bij, 
condition (4,) is satisfied if b;; = ji, and no further restrictions are neces- 
sary in order that conditions (44) and (4;) shall be satisfied. The quartic 
involutorial transformation now has the form 


Ty: = Ke + Cj — €3 (652%; ) } 
+ x4"), 
= Ke + Cs — 1 (05525) } 
+ x47], 
a’, = Ke + (CjBjrj) — C2 (05175) } 
+ [ 4125)? + C1C3 (dja; )? + 


where Bj; are cofactors of bi; in 


bis 
A=] bday Doo bo, | = 1, bij = dji, 
Bas Bas bss 


and Ky = + + 


4. The Cremona transformation C22 + Cs(p=0) +0,7?+4+ 02. If 
the quartic curve C, has a double point 0,? it can be shown that the quartic 
surfaces /', which contain it and a double conic C2, also have the double 
point 0,2. The web of quartic surfaces /, may be transformed by a quadratic 
transformation 0, into a web of quadric surfaces : + 02, 
hence TT’, = S, or T,==S2T."; that is, the quartic transformation may be 
regarded as the product of two. quadratic transformations. Miss Hudson * 


*H. Hudson, American Journal of Mathematics, Vol. 35 (1913), pp. 183-188. 


= 
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has discussed this case and has derived the equations of the transformation. 
If 7, is involutorial, then = and S.* has the same funda- 
mental elements as 77. If S2 is 
(5) = (i (M452), (t= 1,2,3; 7=1, 2, 3,4), 
a’, = (43525) |, 
then under the transformation S,7* 
(6) (14545) ~ 2, 3; 1, 2, 3,4), 
(4525) ~ (2's, 2's). 
Since S2S.-' = Identity, we can substitute equations (6) in (5) and obtain 
= Ko U2, 2's), (4 == 1, 2,3), 
2’, = He (2's, 
hence H,= 
The transformation S.~' is therefore 
+ Agika, (1=—1, 2, 3,4; 7 = 1,2, 3), 
where the Ai; are cofactors of aij in the determinant 
| day A13 
oo les A. 
A31 Ase 
The transformation S.~' is evidently the product of a linear transformation 7 
of determinant A, and the quadratic transformation 7’, 
T.: (4 = 1, 2,3), 
v's K3(a, Ve, U3). 
Hence if 7, is involutorial, =T.T,"T.2", and must be involu- 
torial. The transform of a linear involutorial transformation by a quadratic 


transformation is a quartic involutorial transformation with a double conic 
and a quartic curve with a double point. It has the form 


Tg: = [ + aisK eo] [ + (1 = 1,2, 3; 7 = 1, 2, 3,4), 
(C1014 Colles” + Ko + 2[ C1014 (1525) + Colds (A252) 
(A352; ) + [C1 (A155)? + + C3 a4’, 


where the aij are elements of A =| aij | , aij = Aji, and 


Ka = + + 


| 


‘u- 


A RELATION BETWEEN METRIC AND EUCLIDEAN SPACES.* 
By W. A. WILson. 


1. Introduction. A semi-metric space is a set of points such that with 
each pair of points there is associated a unique non-negative number which 
is called the distance between them and is zero if, and only if, the points 
are identical. As Menger points out in his various articles on metric geo- 
metry,t a metric space is merely a semi-metric space which has the property 
that any three points are congruent with some three points in a Euclidean 
plane. 

It is a natural inference from the above, as well as from Menger’s 
general theorems, that a metric space in which any four points are congruent 
with some four points of a Euclidean space more nearly approximates Eu- 
clidean space than does a simple metric space. This inference is further . 
strengthened by certain other results obtained by Menger (See II, pp. 209, 
213). The present article is devoted to a further discussion of this question ; 
the principal results are given in §§ 11 and 12. 


2. Notation. A Euclidean space of n dimensions will be denoted by Fn. 
If a set A in a metric space Z is congruent with a set A’ in a metric space Z’, 
we say that A can be imbedded in Z’. If for a particular value of n any 
n points of the metric space Z can be imbedded in some Euclidean space, 
we say that Z has the n-point property.{ Obviously, if n.points can be 
imbedded in any Euclidean space, they can be imbedded in Ey... 

The term congruent has its usual meaning and the fact that A is con- 
gruent with A’ is denoted by the notation A~A’. If ACB, A’CB, 
A= A’, B = B’, and in every case the correspondence of a point a of A with 


‘a point a’ of A’ (Notation: a~a’) in the congruence A ~'A’ is preserved 


in the congruence B = B’, we say that the first congruence is contained in 
or is a sub-congruence of the second. If in the preceding definition the 


* Presented to the Society, March 26, 1932. 

+ K. Menger, I. “ Untersuchungen iiber allgemeine Metrik,” Mathematische Annalen, 
Vol. 100, pp. 75-163, and Vol. 103, pp. 466-501; II. “ Bericht iiber metrische Geometrie,” 
Jahresbericht der Deutschen Mathematiker-Vereinigung, Vol. 40, pp. 201-219; III. “ New 
Foundation of Euclidean Geometry,” American Journal of Mathematics, Vol. 53 (1931), 
pp. 721-745. These will be referred to as I, II, or III. Many of the principles of 
Euclidean hyper-geometry used later are conveniently collected in III, pp. 727-729. 
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existence of the congruence A = A’ implies the existence of one and only 
one congruence B= B’ containing the given congruence, we say that the 
congruence A =~ A’ determines the congruence B= B’. If {ai} and {a’;} 
are two sets of points and we say that }ai =~ > @%, it will be understood 
that in this congruence a4; ~ a’; for each 1. Similar remarks apply to con- 
gruences between two simple arcs ab and a’b’, two triangles abe and a’b’¢, 
two tetrahedra, and in general any two simplices. 

A space Z is complete if any Cauchy sequence {ai} contained in Z con- 
verges to a unique point a in Z. If a and b are two points and c is a third 
point such that ac + cb —ab,* we say that c is between a and 6. If for 
any two points of a metric space Z there is a third point between them, Z is 
called convex. If for any pair of points a and b of Z there are points c and d, 
such that b is between a and ¢ and a is between b and d, Z is called externally 


convex.t 
3. THEOREM. In a metric space let d;,42,°**,@n be n points which 
can be imbedded in En+. If for some k <n there are points a’2,° 


k k 
in some E'n-1 such that Sa; = > i, then the n gwen points can be imbedded 
1 1 


in E’n4 so that the given congruence is preserved. 


Proof. By hypothesis there are n points {ai”} in Hn. such that 
Also we have By a principle of Euclidean 
1 1 1 1 
hypergeometry there is at least one congruence between Ey, and L’n-, which 
contains the congruence = Sai. In the congruence ~ let 

1 1 


the images of the respective points {ai”}, k +1Sisn, be {wi}, k+1 
n- ” n 
Sin. Then we have Sai = > ai” = > ai, which was to be proved. 
1 1 1 
4, THrorEM. In a metric space let a,,d2,°**,4n be n points which 


can be imbedded in En.. If k Sn and the set {ai}, 1 Sisk, can be wm- 
bedded in E,-., rSk, then the set {ai}, 1 can be imbedded m 


4n-(k-r)-2+ 


n n 
Proof. Let Sai ai, where the points lie in an From 
1 1 


* Here, as often, ab denotes the distance between a and b. The use of ab also 
to denote a segment will cause no confusion. 

+ For general properties of convex spaces see Menger, I. 

tThis property is enjoyed for évery value of » by any Euclidean space and by 
Hilbert space. See Menger, II, p. 215. 


J 
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the second hypothesis we see that the set {a’;}, 1k, lies in an £2 con- 
tained in Hn+. The space and the points {ai}, i>, which do not 
lie in Ey-2 determine a Euclidean space of dimensionality at most r— 2 
+n—k. Hence the theorem is proved. 


Remark. Thus, if five points can be imbedded in Ey and three of them 
can be imbedded in a line or four in a plane, all five can be imbedded in F;; 
and if four of them can be imbedded in a line, all five can be imbedded 
in a plane. 


5. Properties of lines. Let Z be a convex complete space which has 
the four-point property. If a and b are points of Z and {2} is the set for 
which az + 2b = ab, it has been shown elsewhere that this set is congruent 
with a Euclidean segment of length ab. Similarly the set of points {x} for 
which az + 2b =ab, or ab + bx =az, or za+ab—xzb is congruent to a 
Euclidean segment, ray, or open line and may be properly called a line in Z. 

Other properties of lines in Z are: (a) any two points determine a line; 
(b) a line is determined by any two of its points; (c) three lines having one 
point in common can be imbedded in £;; and (d) if a, b, and ¢ are three 
points, the union of the segments ab, ac, and be can be imbedded in £2. 

Finally, if Z is also externally convex, a line in Z is congruent with 
an open line in Euclidean space; i.e., it extends indefinitely in both di- 
rections.* 


6. Simplices in convex complete space. Let Z be a convex complete 


space and po, 1,42, * *,d% be k-+-1 points which can be imbedded in EF; 
but not in Let a1, d2,° be the vertices of a (4 — 1)-dimensional 


simplex S;, in Z. Let x be any point of S;-,. Then the union: of the seg- 
ments {dr} as # ranges over Sx, is called a k-dimensional simplex in Z 
with vertices do, dy, * *, 

We must first show that this definition by recurrence has sense. We first 
note that by § 4 any r of the given points can be imbedded in F_, but not in 
EL, A single point is called a 0-dimensional simplex and may be denoted 
by So. For k=1 and S,—=«a, a 1-dimensional simplex is the union of all 
the segments {doa}, of which one at least exists, since Z is convex and com- 
plete. For & = 2 we can take the point a) and the one-dimensional simplex 
8, whose vertices are a, and a2 and build at least one 2-dimensional simplex 
8: Continue in this way until we reach the simplex S;. 


*The definition of line is due to Menger and the above properties are readily 
deduced from Menger’s theorems (See I, pp. 75-113) and the four-point property. 
For details see a paper by the author, “On Angles in Metric Spaces,” which will be 
published in the Bulletin of the American Mathematical Society. 
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The next three sections are devoted to showing that in a convex complete 
space Z having the k-point property any m points {ai}, n =k, which cannot 
be imbedded in have the following properties provided that k= 4: 
(1) they are the vertices of a unique (n—1)-dimensional simplex Sn; in Z; 
(2) if they are congruent with a set {a’;} in Zn, this congruence determines 
a unique congruence of Sn-, with the Euclidean n-dimensional simplex having 
the points {a’;} as vertices which contains the given congruence; (3) if Z is 
also externally convex, the n given points determine a unique sub-set Hn-, of 
Z such that Hn. ~ En. and this congruence is determined by the congruence 
in (2). We first note that the above statement is not true if k — 3. For, let: 
Z be the surface of a sphere and a, b, and ¢ be any three points not on the 
same great circle. If distances are geodetic distances on the spherical surface, 
Z is convex, complete, and metric. In general the three points are the vertices 
of a spherical triangle which conforms with the above definition of a two- 
dimensional simplex S2, but it is not congruent with the plane triangle which 
has sides of lengths ab, ac, and bc. If two of the points are diametrically 
opposed, an application of the above definition gives absurd results. 

For simplicity the words segment, triangle, and tetrahedron will be used 
for one-, two-, and three-dimensional simplices. 


%. THrorem. Let Z be a convex complete space which has the four- 
point property. Let a, b, and c be three points which cannot be imbedded in 
H,. Then Z contains exactly one triangle T whose vertices are a, b, and c, and, 
if a’, b’, and c’ are points in any Euclidean space such that 


this congruence determines a congruence of T with the Euclidean triangle T’, 
whose vertices are a’, b’, and c’. 


Proof. By §5 each pair of points are the ends of a unique segment. As 
the point z ranges over the segment bc let 7 be the union of the segments 
{ax}. Also, if x and y are distinct points of be, (ar) (ay) =a. For otherwise 
a, x, and y would lie on a line by § 5 and, since x + y C bc, a would be on 
the line determined by b and c¢, contrary to hypothesis. 7 

We now proceed to prove that the given congruence determines a con- 
gruence By §5, ab+bc+ac~ab’+ b’’+a’c’. Let the points 
u and v of T lie on the segments az and ay, respectively, where x + y C be. 
In the congruence just given let and y~ 7. Then az and 
ay=a'y’. Ona’z’ there is just one point wv’ for which au =a’u’. Letu~w. 
Likewise let v~ v’. We must prove that wv = u’v’. 


‘4 
| 
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By § 5 we have ab + by+ay~a'b’+d’y + a’y’. For the same reason 
then 
this gives ww = u'v’.* Hence 7’ =~ 7” and, by construction, this contains the 
given congruence. There is no other congruence 7’ = T” containing the given 


congruence, for this would involve a congruence of 7” with itself leaving the 
vertices invariant, but not itself,an identical transformation. 

This does not complete the proof. For we have yet to show that, if a 
triangle were built up with one of the other segments as a “ base”, it would 
be identical with 7. To do this we prove that any set P of points of Z which 
contains a, b, and ¢ and is congruent with 7” in such a way that a~@a’, 
b = b’, and c ~@’ is identical with 7 and that the congruence P ~ 7” is the 
same as 7’=~T”’. Let wu’ be any point of 7”, and uw~w and uv” ~ w’ in the 
respective congruences 7’=~ 7” and P= 7’. We must show that u” = u. 

Let a’u’ produced meet b’c’ in x’. In the above congruences let uw, x and 
uw”, x” correspond to w’, 2’, respectively. Now ba=b’a’, and 
ba + cx = b’c’ = bc by the first congruence; and ba” = b’2’, ca” = c’a’, and 
bx’ + ca’ = b’e =be by the second. Hence =z. In like manner 


au=a’u’, ux = u'r’, and au” + =a'e’ =ax; whence u” = u. 


Thus there is exactly one triangle 7’ with the vertices a, b, and ¢ and one 
congruence 7’ ~ determined by the congruence b’+ 


8. N-dimensional conver complete spaces. Let Z be a convex complete 
space which has the four-point property; let ao, a1, d2,* * *, dn be n + 1 points 
which can be imbedded in /, but not in Z,_,; let these points be the vertices 
of an n-dimensional simplex S in Z, which is unique and is congruent with 
an n-dimensional simplex S’ in with vertices a’, a’;, a@’2,° such 


n n 
that Sai ~ Sa’4; and let H be the set of points {a} in Z such that each z 


is collinear with two points in 8S. Then /H is called the n-dimensional sub- 
space of Z determined by {ai}; for brevity we call H an n-space. 

If n = 1, an n-space is a line in Z. Properties of lines in Z were given 
in §5; analogous results will now be obtained for n-spaces where n > 1. 


THrorEM I. Let Z be a convex complete space which has the four-point 


property and let H be an n-space in Z determined by the points {ai}, 
t=0,1,2,---,n. If the set {ai} is congruent with a set {a'i} in En, the 


n n 
congruence > a; = > a; determines a congruence of H with a sub-set of En. 
0 0 


*For special positions of wu and v, as on the same segment or on the parimeter, 
4 similar, though, briefer, procedure gives the same result. 
en, » P 


0 


510 W. A. WILSON. 


Proof. By the above definition there is an n-dimensional simplex S in 7 
whose vertices are {ai} and this is congruent with the n-dimensional simplex 


n n 
S’ in E, whose vertices are the points {a’;} in such a manner that ai ~ Sa’. 
0 0 


If x is a point of H, let x be collinear with the points u and v of S and, to fix 
the ideas, let v lie between wu and z The cgngruence S = 8’ gives points w’ 
and v’ in S’ corresponding to u and v. On w’v’ extended take the point 2’ so 
that v’ is between w’ and and u« = then ve Let H’ = {2’}. 
We now proceed to show that H = H’ with a~y. 

Let w be any point of S different from uw and v and let w~ w” by the 
congruence S =~ 8’. By the four-point property and § 3 there is a point «” 
in such that Since 
and = wv’ + we have and so 
we Hence 2’ for each z. 

We now show that the correspondence of 2’ to 2 does not depend on the 
choice of uw and v. Suppose that x were also collinear with r and s, where 
r-+<sC 8S; and, to fix the ideas, let x be between r and s. By the previous 
paragraph rz = and se=s’r’. As rs=rx-+sza, this gives = 
+ s’a’; thus 2’ is on 7’s’ with rx’ = rz, just as it would have been chosen 
if we had started from the collinearity of r, s, and a. 

Now let y be some other point of H/ collinear with points h and k of S 
and let k be between h and y. By the congruence S + x« = S’ + 2’ we know 
thath-+k+a~h’+k +2 and by the four-point property and § 3 there 
is a point in such thath Hence 


=hy=h’y, k’y” and h’y” + k’y”. 


As h’y’ = Wk’ + k’y/, this gives y” = Then vy = zy. This gives 
both uniqueness of correspondence and congruence between H and H’. 

There is no other congruence of H with H’ containing the given con- 
gruence, for this would involve a congruence of H’ with itself which would 
leave the n + 1 points {a’;} invariant but not be an identical transformation. 
This is impossible since the points {a’;} do not lie in an F,_,. 


THEOREM II. Let Z be a convex complete space which has the four-point 
property and let H be an n-space in Z determined by the points {ai}, 
+1=0,1,2,---+,n. Then H is convex, complete, and closed, and contans 
every point collinear with any two of its points. 


Proof. We first show that, if x and y lie in H and z is collinear with 7 
and y, then z lies in H. By the definition of H and Theorem I there is a set 
of points {a’;}, i =0,1,2,- - -,n, in En, which are congruent with {ai} and 
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are the vertices of an n-dimensional simplex S’ in Fn, and the congruence 


n n 
> a; ~ dS wv; determines a congruence of S with S’ and of H with a sub-set. 


0 
H’ of En. 

Let w’ be any inner point of S and wu~w’. Then by the application of 
the four-point principle as in the proof of Theorem I, we can easily show that, 
if z’ is the point on the line through a and 7’ such that = and yz = y’2’, 
thnutatytzewt+e+y7+7, and so u—w’2’. If v is a point 
on wz’ so near to w’ that v’ is within S’, there is a corresponding point v in 8 
and, as in the case of u, vz—v 2’. The relations wz’, uw =—vw'v’, and 
vz =v’? show that z is collinear with uw and v and so belongs to H. This also 
proves that H is convex. 

In order to prove the rest of the theorem we first note that, since Z is 
metric, every convergent sequence is a Cauchy sequence and, since Z is com- 
plete, every Cauchy sequence converges to a point in Z. Hence, in order to 
prove that H is closed and complete, we need only to show that, if {ai} is a 
sequence of points in H which converges to a point z, then ~z is in ZH. 

Let w’ be an inner point of the simplex S’,u~w’, and %j~2;. Then 
the sequence {a’;} converges to a point 2’ in En, w’a’; = uai, and consequently 
uz =wu'«’. Let r be so small that the n-dimensional sphere of radius r and 
center wu’ lies in S’. On each segment u’a’; take the point v’; such that 
wv’; =r and let v;~ vi. Then each 1; lies on ux; and in S. Obviously the 
sequence {v’;} converges to a point v’ and, if v~v’, v1 > v. We then have 
Also viai > vz, and consequently vz =v’2’. The 
relations uw ve=v'2, and = + va’ show that 
uz = uv + vz; hence u, v, and w are collinear. This proves that z lies in H. 


THEOREM III. Let Z be a convex complete space which has the four- 
point property and let H be an n-space in Z determined by the points {ai}, 
t=0,1,2,---,n. Let {bi}, i=0,1,2,- - -,n, be points of H which deter- 
mine an n-space K. Then K = H. 


Proof. By the definition of K the points {bi} are the vertices of an 
n-dimensional simplex S, and any point z of K is collinear with two points 
of S,. By Theorem II and the definition of a simplex S, CH, since 
{bi} CH. Applying Theorem II again, we see that a lies in H. Hence 
K CH and in like manner H C K. 


TuHEoreM IV. Let the complete space Z be convex and externally conver, 
and have the four-point property. Let H be an n-space in Z determined by 


the points {a;}, 1+ =0,1,2,---,n, which are congruent with the set {a+}, 
1=0,1,2,---,n, in En. Then this congruence determines a congruence of 


H with Ey. 
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Proof. By Theorem I there is a sub-set H’ of LH, such that H = H’, 
We have to prove that H’ = L,. If 2 is any point of Hn, there are points w’ 
and v’ of the simplex S’ whose vertices are {a’;} such that uw’, v’, and 2’ are 
collinear. To fix the ideas, let v’ be between wu’ and a’. Since u’ + vo’ C H’, 
there are corresponding points uw and v in H. As Z is externally convex, the 
line through w and v contains a point x such that uz = w’a’ and v is between 
u and z Hence « lies in H and corresponds to a point 2” in H’. Now 
ua’ = and 2” lies on produced. Then That is, 
E, CH’. As H’ C Ey, the theorem is proved. 

Many theorems analogous to those of Euclidean geometry can now be 
deduced from the four theorems just proved and will occur to the reader. Of 
these mention should perhaps be made of the fact that, if k <n and k+1 
points {ai} of an n-space H determine the k-space K, then K C H and the 
congruence of H with EL, (or a sub-set H’ of H,) implies the congruence of 
K with the Ey (or a sub-set of ;,) determined by the points of /’, congruent 
with {a;}. Also, if Z is convex and complete and has the four-point property, 
an n-space H, determined by the set {ai}, 1 == 0,1, 2,- - -,m, contains every 
point z such that the set 2-+ {ai} can be imbedded in Ep. 


9. THrorEM. Let Z be w convex complete space which has the four- 
point property. Let be n+ 1 points which can be 
imbedded in En but not in En+. Then Z contains exactly one n-dimensional 
simplex S whose vertices are the points {ai} and, tf {ai}, 0,1, 2,° +, 0, 

n n 
are points in any Huclidean space such that Sai™~= Dd ai, this congruence 
0 


0 
determines a congruence of S with the n-dimensional Euclidean simplex 8’ 


whose vertices are {a’;}. 


Proof. This has been proved in §7 for »=2. Hence the theorem is 
true by induction if its validity for n —1 implies its validity for m. Let us 
assume then that it is true for n —1, n = 3, and every smaller integer. 

Then any n of the points, as a1, a2, °°, dn, are the vertices of a unique 
(7 —1)-dimensional simplex in Z, which we denote by 7'o, the subscript 
indicating here and later that all the points {a;} except a are vertices. As 
the point # ranges over 7’, let S be the union of the segments {a x}, which 
are unique by § 5. Also, if 2 and y are distinct points of To, (ax) (doy) =4 
For otherwise a, 2, and y would be collinear by § 5 and a would lie in the 
(n —1)-space in Z determined by the points {ai}, i= 1,2,---,n. Sucha 
space exists by § 8, Theorem I, in consequence of our assumption of the validity 
of the theorem now being proved for n—1. This, however, contradicts the 
hypothesis that {a;}, 0,1, 2,- -,m, cannot be imbedded in 
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n n 
Now the congruence >} a; ~ > a’; implies the congruences 
0 0 


(1°) = T's: 
(1") 
(12) 
(1*) Th=T'n; 


since our theorem is supposed to be true for » — 1 and every smaller integer. 
Here, of course, each 7”; denotes the Euclidean simplex with vertices corre- 
sponding to those of 7;. It should also be noted here that, since these con- 


n n 
gruences are determined by the congruence > a; ~ >} ai, if Ti; is the (n — 2)- 
0 0 


dimensional simplex common to 7; and 7';, the congruence 7';; ~ T’i; is a 
sub-congruence of both congruences (1‘) and (1/). 

Let x and y be any points of 8; they lie on unique segments au and dov, 
where u and v are in 7’) by the definition of S. In congruence (1°) let wu~ w’ 
and v~v’, and let the line through w’ and v’ meet two of the (n—2)- 
dimensional faces of 7’, say 7’o; and 7"o;, in points 7” and s’; let r~~?r’ and 
s~s’. (A similar discussion holds for the special cases where wv’ and v’ lie 
on the same (m— 2)-dimensional face of 7%.) By congruences (1°), (1*), 
and (1/) we have rs = 7's’, aor == a’ and as = Hence by § 7 
(2) triangle (do, 7, s) = triangle (a’o, 1”, s’). 


We already have a one to one correspondence between the segments {dow} 
in S and the segments {a’ou’} in S’. By (2), and av—a'ov’. 
Hence there are points 2 and 7 on a’jw’ and a’yv’, respectively, for which 
aor = and ay = a'oy’. If we let 2’ and y~y/’, we have a one to one 
correspondence between S and 8’. But by congruence (2), cy = 2’y’. Hence 
we have proved that S =~ S’. There is no other congruence S ~ S’ containing 
the given congruence, for this would involve a congruence of S’ with itself 
leaving the vertices invariant but not itself an identical transformation. 

Now let P be any set in Z which contains the set {a:} and is congruent 
with S’ in such a way that a, ~a’i, 1+ =0,1,2,:-+,n. Let 2 be any point 
of S’ and « ~ a’, x” ~ wv in the respective congruences S ~ 8’, P= S’. If we 
can show that 7” =z, then P= S. 

Let produced meet in a’:u’, produced meet in a’2tt’s 
produced meet 7’o12 in w’s; etc., until we finally reach a point w’n-. on the 
segment @’n_1@’n. (We may of course reach a point on an edge of S’ earlier; 
if so, the following discussion is merely shortened. ) 

In the congruence S = S’, let a’ and in the congruence 
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P = let 2’ ~ and ~ wy. Now = Un-10n = n, 

and + Un-10n =O nsdn; While n1 = = Una n, 


= Ono = Since wu’n-2 lies on @n-2tl’n-1, we can repeat the 


reasoning just employed and show that wn-2—=w"n-2. Eventually we have 
u, =w", and can then show that 7” =z, whence P= S. 


Thus there is but one simplex with the vertices {ai}, 1 0,1, 2,° 7; 
in other words the result is independent of the choice of “base” from the 
(n —1)-dimensional simplices 7), 7;, +, Tn. 


This completes the proof. It is obvious that the above theorem is merely 
a generalization of Menger’s theorem that any two points in a convex complete 
space are the ends of a segment. The four-point condition insures uniqueness, 
but as yet we need the assumption of an (nm -+ 1)-point condition to insure 
the existence of any simplex. We now turn to a discussion of this point. 

10. Let {ai}, 1 —0,1,2,---,n, be any 1 points in a metric space 
and suppose that these points cannot be imbedded in F#,_,. Also, for any 
k Sn, suppose that any & of these points can be imbedded in H;_1, but cannot 
be imbedded in F;-2. It is shown by Menger’s Theorems 7 and 8 (see I, pp. 
132-133) that, if Dy, is the determinant 


0 1 ] 1 

1 0 (Got; )? )” 

1 0 (dian)? | ; 
1 _  . 0 


then the n-+ 1 points can be imbedded in FH, if and only if sign Dn 
~ sign (—1)". (If Dn = 0, they can be imbedded in If for any 
of the points, kn, determinants {D,x_,} similar to D, are formed, no 
= 0 and in each case sign ~ sign (—1)*". 

If the values of aja; are fixed except for aa, and we set x = do, the 
determinant when expanded has the form Aa* + Ba? + C, where A, B, and C 
are constants. Therefore a small change in the value of 2 does not alter the 
sign of Dn; also, if the change:is small enough, none of the determinants 
{Di-1}, k Sn, will be altered in sign. Hence, if n+ 1 points satisfy the 
conditions laid down at the beginning of this section, a change in the distance 
between any pair, if sufficiently small, will leave the validity of the conditions 
unaffected. 

By expanding D, we see that A = — Dy», where Dn-2 is the determinant 
formed from the points {ai},1 = 2. By Menger’s theorems* A = 0 and sign A 


* Menger also gives an extensive discussion of the function Aw + Ba? + (, which 
includes the following properties. See I, pp. 120-135, and II, pp. 737-743. 
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— — sign Dy» = sign (—1)""* = sign (— 1)". If we allow x = apa; to vary, 
D, = Aa* + Ba? + C will vary and will have the sign of A for z large enough. 
Hence sign D, = sign (—1)”" for x large enough. From the form of the 
function D, we see that there are at most two non-negative real values « and 8 
of x for which D, = 0. In the next section it is shown that these always exist. 
Then, if « < B, it is readily seen from the nature of the function Aa* + Bz’ 
+ that sign D, A sign (—1)" when < £. 


Hence, if we can prove that the validity of the n-point condition implies 
that a < x < B, it follows that the n + 1 points can be imbedded in Fp. 


11. THerorEM. Let Z be aconver complete space which is also externally 
convex and has the four-point property. Then Z has the n-point property for 
every integer n. 


Proof. It is sufficient to show that, if Z has the k-point property for 
every k =n, where n is a fixed integer greater than or equal to 4, then 7 has 
the (n + 1)-point property. 

Let do, di, * *, be any n+ 1 points of Z,n=4. If kSn, any k 
of these points can be imbedded in Ky-,. If the other points are all collinear 
with @ and a, all can be imbedded in /;. In the opposite case let them be 
numbered so that a2 is not collinear with a and a;. Then by § 7, a, ai, and a» 
are the vertices of, a triangle S; and by § 8 they determine a plane H, in Z. 
If all the other points lie in Hs, all the points can be imbedded in #,. In the 
opposite case let a; not be in Hz. Then no three of the points dp, a1, d2, and as 
are collinear by § 8, Theorem II, they are the vertices of a tetrahedron 9S, in 
Z by § 9, and they determine a 3-space H; in Z by § 8. If all the other points 
lie in Hs, all the points can be imbedded in #;, and the theorem is proved 
because n= 4. In the opposite case let a, not be in Hz. Then no four of the 
points a, di, d2, ds, and dy lie in the same plane; for, if a, were in the same 
plane as any three of the others, it would be in H;, since H; contains the plane 
in Z determined by any three of its points. If n = 4, we then have the result 
that no n of the points can be imbedded in Z,-2, while any n can be imbedded 
in 

If n > 4, the points do, di, dz, a3, and a, can be imbedded in F, by ° 
hypothesis, they are the vertices of a 4-dimensional simplex S,, and they 
determine a 4-space H,; etc. Eventually we reach a stage where all the points 
are imbedded in or the points a, a1, * determine a unique 
(n—1)-space Hn, in Z which does not contain adn. In the latter case no k 
of the points, & <n, can be imbedded in F;-2, while any n of them are the 
vertices of a unique (n — 1)-dimensional simplex in Z. 


W. A. WILSON. 


Now dz, *, are the vertices of a unique (m— 1)-dimensional 
simplex 7’) and do, dz, ds," * *, Gn are the vertices of a unique (n—1)- 
dimensional simplex 7',. These have as a common face the (n — 2)-dimensional 


simplex 


Let En. be an (n— 2)-space in containing points a’2, a’s,° 
congruent with ds, ds, *, dn, and let 7’, be the Euclidean (n—2)- 
dimensional simplex congruent with 7); and having the vertices ofa T 


Since Z has the n-point property, it follows by § 3 that in any /y,_, containing 
n n 

and contained in F, there is a point a’; such that Sai and 
1 


where 7’, is the Euclidean (n —1)-dimensional simplex of vertices 
{a’i},1=1,2,--+,m. Likewise there is a point a’) such that 


n n 
+ da~a,+>d and 7,—T",. 
2 2 


Since a reflection about H,-, is a congruence, each of the points a’) and 
a’, can be chosen in two ways. If a’) and a’; are on opposite sides of Ln-», 
the segment a’oa’, cuts Hn» in a point b’. By § 8, Theorem IV, the (n —1)- 
space H,-, determined by the vertices of 7’) is congruent with Hn, by a con- 
gruence determined by that between the vertices of 7) and 7%. This 
congruence also determines the congruence 7); =", and a congruence 
between the (n— 2)-space Hn-2 determined by the vertices of and 
Let b be the point of Hn-2 such that b~ 0b’. Likewise the (n — 1)-space Kn 
determined by the vertices of 7, is congruent with ~ To. T’oy, 
and Hn» = En». Hence in this congruence, too, b~ 0b’. Since a’, b’, and 
a’, are collinear, aoa’, =a’ b’ + b’a’,. Also aob and ba, = b’a’; by 
the respective congruences ~ and Hn. Hence the triangle 

If a’) and a’; were so taken as to be on the same side of F',_2, the discussion 
in the second paragraph of § 10 shows that there is no loss of generality in 
assuming that a’, and a’; are not equidistant from 2,2. Then a’oa’; produced 
will meet Ey-2 in a point c’, to which corresponds a point ¢ in Hy-2, and in 
the same manner as in the previous paragraph we find that aoa, = | aoc — a | 
=a',a@,. In this case set a’oa’; 

It is easy to show that a << B. If aoa, = & or dod, = B, the n + 1 points 
{a;} can be imbedded in F,_, and by Menger’s Theorem 7 (see I, p. 132), 
the determinant D, discussed in § 10 equals zero. We have seen in the two 
preceding paragraphs that «aa, f. Hence by the results of § 10 the 
(n + 1)-point condition is satisfied. This completes the proof. 


axiom of metric geometry gives dod; S ab + ba, Set aoa’: = 8B. 


12. Turorem. Let Z be a convex complete separable space which is also 
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externally convex and has the four-point property. Then Z is congruent with 
some E, or with Hilbert space. 


Proof. In consequence of § 11 the space has the n-point property for 
every value of n. Hence the determinant D, (see §10) for any n+ 1 points 
has a sign different from that of (—1)" or is zero. If for every value of n 
there is some set of n + 1 points for which D, ~ 0, it then follows by a theorem 
of Menger * that Z is congruent to Hilbert space. 

In the contrary event there is a smallest integer n such that, for every set 
of n + 2 points, the determinant Dn,; 0. Then every set of n + 2 points 
can be imbedded in FH, (see I, p. 1382). Consequently Z can be imbedded in 
E, (see I, p. 128). But for some set of n + 1 points the determinant D,-~ 0 
and so this set of points can be imbedded in FH, but not in Hn.. Hence by 
§ 8 they determine an n-space Hy congruent to H,. As Z can be imbedded in 
E,, Z = H» and the theorem is proved for this case. 


13. Several questions are immediately suggested by the result just 
obtained. As remarked in §1 a semi-metric space is metric if the 3-point 
condition is satisfied, 1. e., if the determinant D. formed from any three points 
is not positive. This happens to be the case if the triangle axiom is valid. 
In view of our last theorem it would be especially interesting to have an axiom 
similar to the triangle axiom and equivalent to the condition that the 4-point 
determinant D, = 0. 

The overwhelming effect of the 4-point condition lends new force to 
Menger’s identification of metric space with semi-metric space satisfying the 
3-point condition,—it shows how drastic the triangle axiom really is despite 
its simplicity and suggests the possibility that the proper point of departure 
in the study of abstract spaces is semi-metric rather than metric space. 

It seems to the writer reasonable to suppose that the conditions given in 
the theorems of §§ 11 and 12 are stronger than needed. The results of this 
article originated in an attempt to find a convex space which satisfied the 
4-point condition and was not Euclidean. It will be noted that, while the 
removal of the condition of external convexity in § 12 makes this theorem 
false, it seems not unlikely that there is still congruence with a convex part 
of some Euclidean or Hilbert space. The condition is of more serious impor- 
tance in the demonstration of § 11, where it is needed to establish the existence 
of the point c in Z corresponding to c’ in. the next to the last paragraph. 
It may well be that the conclusion of the theorem can be established by some 
other method without using the condition of external convexity. 


YALE UNIVERSITY. 


* Wiener Akademischer Anzeiger, 1928, No. 12. See also III, p. 745. 


ON THE CONSTRUCTION OF SIMPLE ARCS. 


By Gorpon T. WHYBURN. 


1. In this paper it is proposed, in the first place, to give a simple, 
complete, and essentially new demonstration for i/.2 well-known theorem “ 
that every compact locally connected continuum is arcwise connected. All 
previous proofs for this fundamental proposition with which the author is 
familiar are alike in that the arc is constructed by means of a monotone 
decreasing sequence of simple chains of open sets or regions. Due to the fact 
that two successive links in such chains necessarily overlap in more than one 
point, thereby leaving open the possibility that the next chain in the sequence 
may oscillate widely within a given chain, a certain element of elusiveness 
seems unavoidable when these chains are used to construct arcs; and in order 
to completely eliminate all such possibilities of oscillation and make the 
argument entirely convincing, some tedious details are necessary. 

In the proof to be given below these difficulties are avoided by making 
use, in the construction, of chains of continua, called regular chains, defined 
as follows: C is a simple regular chain of continua joining two points a and } 
if C is the sum of a finite number of compact continuaa C X,, X2,- + +, Xn 2d 
such that any two successive links have exactly one common point, links that 
are not successive have nothing in common, and only the first and last links 
contain a and 6 respectively. If 6(X;i) < ¢ for each 7, we shall call C a simple 
regular e-chain. We show first that any two points of a locally connected 
continuum are joinable by simple regular e-chains of locally connected continua 
for anye > 0. Thus by simple recursion we can set up a monotone decreasing 
sequence of these chains from a to b such that the norm, e, approaches 0, and 
their product is easily proved to be an arc from a to b. Clearly such regular 
chains represent better approximations to arcs than do the simple chains of 
open sets, because since each intersection point of two links in the chain 
separates the chain between a and b, every such point in any chain in the 
sequence must belong to the product set and thus to the final are. No diffi- 
culties of oscillation can arise in this construction because, there being only 
one common point for any two successive links of a given chain, any later 


*See R. L. Moore, Transactions of the American Mathematical Society, Vol. 17 
(1916), p. 186; S. Mazurkiewicz, Fundamenta Mathematicae, Vol. 1 (1920), p. 201. 
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chain must pass through all of these intersection points in the same order as 
the links occur from a to b. 

In the remaining sections of the paper we discuss other methods of 
constructing arcs and indicate ways of obtaining the more general arcwise 
connectivity theorem for complete locally connected spaces. In particular it 
is shown that the latter result may be obtained from a more general junction 
property of general locally connected spaces which can be demonstrated by 


means of regular chains. 
2. We proceed now with our proof for the 


ARCWISE CONNECTIVITY THEOREM. Lvery two points a and b of a com- 
pact locally connected continuum M can be joined in M by a simple continuous 


are. 
Proof. (1). For any «>0, M=> Mi, where each M; is a locally 


1 
connected compact continuum of diameter < «. 


For it is well known that M is the image under a uniformly continuous 
transformation 7’ of the unit interval 7. Thus if for the given e, J is divided 
into a finite number of subintervals J,,J2,- - -,Jn, each of diameter less than 
the corresponding 8, then = M,, T (12) = T (In) = Mn have 
the required properties. 

(2). For any « > 0, any point « of M is an interior point (rel. M) of 
some compact locally connected subcontinuum K,(2) of M of diameter < «. 


For, set M = > M; as in (1), where 8(M;) < €/2, and let K-(a) be the 
1 


sum of all these continua M; which contain z. 

(3). Any two points a and b of a region * # in M can, for each e > 0, 
be joined in R by a simple regular «-chain of compact locally connected 
continua. 

For let S be the set of all points of R which can be so joined to a. Then 
Sis open in R; for if x is any point of S, if C is a chain of the desired type 
in R from a to a, if X is the link of C containing z, and if o > 0 is a number 
<«—38(X) and also < p[z, F(R) + C— X], then the chain obtained from 
C by replacing the link X by the set X + Ko(x) is an e-chain of the desired 
type in & having « as an interior point. But S is also closed in Rk. For let y 
be any limit point of S in R. Let us choose o < «so that Ko(y) CR. As 
y is an interior point of Ko(y) and thus Ko(y) -S'€0, hence there exists a 

* By a region in M is meant any connected open subset of M. 
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simple regular e-chain C of locally connected continua a C X,, -,Xn 
in from a to some point x of Ko(y) such that X;:Ko(y) =0 for <n. 
Now if C contains y, then yC 8S. If not, then set K,; = Ko(y), choose a 
number ¢; < 1/2 and also < p(y,C) and, applying (1), express K, as the 
sum. of a finite collection G, of locally connected ¢,-continua. Let H; be the 
sum of all the continua of G, which contain no point of X, and let Y; be the 
component of H,; containing y. Then G, contains at least one element, say 
K., which contains at least one point of Y, and at least one point of X,. 
In general, for any k >1, choose a positive number «& < 1/2* and also 
< p(Vx1,Xn) and express Ky as the sum of a finite collection Gi of locally 
connected «-continua. Let Hz, be the sum of all those continua of G:% which 
contain no point of X» and let Y; be the component of the set Yi, + Hi 
which contains y. Then G, contains at least one element, say Kx.1, which 


contains at least one point of each of the sets Y; and Xy. Let Y=)» Vx. 
Then since Y - Xn 0, since each Yz is closed, and Y — Y;C Kz, it is seen 
at once that Y — Y — |] Kx =p, a single point; and thus Y is a compact 

1 


locally connected e-continuum having just the point p in common with Xn. 
Thus [Xi,---,Xn,¥] is a simple regular «-chain of compact locally con- 
nected continua in F from ato y. Hence every limit point y of S in FR belongs 
to S and thus S is closed in R. As 8 is both open and closed in F# and F is 
connected, we have S=F. Thus 6 C 8 and (3) is proved. 

We proceed now to construct an arc in M from ato b. By (3), a and b 
can be joined in M by a simple regular 1-chain C; of compact locally connected 
continua. Likewise for each n > 1, it follows by (3), since Cn, is a locally 
connected continuum, that a and b can be joined in Cy, by a simple regular 


co 
1/n-chain of locally connected continua. Let C =[[ Cn. Then C is a simple 
1 


arc from a to b, as will now be demonstrated. In the first place, since each 
Cy is a compact continuum containing a+ b and Cn > Cn,1, it follows that 
C is a compact continuum containing a+ 6. Furthermore, C is locally con- 
nected. To prove this, let x be any point of C and, for any n, let An be the 
sum of the (at most two) links of C, which contain 2 and let Bn be the sum 
of those not containing x. Then since A»: Bn consists of 0,1, or 2 points 
according as A, contains 2,1, or 0 points of the set a+ b, it follows that in 
any case An: C' is connected; and since (An: C) < 2/n, it follows that C is 
locally connected. Finally, each point « of C—(a-+ b) separates * a and 


* That is, C—a#=C,+0,, where C, and C,, are mutually separated and contain 
a and 6b respectively. 
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bin C. For let Pn be the set of all points common to at least two links of 
C, and let P= > Pn. Then clearly PC C and every point of P separates 


1 
aand bin C. Let x be any point of C—P—a—vb. Then if zx does not 
separate a and b in C, some component of C —z contains a+ b. But by 
(3), R contains a compact continuum XK containing a + b, and hence K ~ P; 
but this is impossible, because z is a limit point of P but not of K. Therefore 
a separates a and b in C and, by the Sierpinski definition, C is a simple are 


from a to b. 


3. Remark. Although in the above proof we showed that the set C' is 
a simple arc from a to b by proving that it satisfies the Sierpinski definition 
of an are, it is interesting to note that the method of construction of C lends 
itself readily to yield a direct proof that C is homeomorphic with the unit 
interval. For clearly the chain C, can, by choosing a sufficiently small norm 
and by combining the proper number of links, be so chosen that the set P, 
of all points common to at least two links of C; contains exactly 2° — 1 points, 
where v, is some integer. Similarly the chain C, may be so chosen that each 
of its links lies wholly in some link of C; and each link of C, contains exactly 
2” links of C2, where v2 is some integer uniform for all links of C,, and thus 
so that the set P2 of all points common to at least two links of C, contains 
exactly 2%*"2—- 1 points. We can continue in this way so that the set Pn of 
all points common to at least two links of C, contains exactly 2”*%*--- tv» — 1 
points, and such that each link of Cy_, contains exactly 2” links of Cn. Now 
if for each n we place the points of a + Pn -+ b into correspondence with the 
numbers (m = 0,1, +, in the order in which 
they occur in Cy from a to b, we obtain a (1— 1) correspondence 7’ between 


co 
the set } Pn and the set D of rational numbers of the form m/2". It is readily 
1 


shown that both 7 and its inverse are uniformly continuous, and hence both 
may be extended to their limit points, thus giving a homeomorphism between 
C and the interval (0,1). 


4. Another method. We note also that the arewise connectivity theorem 
may be obtained in the following manner. First prove the theorem for the 
case of continua which are regular in the sense of Menger-Urysohn. This case 
results at once from the fact that any- two points in a compact continuum can 
be joined in that continuum by an irreducible subcontinuum, because any 
subcontinuum of a regular curve is regular and hence locally connected, and 
any locally connected continuum irreducible between two points is an are 


7 


q 
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joining these two points.* (The same argument proves the theorem for the 
case of hereditarily locally connected continua, 1. e., continua containing only 
locally connected subcontinua.) This case established, the general theorem is 
obtained by showing that any two points in a locally connected continuum lie 
together in a regular subcontinuum. This is done by constructing the set ¢ 
as in §2. That C is regular is self evident. 


5. Extension to complete spaces. We turn now to the well-known t+ 
extension of the arcwise connectivity theorem to complete spaces. This is 
embodied in the following proposition which we shall call the 


GENERALIZED ARCWISE CONNECTIVITY THEOREM. Every two points a 
and b of a connected and locally connected complete space S can be joined in 
S by a simple continuous are. 

In the opinion of the author this more general theorem can best be proved 
by reducing the general case back to the case of compact spaces M treated in 
§ 2 by means of the following proposition: { 

(A). If K ts any self-compact subset of a connected and locally con- 
nected metric space N, then there exists a subset H of N which is dense in K 
and which is the image under a uniformly continuous transformation of the 


set of all dyadic rational numbers on the unit interval. 


As has been pointed out by the author f this theorem (A) yields at once 


*A proof for this fact may be found in Hausdorff’s Mengenlehre (1927), p. 222. 
It does not seem to be generally recognized that in this characterization of simple 
ares no assumption whatever of compactness is necessary. In other words, a metric 
space C is a simple arc from a to b if and only if (8) O is connected and contains 
a and b but no closed and connected proper subset of C contains both a and b and 
(e) C is locally connected. For if K denotes the set of all points in a set C satis- 
fying (8) and (e) which separate a and b in C, then it is known [See G. T. Whyburn, 
Bulletin of the American Mathematical Society, Vol. 33 (1927), p. 685; and T'rans- 
actions of the American Mathematical Society, Vol. 32 (1930), p. 927] that K +a+b 
is closed and compact. But we must have K+a+b6=C; for if not, then some 
point « of C— (a+b) fails to separate a and b, and hence by (8) cannot separate 
C at all; but then using (€) and the well known simple chain lemma (see R. L. 
Moore, loc. cit.), we can obtain a connected chain FH in C from a to b neither con- 
taining @ nor having @ as a limit point; and this contradicts (8), since # is then 
a proper subset of C. 

Thus we see that the condition (a) that C' be compact in the characterization 
[a, 8, €] of simple ares given by Hausdorff (loc. cit.) is entirely superfluous. 

+See R. L. Moore, Bulletin of the American Mathematical Society, abstract, Vol. 
33 (1927), p. 141; K. Menger, Monatshefte Fiir Mathematik und Physik, Vol. 36 
(1930), p. 210; Kuratowski, Fundamenta Mathematicae, Vol. 15, p. 301; and Arons- 
zajn, ibid., p. 228. 


t See G. T. Whyburn, American Journal of Mathematics, Vol. 53 (1931), Pp. 753. 
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the fact that, in case NV is a complete space, H isa compact locally connected 
continuum. Thus every two points of the space S in the generalized arcwise 
connectivity theorem lie together in a compact locally connected continuum 
M in S, and from the arewise connectivity of M we deduce the arcwise 
connectivity of S. 

This method of proving the arewise connectivity theorem has additional 
advantages accruing from the great generality of proposition (A). In par- 
ticular, (A) yields at once the celebrated theorem of Hahn-Mazurkiewicz to 
the effect that any compact locally connected continuum is the continuous 
image of an interval. Thus in a treatment of locally Gonnected spaces the 
logical sequence of the results discussed above seems to be as follows: First 
prove theorem (A); from this we obtain as an immediate consequence the 
continuous image theorem of Hahn-Mazurkiewicz; next establish the arcwise 
connectivity theorem for compact spaces M; then with aid of (A) we obtain 
the generalized arcwise connectivity theorem. 


6. General Junction Theorem. In conclusion we shall consider a very 
general proposition embodying a junction property of locally connected metric 
spaces in general from which all the above arcwise connectivity theorems 
follow as immediate consequences. If XY is any metric space, for convenience 
we shall denote by X. the space obtained by completing X by adding * on 
new points corresponding to every fundamental sequence in X. 


JuNcTION THEOREM. Lvery two points a and b of a connected and 
locally connected metric space N can be joined in N by a set H which is the 
image under a (1—1) and doubly ¢ uniformly continuous transformation of 
the set D of dyadic rational numbers { on (0,1). Thus He ts a simple are 
from a to b. 

This theorem is readily established with the aid of regular chains. With 
the aid of a theorem of the author’s § it can be shown that any two points 
of such a space N can, for each « > 0, be joined in N by a simple regular 
e-chain of locally connected sets (links) such that two successive links have 
just one point in common and any two links that are not successive are at a 
positive minimum distance apart. This established, we can proceed to con- 


struct the set H => P, by exactly the same method as was outlined above 
1 
in § 3. 
*See Hausdorff, Grundziige der Mengenlehre, (1914), p. 315. 
+ That is, both the transformation and its inverse are uniformly continuous. 


fi.e., numbers of the form m/2n. 
§ See American Journal of Mathematics, Vol. 53 (1931), p. 439. 
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Clearly the set H, obtained from H by completing it is homeomorphic 
with the interval (0,1) and hence is an arc in N, from a to 6. Thus we have 
shown that any two points a and b of any connected and locally connected 
metric space N can be joined in Ne by a simple arc He = ab such that the 
points H of N belonging to ab are everywhere dense on ab. It is obvious that 
in case NV is complete so that we have N. = N, or is homeomorphic with a 
complete space,* we obtain the generalized arcwise connectivity theorem (see 
§ 5). In addition to this, however, we see by virtue of the Junction Theorem 
that even in the general locally connected spaces, without any assumptions as 
to completeness or compactness, we have all the machinery necessary for the 
construction of simple arcs. Indeed, we can construct sets H in these spaces 
which, when completed, become simple arcs, and these arcs will lie in the 
original spaces provided these spaces are assumed to be complete. 


THE JOHNS HOPKINS UNIVERSITY. 


* This is known to include all G; subsets of any complete space. See Alexandroff, 
Comptes Rendus, Vol. 178 (1924), p. 185; also Hausdorff, Fundamenta Mathematicae, 


Vol. 5, p. 146. 
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BICONNECTED AND RELATED SETS. 
By P. M. SwINcte. 


In Section 1 of this paper a number of simple theorems concerning 
biconnected * and related sets are obtained. In Section 2 various types of 
continua are studied with respect to the property of being the sum of mutually 
exclusive punctiform connected subsets. For example it is seen that a bounded 
indecomposable continuum can be the sum of any integral number of such 
sets greater than one. In the last section euclidean spaces are studied as the 
sum of biconnected subsets. It is shown that a necessary and sufficient con- 
dition that a euclidean space be n dimensional is that it be the sum of n + 1, 
but not of n, biconnected subsets. 


1. Simple theorems concerning biconnected sets. In this section a num- 
ber of problems concerning biconnected sets are considered and a number of 
simple theorems proved concerning them and related sets. 

It readily is seen that in order that a connected set C contain a finite 
dispersion set H, it is necessary and sufficient that every connected subset 
of C contain a finite dispersion set. Consider now the case where each of 
these dispersion sets contains the same number of points. 


LemMMA 1. There does not exist a connected set C, every proper con- 
nected subset of which contains the finite set H of n points, unless n = 1. 


For if there exists such a set C, then every proper connected subset of C 
contains any one point h of H. Hence C is biconnected and has the dispersion 
point h. As a biconnected set contains at most one dispersion point,t n = 1. 


LemMA 2. If every proper connected subset of a connected set C con- 
tains a primitive dispersion set of n points, where n is any given positive 


* A biconnected set is a connected set which is not the sum of two mutually ex- 
clusive connected subsets, where it is understood that a connected set contains more 
than one point. These sets were defined and studied first by B. Knaster and C. Kura- 
towski in their interesting paper, “Sur les ensembles connexes,” Fundamenta Mathe- 
maticae, Vol. 2, pp. 206-253. The problem of whether a biconnected set must contain 
a dispersion point was proposed by C. Kuratowski, Fundamenta Mathematicae, Vol. 3, 
p. 322 (19). The results of the present paper were obtained partly in consideration 
of this problem. 

+ J. R. Kline, “ A Theorem Concerning Connected Sets,” Fundamenta Mathematicae, 
Vol. 3, pp. 238-239. 
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integer, then each of these proper connected subsets contains the same primi- 
tive dispersion set H, which is also a primitive dispersion set of C. Thus 


nm must equal one. 


Let H be the primitive dispersion set of C if such exists; otherwise 
let H=0. If HA0, it is seen that it must contain the n points of the 
primitive dispersion set @ of any connected subset K of C.* And similarly 
Q must contain K X H. Also it is seen that, if C contains a finite dispersion 


set D, then D contains H ~ 0.+ 


(1) Consider the case where there exists a point of C— H such that 
C — z is connected, and so has a primitive dispersion set Q of m points. Then 
the dispersion set Q + x contains HA0 and so H = Q. 


(2) Consider now the case where for each point x of C—H, C—z 
= C,+ C, separate.~ As C, + 2 is connected H consists of 2n points. 

Suppose that for a point h of H, C—h=C,+ C2 separate. Then 
H consists of 2n—1 = e2n points, which is a contradiction. Henre C—h, 
is connected, and so H consists of n + 1 points. 

Therefore n + 1 = 2n, and son —1. Thus H consists of the two points 
h, and hz, say. Then for C-——-zx—C,+C, separate each Ci; must contain 
one and only one point of H. Say Cj contains hi ((—1,2). Let wA 
be a point of C,. Then (C, +2) —w=—(C,,+ Cie separate, as C—w 
= W,-+ W2 separate for each W;i-+w must contain points of C,, the one 
which does not contain x being contained in C; and the other, Wz say, con- 
taining points of C, as W2 X C, does not have w as a limit point. But as 
Cis + w is connected and only one of the primitive dispersion set can be con- 
tained in h,, and so in H, a contradiction is obtained. Hence this case does 
not exist. 

Therefore every connected subset of C must contain the primitive dis- 
persion set H' of C, and so by lemma 1, H consists of one point. 

The truth of ‘the following theorem and its corollary is now evident. 


THEOREM 1. In order that a connected set CU contain a dispersion point 
it is necessary and sufficient that every proper connected subset of C contain 


a dispersion point. 


*R. L. Wilder, “On the Dispersion Sets of Connected Point Sets,” Fundamenta 
Mathematicae, Vol. 6, Theorem 4, p. 216. 

7 R. L. Wilder, loc. cit., Theorem 1, p. 214. 

ft By this notation, C—a=—C,+ 0, separate, is meant that OC —a is the sum 
of the two non-vacuous, mutually exclusive, subsets C, and C,, neither one of which 
contains a limit point of the other. 
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CoRoLLARY 1. If every proper connected subset of a connected set C 
contain a dispersion point, then C is biconnected. 


CoroLiary 2. There does not exist a connected set C such that, for 
every point x of C, the set C—=z is connected and has a dispersion point. 


For let K be any proper connected subset of C and let y be a point of 
C—kK. Then C—y contains K. Let q be the dispersion point of C — y. 
Then (C — y) —q is totally disconnected and so does not contain K, which 
then must have q as its dispersion point. Hence as every proper connected 
subset of C has a dispersion point, by the above theorem, C does also, which 
is a contradiction. 

Two theorems will be proved now concerning the dispersion point of a 
connected subset of a biconnected set. 


THEOREM 2. If B 1s biconnected and q is a dispersion powmt of a con- 
nected subset, K, of B, then B is the sum of two biconnected subsets, having 
only q in common, each of which has q as a dispersion point.* 


It is evident that this theorem is true, if B—gq is disconnected. Con- 
sider then the case where B— q is connected. Let K —q—K,-+ Kz sepa- 
rate. Let C be the maximal connected subset of B— K,, which contains the 
connected set K, + q. Then B — C is totally disconnected as B is biconnected. 
Then, if (B—C) +q=—Y.1+ V2 separate, where Y; contains the connected 
set K, + ¢, B—C = (¥,—q) + Y2 separate. Hence C + Y2 is a connected 
subset of B— K, and so C is not a maximal connected subset of this set. 
Thus B 
biconnected subsets C and B—C + q, having only ¢ in common, which is 


(+ q must be connected. Therefore B is the sum of the two 


a dispersion point of each. 


THEOREM 3. If B is biconnected and q is a dispersion point of a con- 
nected subset K of B, where K 1s connected im kleinen at q, then no connected 
subset of B has a dispersion point other than q.t 


Assume that C is a connected subset of B, having dispersion point p> q. 
By theorem 2, B is the sum of two biconnected subsets, mutually exclusive 
except for p, where each of these has p as a dispersion point. Let EF be the 
one of these biconnected subsets which contains gq. Let E—p=—FH,+ F2 


* Whether gq must be in this case a dispersion point of B itself is an unsolved 
problem of interest in connection with the unsolved problem, suggested by Kuratowski, 
of whether a biconnected set must always contain a dispersion point. 

+ Whether the theorem is true if K is not connected im kleinen is an unsolved 
problem. 
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separate where £, contains g. As K is connected im kleinen at g, K contains 
a connected subset N, containing g, such that N K (#.+p)=0. But as 
E,-+ p is also a connected subset of B, this is impossible. Therefore p= q. 

It readily is seen that if B is a biconnected set which is disconnected 
by a finite subset H, then H contains a dispersion point of B.* It follows 
that a biconnected set cannot contain two distinct cut points. Thus it is 
true that the closure ¢ B, of a biconnected set B, contains at most one cut 
point, which must be a point of B. Furthermore, if this closure is a con- 
tinuous curve in a euclidean space, then every point of B is contained in a 
simple closed curve of B.t However it is not true necessarily that B is 
cyclicly connected. 

It is known that there exist continuous curves, every subcontinuum of 
which is a continuous curve, which contain punctiform connected subsets.§ 
It follows from the following theorem that such continuous curves are not 


the sum of a countable set of arcs. 


THEOREM 4. If p is a point of a punctiform connected set P, in a 
euclidean space, and R is a region (sphere) containing p, then R X P is not 
contained in a countable set of simple continuous arcs. 


Suppose that R X P is contained in the countable set of arcs Be da * “5 
where A, contains p. If x is a point of Ai X P X R, then x must be a limit 
point of points of P not contained in Ai, for P otherwise would have to 
contain a subcontinuum of A;. Hence p is a.limit point of points of 
X PX R, which are not contained in A;. Consider for 
example the case where 2, is a point of this set which is contained in As, 
but in no Aj where 7 is less than 5. Then there exists a region f, con- 
taining z,, where contains R,, such that Ry K (Ai + A2+ As + As) = 0. 
In a similar manner there exists a point v2. having the same relation to 2; 
that 2, has to p, where z, is contained in a region R2, such that R, contains 
R., which contains no point common with any are with subscript less than / 
where j is now greater than 5. Similarly points 23, 24,- - - are obtained with 
corresponding regions - - where each is contained in 2; and has 
points common with fewer arcs than R; did. Hence it is seen that the set 
@1,%2,* * * has a limit point in P which none of the arcs Ai, A2,° °° contains. 


“R. L. Wilder, loc. cit., Theorems 1, 4, and 10. 

+ By the closure of a set B is meant the set B consisting of B and the limit 
point of B. 

¢ This follows from Theorem 11 of W. L. Ayres’ paper “ Concerning Continuous 
Curves in Metric Space,” American Journal of Mathematics, Vol. 51 (1929), p. 591. 

§ B. Knaster and C. Kuratowski, “A Connected and Connected im Kleinen Point 
Set Which Contains No Perfect Subset,” Bulletin of the American Mathematical Society, 
Vol. 33 (1927), pp. 106-109. 
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2. Continua as the sum of punctiform connected subsets. The following 
lemma can be proved readily by means of transfinite induction:and Zermelo’s 
postulate,* as it is possible to continue to choose points for the K;’s from 
the Ci’s and for the Qy’s from the P;’s, since the product of the power of 
the set of points chosen and m + 2 is less than n, except where this power 


is itself n. 


Lemma A. Let h be the first ordinal number of power m and b be the 
jirst ordinal number of power n, where mn =n and m<n. Let (Ci) and 
(Pi) ((=1,2,-- +b) be two classes of point sets, each Ci and each P; being 
of power n. Then (1) there exists a class (Kr) (f=1,2,°°°,h), of 
power n, of mutually exclusive point sets Ky such that each Ky contains a 
point of every Cx of (Ci) and (2) there exists a class (Qg) (g =1,2) of 
mutually exclusive point sets Qg such that each Qg contains a point of every 
P; of (Pi); also for each Ky and K; KX Qg = 02. 


THeorEM A. Let W be a bounded indecomposable continuum, lying in 
a euclidean space, and let m be any cardinal number greater than one and 
less than c, the power of the linear continuum. Then W 1s the sum of m 
mutually exclusive, punctiform, connected subsets, each of which is dense 
in W.t 

For let (C) be the class of the continua of our space, each of which 
separate points of W, and let (P) be the class of the perfect sets of W. 
Both (C’) and (P) have power c. Hence by Zermelo’s well-ordering theorem } 
these sets can each be well-ordered obtaining classes (Ci) and (Pi) 
where the power of & is c. 

Let a and b be any two points of W separated by Ci of (Ci) and let T 
be any composant § of W. Then as T + a- 5b is connected, Ci must contain 


*W. Sierpinski, Legons sur les Nombres Transfinis (1928), pp. 164-165, p. 212, 
and p. 137. 

7 The method of proof used here is due to B. Knaster and C. Kuratowski, Funda- 
menta Mathematicae, Vol. 2, pp. 250-251. It is to be noted that if any of the above 
punctiform, connected subsets of W is a biconnected set B, then the problem concerning 
the existence of a dispersion point is solved in the negative. For if B is an indecom- 
posable continuum, B cannot contain a cut-point. See P. M. Swingle, “Two Types of 
Connected Point Sets,” Bulletin of the American Mathematical Society, Vol. 37 (1931). 

+ E. Zermelo, “ Beweis dass jede Menge wohlgeordnet werden kann,” Mathematische 
Annalen, Vol. 59 (1904), pp. 514-516. 

§ For definitions and properties see Z. Janiszewski and C. Kuratowski, “Sur les 
continus indécomposables,” Fundamenta Mathematicae, Vol. 1, pp. 217-222. 
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a point of 7-+a-+b. As there exist c composants* of W, it follows that 
Ci X W is of power c. Also it is known that P; is of power c. 

Since c X c=c, it follows that m X c—=c. Then by lemma A there 
exist mutually exclusive sets K:, K2,- - -, Kn, where the power of h is m, and 
mutually exclusive sets Q; and Q2 of W, where (1) Kr KX Qg=0 (f —1,2, 
‘+ +,;h; g=1,2), (2) each Ky contains a point of every Ci of (Ci), and 
each Q, contains a point of every P; of (Pi). 

Let all the points of W, which are not contained either in a Ky or in Q,, 
be added to K,, obtaining a new set K. Then each of the sets K, K.+ Q:, 
K;, +, Kn is punctiform, for contains a point, which is contained 
in none of these sets except K, of each perfect set of W; and Q2 contains 
a point, which is not contained in K, of each perfect set of W. As each of 
these sets contains a point of every Ci; of (Ci), they are connected. And 
it is evident that each of these sets is dense in W. Therefore it is seen that 
the theorem is true. 

Examples of indecomposable continua, every proper subcontinuum of 
which is a simple continuous arc, are well known. Hence there exist inde- 
composable continua no proper subcontinuum of which contains a punctiform 
connected subset. For such continua the following corollary is seen to be true. 


CoroLtuary A. Let W be a bounded indecomposable continuum, lying 
in a euclidean space, no proper subcontinuum of which contains a punctiform 
connected subset. Let m be any cardinal number greater than one and less 
than c, the power of the linear continuum. Then W is the sum of m mutually 
exclusiwe, widely connected subsets, each of which is dense in W.} 

By a proof similar to the above it is seen that a bounded domain D, 
lying in a euclidean space, is the sum of m mutually exclusive, punctiform, 
connected subsets, each dense in D, where m is any cardinal number greater 
than one and less than c, the power of the linear continuum.§ 

A domain D, lying in a euclidean space of n dimensions, may be the 
sum of m biconnected subsets, which are mutually exclusive except for one 
point and are each dense in D, where m is any cardinal number greater than n 
and less than c, the power of the linear continuum. For consider the fol- 


lowing example. 


* §. Mazurkiewicz, “Sur les continus indécomposables,” Fundamenta Mathematicae, 
Vol. 10, pp. 305-310. 

+ B. Knaster and C. Kuratowski, Fundamenta Mathematicae, Vol. 2, pp. 233-234, 
Theorem 37. 

tA connected set will be said to be widely connected if every proper connected 
subset is dense in it. See P. M. Swingle, “Two Types of Connected Sets,” Joc. cit. 

§ See F. Bernstein, Leipziger Berichte, Vol. 60 (1908). 
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Example A. Consider in the euclidean plane the straight line interval 
be and the point a not on the line be. It will be shown that the domain 
bounded by the triangle abc is the sum of three biconnected sets, having only 
a in common, which is a dispersion point of each. The interval be is the sum 
of three mutually exclusive subsets U,, U2, and Us, each of power ¢ and each 
dense in bc. Let Wi (11, 2,3) be the set of straight line intervals each of 
which join a to a point of U;. Then by a proof, similar to that of theorem A, 
it is seen that W; is the sum of two punctiform connected subsets, By; and Bai, 
having only a in common and each dense in W;. But as a@ is a dispersion 
point of Byi (7 = 1, 2), Bj: is biconnected. Hence the interior of the triangle 
plus its boundary is the sum of the three biconnected subsets, Bi, + Biz 
Bo, + Bos, and Bz. + Bi;, having only a in common, a being the dispersion 
point of each of these sets, and each of these sets is dense in the interior 
of the triangle. It is seen readily that the above method can be modified 
to show that the interior of the triangle abe is the sum of three biconnected 
subsets, having only one point in common, where each of these biconnected 
subsets is contained in the interior of the triangle. And the above method 
easily is modified to show that either of these sets is the sum of m such 
biconnected subsets, even if n > 2. 


THEOREM 5. An n-dimensional compact metric space, S, is never con- 
tained in the sum of n biconnected sets. 

Assume that S is contained in the sum of the n biconnected sets Bi 
(t=1,2,--+,n). Asa biconnected set does not contain two distinct con- 
nected subsets, each set of n-+ 1 mutually exclusive n-dimensional spheres 
of S contains one such sphere, Sn say, which does not contain a connected 
subset of any B;. But Sn contains an n-dimensional Cantorian multiplicity 
C,.* Say for example that Bn contains twu distinct points of Cn, as one 
of the B;’s will. Then there exists a subcontinuum of Sn, and so a closed 
subset Kn-1 of Cn— Bn, which separates Bn.t And as Cn is a Cantorian 
multiplicity,t Kn-. must be of dimension »—1. But as a closed subset of 
a compact space is itself a compact space, An, contains an (nm — 1)-dimen- 
sional Cantorian multiplicity Cn, as a subset, having the property that it is 
contained in n —1 of the biconnected sets Bj. Hence, proceeding as above, 
by induction it follows that there exists a one-dimensional Cantorian multi- 


*K. Menger, Dimensiontheorie (1928), p. 217, Theorem 8S. 
+C. Kuratowski and B. Knaster, “Sur les ensembles connexes,” Fundamenta 


Mathematicae, Vol. 2, pp. 233-235 


5, Theorem 37. 
¢t P. Urysohn, “ Mémoire sur les multiplicités Cantoriennes,” Fundamenta Mathe- 
maticae, Vol. 7, p. 124, Definition. 
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plicity C,, which is contained in one of the biconnected sets Bi. Hence, as 
C’, is a continuum contained in a punctiform set, a contradiction has been 
obtained. 


CorotLary 3. If D is a domain of a compact metric space containing 
a continuum C, which is the sum of two biconnected sets, then D—C =D. 


This is true because no point of C is an interior point of C. 

It has been shown that a domain in the plane is not the sum of two 
biconnected sets. It will be shown now that there is a continuum in the 
plane, which is the sum of two mutually exclusive biconnected sets. Let, 
in the euclidean plane, T be a Cantor ternary set on the straight line interval 
bc, and let a and d be two points not on the line bc, where a and d lie on 
opposite sides of this line. Let W be the continuum obtained by joining the 
points of 7 to each of the points a and d by straight line intervals. Then 
W — d is seen to be, by a proof similar to that of theorem A, the sum of two 
biconnected sets B, and B,, having a in common. Therefore W is the sum 
of the two mutually exclusive biconnected subsets B, and B,—a-+d. It is 
to be noted that W is a compact metric space of dimension one. Also each of 
the biconnected subsets is of dimension one. 


THEOREM 6. An n-dimensional euclidean space, En, does not contain 
an n-dimensional biconnected subset. 


Assume that FE, contains an n-dimensional biconnected subset B. Then 
by definition of an n-dimensional space, there exists an n-dimensional sphere 
Sn whose boundary contains an dimensional punctiform subset 
of B. And similarly will have as boundary 
Sn-«1, containing an n —k—1 dimensional punctiform subset of B. Hence 
by induction there exists a one-dimensional sphere S,, which contains a 
punctiform one-dimensional subset of B. Thus a contradiction is obtained.* 

It readily is seen that, if m is greater than one, an n-dimensional 
euclidean space may contain a k-dimensional biconnected subset, where & is 
any integer from one to n—1. 


3. Euclidean spaces as the sum of biconnected sets. In this section 
it will be shown that a euclidean space can be the sum of mutually exclusive 


hiconnected subsets. 


* P. Urysohn, loc. cit., p. 76. 

+See P. M. Swingle, “Generalizations of Biconnected Sets,” American Journal 
of Mathematics, Vol. 53 (1931), Problem 2, p. 392. Parts of this problem are not 
answered in this section; for example, whether a euclidean plane can be the sum of 
c mutually exclusive biconnected subsets, where c is the power of the linear continuum, 


remains unanswered. 
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In Example A of the previous section it was shown, by means of Zermelo’s 
postulate, that, if 7’ was the interior of a triangle bae in E2, then T is the 
sum of m biconnected subsets, where m is any cardinal number greater than 2 
but less than c, mutually exclusive except for one point which is a dispersion 
point. Kach of these biconnected subsets are dense in 7’. 

It will be shown now that the euclidean plane E, is the sum of m mutually 
exclusive biconnected subsets, where m is any integer greater than 2. For 
let S be the points of 2, and let e be the center of a regular polygon P of 
m sides. Let on the circle, with center e and radius one, Uj; (j = 1, 2,3) 
be three mutually exclusive punctiform point sets of power c and each dense 
on this circle, whose sum is this circle. Let W; be the points on the straight 
line intervals, from e to infinity, passing from e through the. points of Uj. 
Then by a proof, similar to that of theorem A, it is seen that S is the sum 
of m biconnected subsets, G1, G2,- - -, Gm, mutually exclusive except for the 
common dispersion point e and each dense in S. 

Let aj (t=1,2,:--,m) be the vertices of P. Each triangle eai,ai, 
where m+1—1, is the sum of m biconnected subsets Byisiyg + Qin 
(g =1,2,---,m), where the Biis:1)9’s are mutually exclusive and the point 
ais is the dispersion point of each hiconnected subset. Furthermore 
cist) + X Cai can be taken as vacuous, while each of the other 
biconnected sets is dense on eaj. Let Gcisiye be the points of Gi, exterior 
to P and let 


Nia B + + Bistym + + 


Then Ni,; is a biconnected set with dispersion point ai,, and dense in VS. 
Hence the euclidean space EF, is the sum of the m mutually exclusive bicon- 
nected subsets 

That En, n > 2, is the sum of m mutually excluswe biconnected subsets, 
where m is any integer greater than n, is shown in a similar manner. 

A similar proof will show that E, is the sum of a countable infinity of 
mutually exclusive biconnected subsets. For consider E,. Take the regular 
polygon with five sides. Let ds, a7,- - - be an infinite sequence of distinct 
points on a;a,, with sequential limit point a,. The proof then follows as above. 

That EF; ts the sum of c mutually biconnected subsets, where c 1s the 
power of the linear continuum, follows from the fact that EF; is the sum of 
c mutually exclusive planes, each of which is the sum of a finite number of 
biconnected subsets. 

That £, is the sum of a countable infinity of mutually exclusive bicon- 
nected subsets, each with a dispersion point but not each dense in F2, can 
be shown by means of the following interesting example of a biconnected set. 
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In EF, take a cartesian codrdinate system. By a biconnected set 


or similar set, will be meant one dense, and contained, in a triangle having 
these points as vertices and with the point (i,7-+1) as dispersion point of 
this biconnected set. It will be further understood that this biconnected set 
does not contain any point, excepting its dispersion point, on the line interval 
from (1,7) to (t,7-+1) nor on the line interval from (4 + 1,7) to (1,7 +1), 
but that it is dense on the interval from (i,7) to (t+ 1,7), excepting that 
the biconnected set ((0,0)(0,1)(1,90)) also has nothing common with the 
interval from (0,0) to (1,0). Let 7 and j take on all values +1, +2, 
+ 3,---,0. 

Let T.4j) (7 =1,2,° - +) be the set of all the points, excepting the dis- 
persion point, of the following infinite set of biconnected sets: 


( (4,7) 1, 7) (4,7 —1)) (t—=0,—1,—2,:- 
((t,7 —1) (4+ 1,7—1)(49)) (¢=1,2,--°), 


(6, G—1,)) (t= 0,—1,—2,: 
and 
((0, 7 —1) (0,7) (1,7—1)). 
To obtain (j =1,2,° -) rotate 180° about the X-axis and trans- 
late the resulting set, parallel to itself, through an X distance of —1; for 
example ((0,0) (0,1) (1, 0)) will become ((— 1, 0) (— 1, — 1) (0,0)). How- 
ever let this last set be dense on the interval from (—1,0) to (0,0). 

Let g be the point (0,1). Then 


is a biconnected set everywhere dense in H2, connected im kleinen at g and 
having g as dispersion point. It has the interesting property that only one 
of the quasi-components of B—g contains a point outside of the triangle 
((0, 0) (0, 1) (1, 0)). 

It is easy to see that if S is the set of all the points of F., excepting 
the countable infinity of points of /. which are dispersion points of the above 
biconnected sets, and if g, = (0,2) and (0,3), then 
is the sum of three mutually exclusive biconnected sets, each dense in /, and 
having dispersion points g, gi, and g2 respectively. And it is further seen 
that EF, is the sum of a countable infinity of mutually exclusive biconnected 
sets, three of which are dense in Hz and the remaining ones are each con- 


| ((4,7) (47 +1)(+1,))), 
((4,9) (t+ 1,7) (4+1,7—1)) (i= 0,1,2,- °°), 
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tained in one of the triangles used above. Similar results can be obtained 
for En, n > 2. 

From the results of the last two sections the following theorem now 
will be proved. 


THEOREM B. In order that a euclidean space E be n dimensional, 
n a positive integer greater than one, it is necessary and sufficient that E be 
the sum of n+-1 but not of n biconnected subsets.* 


The condition is necessary. For by theorem 5, FE, is not the sum of 
n biconnected subsets. And in this section it is shown, by means of Zermelo’s 
postulate, that L, is the sum of n + 1 mutually exclusive biconnected subsets. 

The condition is sufficient. For F is the sum of n+ 1 biconnected 
subsets by hypothesis, and so is not & dimensional, k greater than n, for 
FE; contains an Ens, which by theorem 5 is not contained in the sum of 
n-+1 biconnected sets. And it is not a k dimensional euclidean space, 
k less than n, for such a space could be the sum of n biconnected subsets, 
excepting for k 1 which would not contain a biconnected set. Hence EF 


must be n dimensional. 


OHIO STATE UNIVERSITY. 


*For an interesting similar result see P. Urysohn, Fundamenta Mathematicae, 
Vol. 8, Corollary, p. 345; see also Karl Menger’s Dimensiontheorie, p. 113 and p. 120 


A NOTE ON SPACES HAVING THE S PROPERTY. 


By Gorpon T. WHYBURN. 


1. A metric space D is said to have property S * provided that for each 
e > 0, D is the sum of a finite number of connected sets each of diameter 
<. Since all such spaces have only a finite number of components, little 
generality is lost by supposing them connected. If N is any subset of a 
metric space D and ¢ is any positive number, we shall denote by 7'-(N) the 
set of all points z of D which can be joined to some point p of NV by a chain 
of connected subsets L,, L2,: - -, Ln of D such that for each 1, 8(Li) < «/2', 
L, > p, In x, and any two successive sets (links) Zi and Li: have at 
least one common point. Such a chain will be called a chain of type 7, or 
simply type T. 

2. THEOREM. If the metric space D has property S, then every set 
T.(N) has property 8. 


For let 6 be any positive number, and let us choose an integer k such 
oo 

that > «/24 < 6/4. Let E be the set of all points in 7.(N) which can be 
k 


joined to N (i.e., to some point of N) by a chain of type 7’ which has at 
most & links. Let us express D as the sum of a finite number of connected 
sets each of diameter < «/2**1; and of these sets, let Q1, Q2,° Qn be the 


ones which contain at least one point of E. Then we have HC > Qi. Now 


for each 1, Qi T.(N); for Qi contains a point x of £, and z on be joined 
to N by a chain L,, Lo, - -, Ly of type T having & links or less; and since 
8(Qi) < «/2*, therefore [Zi,L2,---,L,r,Qi] is a chain of type 7, and 
hence Qi CT. (N). For each 1, 1 S17, let Wi be the set of all points 
of T’.(N) which can be joined to some point of Qi by a connected subset of 
T.(N) of diameter < 6/4. Then for each 1, Wi is a connected subset of 


T.(N) of diameter <8. It remains only to show that T.(N) Cd Wi. 
1 


To this end let be any point of 7.(N) and let Lm be a chain 
of type T joining z to N. Obviously we need only consider the case in which 
z does not belong to F, and in this case m >k. Then since Ly C #, it 


*See Sierpinski, Fundamenta Mathematicae, Vol. 1, p. 44; and R, L. Moore, 
ibid., Vol. 3, p. 232. 
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follows that for some j, Ix: Qj 9; and since ~ e/2* < 8/4, it follows that 


m m 


Li) ) < 8/4. Hence is a connected subset of T.(N) of 
eens < 5/4 which joins x to a vain of Q;. Therefore « C Wj, and our 


theorem is proved. 


3. COROLLARY 1. Any metric space D having property S is the sum 
of a finite number of arbitrarily small connected subsets each having property 
S. Furthermore these subsets may be chosen either as open sets or as 


closed sets. 
n 
For let 8 be any positive number, let « = 8/3, and let D = } Di, where 
1 
each D; is connected and of diameter <e. Then, for each 1, T.(Di) is 


connected and of diameter < 8 and clearly Dun ® T.(Di). Now the sets 
1 

[7.(Di)] themselves are open; and since it is true that if a set EL has 
property S, so does every set Ey such that HC Fy C #, it follows that the 
sets [7’-(Di)] have property S, and of course they are closed. 

From this corollary it follows that in any metric space having property 
S there exists a monotone decreasing fine subdivision into connected sets. 
In éther words, we can subdivide such a space into a finite number of con- 
nectled sets each having property S and being of diameter <1; then we can 
subdivide each of these sets into a finite number of connected sets of diameter 
< 1/2, and so on indefinitely. 


4. CoroLuaRy 2. Any point p of a metric space D having property S 
is contained tn an arbitrarily small connected open set (region) which has 
property S. 

To see this we have only to take N = p, and then the set T.(p) is the 
desired region. Since 7'-(p) also has property S and hence is locally con- 
nected (because any set having property S is locally connected), we have 
shown that p is contained in an arbitrarily small region whose closure is 


locally connected. 

5. For any point p of a metric space D and for each e > 0 let Re(p) 
be the set of all points x of D which can be joined to p by a chain of con- 
nected sets L,, +, Ln in D such that L, p, In 2, any two successive 


i 
links have a common point, and for each i, (Li) <«— > 8(L;).* Then by 
1 


*See my paper “Concerning S-Regions in Locally Connected Continua,” appearin 


in Fundamenta Mathematicae. 
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essentially the same argument as given in §2 it is shown that if D has 
property S, every set R.(p) likewise has property S. 

Now let us suppose D has property S. For any ordered pair of points 
x,y in D let us denote by p*(z, y) the greatest lower bound for the aggregate 
of numbers [e] such that yC R,.(x), and let D* denote the space whose 
points are the same as those of D but in which distances are defined by the 
function p*. It is readily shown that p* satisfies all the axioms for a metric 
except the symmetry axiom [p(z,y) =p(y, 2) |, which may not be satisfied; 
and thus D* is a quasi metric space. Furthermore, D* is homeomorphic 
with D; and the spherical neighborhoods in D* are exactly the sets R.(p) 
(thus they are connected and have property 8). This naturally raises the 
question of the existence of some distance function p which satisfies all the 
axioms for a metric and which gives these properties to the new space. In 
other words, Is every metric space D which has property S homeomorphic 
with some metric space D’ in which all spherical neighborhoods are connected 
and have property S? 

A positive solution to this problem even in the case of compact con- 
nected spaces D having property S (i. e., compact locally connected continua) 
would yield a very convenient and useful machinery with which to study 


such spaces. 


THE JOHNS HopkKINS UNIVERSITY. 
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REMARKS ON THE RECURRENT BEHAVIOR OF THE 
CHARACTERISTICS ON A TORUS. 


By AUREL WINTNER. 


A paper of the author on the Levi-Civita problem, of mean motion (to 
appear in the Annali di Matematica) seems to lead to some contradictions 
with an important discovery by Denjoy, recently published in the Comptes 
Rendus. On combining the theorem of Denjoy with other results it will be 
shown in the present note that, in reality, those apparent contradictions do 
not exist at all. 

Let f(9,t) be a real-valued continuous function defined in the real 
(3, t)-plane and possessing the period 1 with respect to both 3 and ¢t. Let T 
denote the closed orientable surface of genus one representing the fundamental 
domain 0=#1, i ¢{=1. The function f should possess the additional 


property that the differential equation 
(1) dd/dt = (9, t) 


admits, for a given real initial condition J(t)) =%, only one solution. 
d= %(t), depending on the initial condition in a continuous manner. This 
additional condition which will be designated as the condition I is, for 
instance, fulfilled if 0f/00 exists and is continuous. If every solution 


(2) I=H(t); —wo<t<+o 


of (1) represents an everywhere-dense point-set on the torus 7’ we shall say 
that the function f is of the ergodic type. 

It is known since Poincaré * that if f fulfills the condition T then there 
exists for every solution (2) of (1) a constant » and a bounded function o(t) 
so that 


(3) =p-'t+o(t) 


where the “mean motion” or “rotation number” yp» is independent of the 
special choice of the integration constant #(t)) =d) and is, therefore, 


” 


*Cf. H. Kneser, “ Reguliire Kurvenscharen auf den Ringfliichen,” Mathematische 
Annalen, Vol. 91 (1924), pp. 135-154, where references are also given. The proof of a 
lemma occurring in the demonsiration has been simplified by J. Nielsen, “On topo- 
logiske Afbildninger af en Jordankurve paa sig selv,” Matematisk Tidsskrift, B, No. 3 
(1928), p. 39-46. A very simple direct proof of (3) has recently been given by A. Weil, 
“On Systems of Curves on a Ring-Shaped Surface,” The Journal of the Indian 
Mathematical Society, Vol. XIX (1931), pp. 109-114. 
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uniquely determined by the double-periodic function f. It may be mentioned 
that the number y» which is obtained by an infinite process of iteration can- 
not be less than the minimum or larger than the maximum of the double- 
periodic function f(#,¢). In fact, on substituting (3) in (1) and using the 
fact that w(t) is a bounded function, we obtain that the time-average 


t 
lim f(9(r), 7) dr/t 
0 


t=+00 
exists and is equal to p. 

On account of the boundedness of the remainder term w(t) one may 
expect that f is of the ergodic type provided that yp is irrational. This is, 
however, not necessarily the case, even if 0f/00 exists and is continuous. On 
refining the methods of his earlier paper on this problem Kneser has shown 
in a note to appear in the Annali di Matematica that if the condition I is 
fulfilled and if yw is irrational the function f is then and only then of the 
ergodic type if the remainder term w(t) is, for all values of the integration 
constant (ty) =, an almost-periodic function in the sense of Bohr. On 
the other hand, it has been conjectured by Poincaré (1885) that f is neces- 
sarily of the ergodic type if it is regular analytic in the real domain (provided 
that » is irrational). The correctness of this conjecture which is of great 
importance for the dynamics of Birkhoff * has been proved by Denjoy ¢ in 
his fundamental note mentioned above. Denjoy shows that even the condition 
cf analyticity is superfluous, viz., it is sufficient that a certain “ real” con- 
dition is fulfilled which is only a little stronger than the non-sufficient 
condition I. 

We combine now these results with the following fact, explicitly pointed 
out also by Bohl: f if the condition IL is fulfilled and yp is irrational the function 
f is then and only then of the ergodic type if there exists, for any value of the 
integration constant #(t)) =, a continuous double-periodic function 


p = p(é,n) = p(E+1,9) = p(6é0+1), 
for which 


* Cf., for instance, G. D, Birkhoff, “ Surface Transformations and their Dynamical 
Applications,” Acta Mathematica, Vol. 43 (1920), p. 79 ete., and “On the Periodic 
Motions of Dynamical Systems,” Acta Mathematica, Vol. 50 (1927), pp. 359-379. 

7 A. Denjoy, “Sur les caractéristiques 4 la surface du tore,” Comptes Rendus des 
Séances de VAcadémie des Sciences, Vol. 194 (1932), pp. 830-833. 

¢P. Bohl, “Ueber die hinsichtlich der unabhiingigen und abhiingigen Variabeln 
periodische Differentialgleichung erster Ordnung,” Acta Mathematica, Vol. 40 (1916), 
p. 321 ete. 
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(4) w(t) t,t). 


Since any function w(t) possessing a representation (4) is almost-periodic in 
the sense of Bohr * it follows from the result of Kneser mentioned above that 
if the remainder term w(t) is at all almost-periodic then it possesses only two 
linearly independent frequencies (viz., » and 1). On the other hand, on 
combining the remark of Bohl with the theorem of Denjoy it follows that 
w(t) is in the analytic case necessarily almost-periodic, provided yp is irrational. 

Let a(t), b(t), c(t), d(t) be four functions which are real-valued and 
regular analytic for —0o <t<-+ oo arid possess the period 1. On 
denoting by 


(5) y=y(t); x(t)? + y(t)? > 0 

a real solution of the differential equations 

(6) dx/dt =a(t)x+ b(t)y, 

and placing 

(7) a(t) =r(t) cos (0/27), y(t) =r(t) sin where r(t) > 0 
one obtains from (6), according to Levi-Civita,t the single differential equation 


(8) dd/dt = 2r{c(t) cos? (0/27) 
+ [d(t) —a(t)] cos (8/27) sin (9/27) — b(t) sin? (9/27) } 


which is, of course, a special case of (1) and satisfies the regularity condition 
of Denjoy. In the note mentioned above I pointed out that o(¢) is, in the 
special case (8) of (1), not necessarily almost-periodic. It follows, therefore, 
from the theorem emphasized at the end of the previous paragraph that p 
cannot be, in these cases, an irrational number. On the other hand, in the 
presentations of the problem { it is usually shown that (#) is, even under 
the single condition IT, not only almost-periodic but also periodic if p is a 
rational number. Accordingly »(¢) is then in the case (8) always almost- 
periodic. This is, however, in contradiction with the following examples: 
Suppose that the four coefficients of (6) are not only periodic but even 


* H. Bohr, “ Zur Theorie der fastperiodischen Funktionen, II.,” Acta Mathematica, 
Vol. 46 (1925), p. 134 ete. 

+ T. Levi-Civita, “Sur les équations 4 coefficients périodiques et sur le mouvement 
moyen du noeud lunaire,” Annales de VEcole Normale Supérieur (3), Vol. 28, pp. 
325-376. 

¥Cf., for instance, A. Weil, loc. cit. 
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independent of t. Equation (8) is also in this case a special case of equation 
(1). Suppose further that the characteristic numbers of the matrix 


a b 
( C d ) 

are real and that the determinant of the matrix is positive. There are three 
cases possible, according as the characteristic numbers and the elementary 
divisors are simple or double. However, in all three possible cases the origin 
of the (x, y)-plane is a node (noeud, Knoten),* i.e., the curve (5) which is 
in general not a straight line possesses in the point 7 =y=—0 a tangent. 
We conclude from (7) that the function 0(¢) possesses for t lim t = © a finite 
limit a but is not equal to this constant « for all values of ¢ (provided the 
curve is not a straight line which may be excluded). Since the limit @ exists 
it follows from (3) that #(¢) coincides with the bounded function o(/). 
Furthermore, since 0(¢) is not constant and possesses for lim t= oo a limit 
it follows that w(¢) is not an almost-periodic function. 

This paradox is cleared up as follows: On reading over the usual demon- 
strations for the fact that w(t) is a periodic function for rational values of p 
one may observe that the proof breaks down if the rational rotation number 
p. is equal to zero as is the case in our examples. 
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*Cf., for instance, E. Kamke, “ Differentialgleichungen reeller Funktionen,” 
Leipzig, 1930, p. 200 etc. Intuitive pictures for the different kinds of nodes are given 
by O. Perron, “ Ueber die Gestalt der Integralkurven einer Differentialgleichung erster 
Ordnung in der Umgebung eines singuliiren Punktes. (Erster Teil) ,” Mathematische 
Zeitschrift, Vol. 15 (1922), p. 123. 

+ It depends on the matrix of the coefficients whether co = © or =—». 
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SOME REMARKS ON THE JOIN OF TWO COMPLEXES AND ON 
INVARIANT SUBSETS OF A COMPLEX. 


By Eapert R. vAN KAMPEN. 


In this paper we consider some miscellaneous properties of combinatorial 
topology mostly found during the preparation of a course on this subject. 
The first three sections deal with the homology characters of a join; it is 
found useful to introduce homology characters in a combinatorial way for 
a kind of open complex slightly more general than is customary. After that 
we prove some simple properties of invariant subsets of complexes, soon con- 
centrating on the problem of dividing any complex into the smallest invariant 
subsets that can be found with the methods now at the disposal of combina- 
torial topology. To do this we have to prove a number of properties on the 
invariance in a complex of the invariants of the neighborhood complexes of 
the different simplexes of the complex, using some of the properties of joins 
proved previously. 

1. As the cells of the join (K,-K.) and the product (Ki X K2) of 
two complexes (K,) and (Kz) as well as their incidence relations are com- 
pletely determined by K, and K, it is a matter of calculation to find their 
homology characters when K, and K, are given. Superficially the computa- 
tion seems easier for the product because in the product there is one (p + q)- 
cell corresponding to every pair formed by a p-cell of K, and a q-cell of K, 
and no other cell; the boundary of the (p+ q)-cell corresponds to all the 
pairs which can be formed by replacing the p- or the q-cell by its boundary 
cells. The structure of a join is slightly more complicated. This induced 
A. B. Brown * to reduce the computation for Kk, - K, to that for Ki & Ke by 
means of a relatively complicated reasoning on different kinds of chains on 
the join; he does not find any result on torsion numbers. However, when we 
introduce formally a (—1)-dimensional simplex into all the relevant com- 
plexes forming the boundary of all vertices and such that its join with any 
cell is that cell, then there is in the join a (p + g + 1)-simplex corresponding 
to every pair formed by a p-simplex of AK, and a q-simplex of K.2; with 
analogous boundary relations as for the product. The result for the product + 
can now be transcribed for the join without any additional calculation. 


*“On the. Join of two Complexes,” Bulletin of the American Mathematical 
Society, Vol. 37 (1931), p. 417. 

+See for instance E. R. van Kampen, “Die kombinatorische Topologie und die 
Dualititssiitze,’ Van Stockum, Den Haag, p. 37. 
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THEOREM I. Suppose the homology characters of K,, K, and K,:K2=K 
to be computed after the introduction of a (—1)-swmplex which is on the 
boundary of every 1-simplex (that means putting R° equal to the number of 
components manus one), then we have for the homology characters of K: 


The numbers 7:?(K) are the elementary divisors of a matrix of which the 
elements outside of the diagonal are zero while the elements in the diagonal are: 


R*(K.) times the numbers ri?**(K,), (k =0,---, p—1); 
R*(K,) times the numbers (k=0,:--, p—1); 


the greatest common divisors of all pairs 


ri*(K,), (K3), (k=1,---, p—2), 
and of all pairs 7i*(K,), p—8). 


2. We are now going to define homology characters of L modulo M, 
where J and M are sums of the interiors of certain simplexes of a complex K, 
L containing M, and M containing its limit-points insofar as these belong to L.* 
As the case considered here is barely more general than that worked out in 
detail by S. Lefschetz in his Topology, we give only the definitions, none of 
the proofs. 

The homology characters of L modulo M are defined as the homology 
characters of L modulo M where L is a subcomplex of a subdivision of K 
approximating L and M is the intersection of L and M, which is also a com- 
plex. For L we take the point set obtained from K by applying the following 
process to every simplex of K of which the interior is not on 1: Construct a 
copy U of the neighborhood complex of that simplex in a very small neigh- 
borhood of one of its interior points and take away from K the join of U and 
the simplex, except the join of U and the boundary of the simplex. U must 
be taken so small, that the parts taken away for two simplexes do not have 
a common point when the simplexes are not incident. ZL is a subcomplex of 
a subdivision of K; any chain on L of which some part is on M can be deformed 
into a chain of L, the part on M remaining on M and finally moving into M. 
The homology characters of Z modulo M are invariant under transformation 
of K into another complex carrying L and M into sums of interiors of 
simplexes. This follows from the following: 


* If this is not true from the beginning the logical approximation for M is exactly 
the inclusion of those limit-points. 
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THEOREM 2. The homology characters of L modulo M can be defined by 
means of singular chains on L neglecting those contained in M. 


3. We want to find point-sets LZ, and M; on K,-K.—= Ks such that the 
formulas of theorem 1 give the homology characters of Z; modulo M3 as 
functions of those of L; modulo M, (on K,) and Lz modulo M, (on Kz). This 
problem can be reduced to the following: What is the point-set LZ, approxi- 
mated on K’; by the join L, of the point-sets L, and L» approximating LZ, and 
L, and what is the point-set M, approximated by M, which is the sum of those 
simplexes of L, corresponding to a pair of simplexes of which at least one is 
in M,; or M;. For the computation as for the product and so at the same time 
theorem 1 can be applied on Ls; modulo M,-L; turns out to be the set of all 
segments between points of L, and of L. on K;; we can write L; = L,° Lz. 
The approximation of Ls by L; is of a slightly different kind from that 
described in section 2. With the same notation M; — L,:M,+M,-L2. The 
introduction of the (—1)-simplex in K; does not have any influence on the 
homology characters of L; modulo M; provided M; is not empty because in 
that case the (—1)-simplex has to be included in M;. The repetition of 
Theorem 1 in its generalized form seems superfluous. 


4, We base the treatment of invariant subsets on the following definition : 
An invariant subset of a complex K is a subset which ts transformed into itself 
by any transformation of K into itself or the sum of a certain number of com- 
ponents of such point-sels. Combinatorial invariants of invariant subsets of 
K are combinatorial invariants of K. A minimal invariant subset of K is an 
invariant subset not containing an invariant subset different from itself. The 
interesting problem of finding all minimal invariant subsets of a complex is 
beyond the scope of the present methods of combinatorial topology. 

The minimal invariant subset containing a point P of K is the component 
of P in the set of points of K into which P can be transformed by topological 
transformations of K into itself. 

As any interior point of a simplex of K can be transformed into all other 
interior points of the same simplex, any invariant subset is the sum of the 
interiors of a certain number of simplexes of K. The closure of an invariant 


subset of K is an invariant subcomplex of K. 


THEOREM 3. There is an isotopic deformation of K into itself under 
which a point of any minimal invariant subset of K goes into another point 
of the same subset. 

To prove this we note first that there is such a deformation moving any 
point interior to a simplex into any other point interior to the same simplex; 
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second that any point of the invariant subset can be transformed into any other 
point of the subset. From this it follows that any point of the subset can be 
deformed into any point of a small neighborhood of the invariant subset and 
that this neighborhood can be extended to contain all interiors of simplexes 
belonging to the invariant subset on which, or on the boundary of which P lies. 
Finally it is obviously possible to pass from any point to any other point of 
the subset in a finite number of steps all completely contained in one of the 
enlarged neighborhods. 


THEOREM 4. If a simplex S” of K" is contained in the closure of an 
invarvant subset M of K", then the point-set N, corresponding in the comple- 
ment of in to M, ts an invariant subset of 


This follows from the fact that the interior points of the segments between 
interior points of S? and the points of a minimal invariant subset of U"’' 
all belong to the same invariant subset of A”. It is sufficient to construct an 
isotopic deformation of K" into itself moving part of such a segment into part 
of an arbitrary other segment, supposing that the two segments pass through 
the same point P of S” and for instance through the points Q and RP of U"-?"', 
According to theorem 3 there is an isotopic deformation of U""' into itself 
moving F into Q; this determines an isotopic deformation of the join U""' 
of U"" and the boundary of S” into itself still moving R into Q. U"" is 
the neighborhood complex of P in AK". A certain neighborhood of P, the join 
of P and U"", can be formed by means of a set of copies of U""' depending 
on a parameter moving in an interval, however to one end-point of the interval 
there only corresponds the point ?. We construct the isotopic deformation 
of K" in such a way that under any transformation of that deformation all 
those copies of U"" are transformed into themselves by means of one of the 
transformations of the deformation of U""'. The copies near P are trans- 
formed by means of the final transformation of that deformation, the copies 
near the boundary of our neighborhood of P and at the same time all points 
outside of that neighborhood are transformed by means of the identical trans- 
formation, the copies in between those two groups are transformed by means 
of all the transformations of our deformation of U""' distributed continuously. 
The deformation of A™ is executed by moving this intervening portion con- 
tinuously till it arrives at P. It is easy to see that this deformation satisfies 
the condition we wanted so that we have proved theorem 4. 

All theorems which we are going to give with the object of finding smaller 
invariant subsets of a complex except theorem 10 will satisfy a certain converse 
of theorem 4: to any invariant point-set of a complement found by means of 


those theorems there will correspond an invariant point-set of the original 
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complex that can be found by means of the same theorems. This will be 
proved in section 6 and might be of use in determining invariant subsets of 


a given complex. 


5. <A large part of our method of finding invariant subsets consists in 
the application of the following composite statement of which we may suppress 


the proof: 


THEOREM 5. Invariant subsets, components, parts of certain local 
dimension, closures, sums, differences and intersections of invariant subsets 
of K" are again invariant subsets of K". 

The rest of the method consists in repeated applications of generalizations 
of the following theorem proved in my dissertation : * 


THEOREM 6. The neighborhood complexes of corresponding points in 
homeomorphic complexes have the same homology characters; with the corol- 
lary: The set of points of K" whose neighborhoods complexes have a definite 
set of homology characters is an invariant subset of K". 

The analysis of invariant subsets given by A. B. Brown ¢ is founded on 
theorem 5 and a corollary of theorem 6: The subcomplex of K" formed by 
all (7 —1)-dimensional simplexes of K” incident with exactly p (p-~2) 
n— 1 simplexes of K" is invariant. 

A first generalization of theorem 6 is the following: 


THEOREM 7. If in two homeomorphic complexes two corresponding points 
are interior points of p-simplexes, the complements of these p-simplexes have 
the same homology characters. 

Such points have as their neighborhood complexes the joins of the 
boundary of a p-simplex and the complements of their p-simplexes. Applying 
theorem 1 we find that the homology characters of those joins are obtained 
from the homology characters of the complements by adding p to the dimension 
of those characters, so that the first are invariants along with the second. 
From the character of the proof it is evident that this generalization does 
not increase our information on invariant subsets; however, it is interesting 
to compare theorems 7 and 10 and their proofs. 

THEOREM 8. Let M, and M. contained in M, be two invariant subsets 
of K" and let L, and Lz be the point-sets corresponding to M, and Mz in the 


neighborhood complex of a point P of K", then the homology characters of I; 


* Loc. cit., p. 26. 


t+ American Journal of Mathematics, Vol. 54 (1932), pp. 117-122. 
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modulo L. are invariants of K" (and P). From this it follows: The set of 
points where L; modulo Ly has a definite set of homology characters is an 
invariant pont-set of K”. 

On the point-set K of K” we consider as marked the following point-sets: . 
P; the straight segments through P in K" forming a point-set U; the sets 
N, and N,2 of those segments contained in M, and M,; all point-sets corre- 
sponding to those in a complex ’K” homeomorphie with K” and marked with 
a prime. The intersections of U, N; and N2 and a sufficiently small neigh- 
borhood of P are equal to the corresponding point-sets of “K". In a very small 
neighborhood of P we construct copies V and “V of the neighborhood com- 
plexes of P in K”" and ’K". The point-sets in those copies corresponding to 
the given invariant subsets will be called from now on: [y, Lo, ’L4,’L2. For 
any point of U(’U) except P we define a corresponding point on V (’V), called 
its projection on V(’V), defined as the point of intersection of the straight 
segment in K"(’K") through the given point and P with V(’V). To any 
singular chain of L,; modulo Lz we assign its projection on ’V which is a chain 
of “LZ, modulo ’LZ,. As boundaries correspond to boundaries under this pro- 
jection we have defined a transformation, of the group of homologies of L; 
modulo Lz into that of ’Z, modulo ’L,. To complete the proof we must show: 
If I” is the projection of a cycle T? of L, modulo LZ. on ’V and if “I? is the 
projection of ‘T? on V then r?—”T?~0 on L, modulo Lz, for then the 
transformation of the two groups is isomorphic. ITY¥—”’T? is the boundary 
modulo M, of the chain formed by the straight segments in “kK” between points 
of I? and corresponding points of “I” plus the straight segments in K” between 
points of ’T? and corresponding points of “IY. This chain is contained in U 
when V and ’V are taken sufficiently near P'; its projection on V still has 
lr —”T? as its boundary but now taken modulo Lz, so that Tf? —”T? ~ 0 on 
L, modulo Lz. 

Theorem 8 can be generalized to give theorem 9 in the same way that 
we generalized theorem 6 to give theorem 7. 


THEOREM 9. If in two homeomorphic complexes two corresponding 
points are interior points of p-simplexes and L,(Le2) and ’L,(’L2) are the 
sets in the complements of these p-simplexes corresponding to the invariant 
subset M, (Mz contained in M,) of one complex and the corresponding set 
of the other complex, then the homology characters of L, modulo Lz are the 
same as those of ’L, modulo ‘Le. 

6. If we find by means of theorems (5) and (8) an invariant point-set 
L in the complement U of a p-simplex S* of K" then the same theorems allow 
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us to construct an invariant point-set in K" of which the dimension is p+ 1 
higher and to which L corresponds in the complement of S?. 


To prove this we must follow the process by which Z was found and show 
that corresponding steps can be taken in A” itself with corresponding results. 
This is obvious as far as theorem (5) is concerned. When we apply theorem 
(8) using the point P of U and point-sets LZ, and Lz in the neighborhood 
complex V of P in U, the corresponding point-sets for Kare on the join of P, 
S” and V; corresponding to P we have to take an interior point Y of the join 
of P and S?, the set corresponding to L,(Z2) in the neighborhood complex of 
Q is the join of Z,(L2) and the boundary FR? of the (p+ 1)-simplex P: S?. 
The homology characters of R?- LZ, mod R?- L. are, according to Section 3, 
obtained from those of ZL, mod L, by adding p + 1 to the dimension of every 
character, so that the same sets of numbers are used to determine how the 
points Q of K” and the points P of U can be divided into invariant point-sets. 

As a result of theorem 6 the smallest invariant subsets we can find are 
open manifolds in the modern sense. The invariants of tensorial character 
defined for manifolds by J. W. Alexander (Proc. Nat. Acad. Sct. 1924) can 
be used to find still smaller invariant subsets and a connection between the 
results in a complex and in the complements of its simplexes as described just 
now does still exist. For a subsequent paper we plan a vindication of this 
statement and a closer analysis of these invariants. 


?. The fundamental group can be used to split a complex into still smaller 
invariant subsets. However, owing to the fact that deformation invariants 
of dimensions larger than one have not been investigated closely the range of 
application is much smaller than that for instance of theorem 8, and the 
reasoning of section 6 cannot be extended in this case. 


THEOREM 10. If the interior of a p-simplex S” of K" ts part of a p- 
dimensional invariant subset of K", then the fundamental group of (any 
component of) the point-set L of the complement U of S corresponding to any 
other invariant point-set M of K is a combinatorial invariant of K" (and the 


two invariant subsets). 


This theorem can be used to distribute the p-simplexes of a p-dimensional 
invariant subset over smaller invariant subsets; the lower-dimensional 
simplexes to be distributed afterwards by means of theorem 5. 

Because S? is in a p-dimensional invariant subset of K” we can find an 
open subset of S? of which the corresponding subset in a complex “kK” homeo- 
morphic with K™ is open in a simplex ’S? of ’K". For any point of the join 
of S?(’S”) and its complement but not on S?(’S”) itself we define a corre- 
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sponding point on that complement called its projection on the complement 
and constructed by taking the point in the complement corresponding to the 
join of S?(’S) and the given point. Let-us represent the complements by sets 
on the point-set of our complex in a very small neighborhood of one of the 
points of the open set mentioned above so that they have a point of M in 
common. We chose that point in both the complements as the origin of the 
fundamental group of the point-sets corresponding in the complements to J. 
This causes the origins and so at the same time the elements of those funda- 
mental groups to. be transformed into each other under the projections defined 
before. Now we can repeat the substance of the proof of theorem 8, proving 
that L and the corresponding point-set constructed for ‘K" have isomorphic 
fundamental groups. 

The restriction of our knowledge on deformation invariants explains the 
behavior of, for instance, the join of the boundary of a 2-simplex and a 
3-dimensional manifold with a fundamental group different from the identity 
but whose 1-cycles are all homologous to zero. It seems very obvious that 
the boundary of the 2-simplex and the rest of the manifold are (minimal) 
invariant subsets of the join, but there does not seem to be an easy way of 
proving this. 

8. A last theorem in this connection which we want to mention is the 


following : 


THEOREM 11. If in two homeomorphic n-dimensional complexes two cor- 
responding points are both in (n — p)-simplexes, p < 4, the complements of 


those simplexes are homeomorphic. 


The proof is so simple that we shall not go into detail. For p—3 the 
complements are divided into 2-dimensional manifolds by point-sets correspond- 
ing to (n—1)- and (n—2)-dimensional invariant subsets; the similarity 
of the way in which the manifolds have to be put together being decided by 
theorem 10 applied to those subsets (p< 3) and the similarity of the 
corresponding manifolds being decided by means of theorem 9. The sign of 
the relation between any orientable manifold and a 1-dimensional invariant 
part of its boundary is not changed in passing to a homeomorphic complex 
because the sign of the relation between the chain formed by the manifold 
modulo all the rest of the boundary and the cycle formed by the chosen part 
of the boundary modulo its boundary is not changed in passing to a homeo- 


morphic complex. 
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‘SOME ADDITIONS TO THE THEORY OF COMBINATORS.* 


By H. B. Curry.t 


The present paper contains two amplifications of my dissertation Grund- 
lagen der kombinatorischen Logik.t These are: (1) a revision of the defini- 
tion of normal form (II D1, Festsetzung 2) so that to every normal sequence 
there will correspond a unique normal combinator; (2) a generalization of 
the principal theorems on equality of combinators (II E 3, Satze 4 and 5), 
so that the restriction that the combinators concerned be “ eigentlich” is 
removed. These two parts of this paper are independent of one another, 
although both presuppose the thesis just mentioned. 

Reference will be made to the dissertation by means of the subdivisions 
in that paper itself. Thus the above II D 1 means Kapitel II, Abschnitt D, § 1. 


1. Revised Definition of Normal Form. 


Convention 1. A regular combinator § whose terms are all of the form 
Cn, of BmZ) shall be called a permutator. (By II D1, Festsetzung 4, permu- 


tators were denoted by @). 


Convention 2. A permutator shall be called normal, or in the normal 
form, when it is either J or of the form 


Cre CG, 
where each ©, either is of the form 
* “Coca, (a <k), 
or else, for k=En, G@ =I. 


THEOREM 1. For every permutator © there exists one and only one 


normal permutator © such that 
(1) 


Proof. If such a © exists it corresponds to a permutation (II C 4, Fest- 
setzung 3) of order n (II D6, Festsetzung 1). m must then also be the 


* Presented to the American Mathematical Society, December 28, 1931. 
+ National Research Fellow. 
t American Journal of Mathematics, Vol. 52 (1930), pp. 509-536, pp. 789-834. 
§II D1, Festsetzung 1. 
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order of the permutation to which © corresponds, (II D 6, Satz 3) ; hence n is 
uniquely determined.* 

If U is any permutator let us denote by U(k) the index of the variable 
which occupies the k-th place in the permutation to which U corresponds. 
Thus if b; = €(k) we have, if the z’s be regarded as entities, 


I shall show that the numbers a determined as in Convention 2 by @’ are 
uniquely determined by the bx, with the understanding that when a =k, 
then =I. 

Suppose then a @’ is given, with the a, defined in terms of © as in 
Convention 2 with the understanding just mentioned. Then 


if >k; 


(2) (k) = a. 


Now it is easily verified that for permutators U and V 


(U-V)(k) =U(V(k)); 


hence 

(3) (Cy -€,) = (lx. 
Jonsequently, if we define temporarily 

(4) Dy = Gn + Cras, D,=!, 
so that 


then, by (2), (3), 
(5) (x) = == Dyii(k). 


If ©’ is to satisfy the conditions, ©’(/) must equal bx, hence 
= De (ax), 

or, since permutators have unique universes, 

(6) = (bx). 


The equations (6) determine the a’s uniquely. In fact I shall prove that 
for any r <n there exists a unique set of numbers Qn, Qn-1,° such 
that: (1) <n, and for ang Sn—k; (2) if we define as in 
Convention 2 for dns. <n —k, and as I for =n — k, then the last r+ 1 


* These statements are true even when =/, n= 0. 
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equations (6) are satisfied, D, being defined by (4). This assertion is true 
for r= 0; for the last equation (6) is 

an bus 


which determines ad uniquely; moreover dn <n since © corresponds to a 
sequence of order n. Suppose now the assertion is true for a given r. Then 
the last r+ 1 equations (6) determine dn, n-1,° * *,4n-r uniquely and sub- 
ject to the inequalities stated. The next preceding equation, viz., 


Qn-r-1 = Dn (On-r-1 ) 


determines @n-r-1 uniquely, since D-'n-r-; contains no number not already 
determined, and Suppose >n—r—1. Then 


= (7) (by def. of Dn-r-s), 
= (7) (by (2)), 
= Dj(aj) = b; (by (5)). 
But, 
(7) (J) = (by (6)). 


". bj =bn-+r-+, which is impossible if 7 > n—7r—1 because the b’s are all 
distinct. Therefore dn-r-1 = nm — r—1, and the above assertion, if true for r, 
is also true for r+ 1. By induction it is therefore true for every r <n; 
hence in particular for r—=n—1. The equations (6) have therefore one 
and only one set of solutions d2,° Qn. 

Now let the a, d2,° * *,@n be determined as in the last paragraph, and 
let ©, Dx, be defined in terms of them. Then by (5), which is still true, 
©’ satisfies the conditions of the theorem, and is by what has just been proved 
the only normal permutator which does so. 

Convention 3. A regular combinator shall be said to be normal, or in 
the normal form, when (except for parentheses and the omission of identical 
terms) it is in the form 


R-W-C-B* 


(1) &, W, B, are in the normal forms already defined (II D1, Fest- 
setzung 2) ; 


(2). is in the form of Convention 2; 


(3) © corresponds to the permutation 7 determined as follows: let 7 be 


* Any of the components Q, 98, &, %, may reduce to the identical combinator, /, 
and hence be omitted. 
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the sequence (Folge) to which the given combinator corresponds; determine 
from 7 a y and an w as in II C5, Satz 1; from » ax and ay as in II C4, 
Satz 1; and from yp» an @ satisfying the conditions for the first factor in 
II C4, Satz 3; then of those permutations which satisfy the conditions for 
the second factor of the last theorem choose for 7 that one which does not 
permute among themselves any of the letters %,, 2%," * *%e,, which occupy 
places held by the same letters in «.* 


THEOREM 2. To every normal sequence there corresponds one and only 


one normal combinator. 


Proof. Let 7 be the given sequence, and let y, », x, w, %, « be determined 
by the process outlined in Convention 3. Then 


Let &, ¥, ©, B be the normal combinators which correspond to x, «, 7, and y, 
respectively (II C4, Siatze 2 and 4, Theorem 1 above, and II C3, Satz 3). 
Then (& -%W-C-B) is normal and corresponds to ». 

Suppose there were another such combinator; let it be (R’ - WW-C’: B’). 
By II C5, Satz 2, these combinators can differ only in their @’s. By the 
third requirement in Convention 3, both © and © must correspond to 7 as 
described in that requirement. By the theorems there mentioned, w, p», «, and 
therefore 7, are uniquely determined by 7.t Hence © and @ must both corre- 
spond to the same permutation, and therefore, by Theorem 1, are identical. 


THEOREM 3. If ¥ is a regular combinator, then there exists one and 
only one normal combinator W such that 


= W. 
Proof. Follows at once by II D 6, Sitze 2, 3, 4, and Theorem 2. 
2. General Theorem on Equality of Combinators. 


Convention 4. If ¥ and Y are expressions involving the letters 2, 22, 


2m; then 


* This is the same as the 8 constructed as an example in my paper “ An Analysis 
of Logical Substitution,” American Journal of Mathematics, Vol. 51 (1929), pp. 363- 
384, Lemma 4; it being understood that the y of that paper is the same as the 4 
mentioned here. The other permutations which satisfy the conditions for the second 
factor in II C4, Satz 3 are the #’s discussed in Lemma 5 of the earlier paper, from 
which it appears that mw is uniquely described. 

+ See footnote above. 
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shall mean that if the 7, 22,° * - 2m be treated as variables,—i. e. as denoting 
indeterminate entities,—then the equality of ¥ and ¥ can be proved. Simi- 
larly if ¥ and Y also contain the letters y;, y2,° Yn; key ¥ shall mean 
that the equality can be proved if the 2’s and y’s be treated as variables. 
(These conventions apply even when the z’s and y’s actually denote entities. 
Cf. II E 3, Festsetzung 3). 


Convention 5. A formula, such as }| X = Y, shall be said to follow 
combinatorially when it can be derived, as in II, from the combinatory axioms, 
the combinatory rules B, C, W,; K, and the properties of equality proved in 
This may be symbolized thus 


(combinatorially). 


The same shall apply to formulas of type considered in Convention 4. 


THEOREM 4. Jf X and Y are combinations of variables x1, %2,° Xn, 
and entities Uy, U2,° * *,Um,* and X and Y are combinators such that,— 


* reduce formally to and Y respectively; 


(ii) it follows combinatorially that 
(1) = 9; 
then it follows combinatorially that 


Proof. Suppose first that X differs from Y only in that a certain ex- 
pression in is replaced in by where 


(3) to A= B (combinatorially). 


Then there must exist a regular combinator 7 such that the expressions 
mally to ¥ and Y respectively.t We shall consider two cases. 


Case 1. Suppose % and 8 are entities, and that the formula (3) is 
established without the use of variables. Let U and V be combinators such 


*It is of course not required that all these symbols appear in both ¥ and ¥). 
+ For this reduction ¥ is to be regarded as a combination of the symbols 


+ +5 Um, + +, and Yf appears only once in X. Similarly for the 


relation between y) and §. Superfluous w’s can be cancelled by factors K, appear- 
ing in 7. 


e 
> 

r 
t 
y 
| 
d 
1e 
1S 
id 
1. 
sis 
3- 

nd 
m 


556 H. B. CURRY. 


that and VIu,u2* Um formally reduce respectively to and 
%, and let S be a regular combinator corresponding to the sequence 


Let X’= STU, Y’=STV. Then the expressions Um * 
and *Um%%2° * reduce formally to and Y respectively.* 
Therefore, by II E3, Satz 4, } XJ =—X’I and | YI—Y’I, because, for 
example, if the u’s be regarded as variables the two expressions 


both reduce to the same sequence of variables and hence XJ and X’I corre- 
spond to the same sequence of variables. On the other hand 


Since the two left-hand sides reduce formally to their respective right-hand 
sides. The two right-hand sides are equal by (3). Hence, finally, 


which proves the theorem for this case. 


Case 2. Suppose W differs from ¥ in that W reduces to B by application 
of a single one of the combinatory rules, B, C, W, K. (There is no loss of 
generality in supposing that % reduces to 8). Let U be the combinator 
concerned in this reduction; it is then one of the uj. Let X’ be the expression 
obtained from X by replacing U as it appears at the beginning of %& by a 
new variable y, but otherwise leaving ¥ unchanged.t Let X’ be the regular 
Let V be the regular combinator such that 


(such a V exists since U is simply one of the ui). Then the expression 


*The first one reduces formally to TI(UIu,u,. - Wy 


m 
thence to X with 9f replaced by Ulu,u,...u,. In this. the only symbol not con- 
sidered formally is U, so that the reduction proceeds formally to ¥. Similarly for 
the second one. 

7 If U appears in ¥ in more than one place, this replacement is to be made only 


at the beginning of Qf. 
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Um reduces formally to (the wi, x; all being 
regarded as variables). Hence by II I 3, Satz 4, (cf. above) 


(4) t(V-X’)I 
On the other hand if we regard U as a combinator and Um, %1,° * * 
as variables, the expression X’[U Up reduces to Y). Hence, 
(II E 3, Satz 4) 
(5) = YI. 
Therefore 
+ XI Um = (V-X’) Um (By (4)), 
ms V(X") Um (II B 4, Satz 1), 
* * thn (Def. of V), 
= Um (By (5)). 


The theorem is therefore proved in case the transition from X to ¥ is 
effected by means of a single formula of type (3). For if (3) be an axiom 
or a previously proved formula we have the Case 1; if (3) be a special case 
of a rule, Case 2. 

In the most general case there must exist a series of expressions 
X,,%., where ¥, =X, X¥,=Y, such that X;,, is derived from X; by 
a single formula (3) in the manner just considered. If X; be a combinator 
related to ¥; in the same manner as X is related to ¥ and Y to Y,* then by 


the preceding proof, 
Therefore, since equality is transitive, 


* Such combinations of course exist; in fact we can find an Xx; of the form §f,/, 
where Ht; is normal. 
tIn case the %; contain letters appearing in neither X nor 9) the following 


modification of the proof is required. Let Yq be the extra 
letters so appearing, the v’s representing entities and the y’s being variables. Let 
V,=K,-K,,---K,-K,, r=pt+4. 


Then by the method in the text we can establish the formula 

for if we insert first the y’s and then the «’s after the two sides the resulting expres- 
sions reduce formally to ¥ and J) respectively. Hence if w,,w,,---,w, are any 
entities (say w, =I), we have 

whence, by reduction of both sides, we have (2). 
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Remark. That the above theorem is more general than those of II EH 3, 

is shown by the following example, which may be proved by its aid, 
+t C(W-BB)I=WCI. 

Neither of the combinators is “ eigentlich”; in fact if zov, be written after 
each they both reduce to rola,. On the other hand if J is to be regarded 
formally the right-hand side reduces to the expression just written, while 
the reduction of the left-hand side cannot get any further than 2o/ (Ix). 

THEOREM 5. If X any Y are entities such that it follows combina- 
torially that 


then tt follows combinatorially that - 


-X=—YJ. 

Proof. Let X’ and Y’ be combinators, and Um entities such 
that and + reduce formally to X and Y re- 
spectively. Then 

= (Theorem 4), 
q.e. d. (by const.). 
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ON THE OVERCONVERGENCE OF SEQUENCES OF RATIONAL 
FUNCTIONS.* 


By J. L. WALSH. 


If a sequence of rational functions of the complex variable z converges 
to a given function f(z) on a given point set C with a certain degree of 
approximation, then that sequence may necessarily converge to the given 
function or its analytic extension on a larger point set containing C' in its 
interior. For instance, it was shown by 8. Bernstein that convergence of the 
sequence of polynomials pn(z) of respective degrees n = 1,2,° in such a 
way that we have for some Rk > 1 


| — pa(z) | S M/k", 


implies uniform convergence of the sequence pn(z) in some ellipse whose foci 
are the points 1 and —1. Various generalizations of this result have been 
studied by the present writer, where the degree of approximation of poly- 
pomials is given in a certain way not on the point set —1=2z=1, but ona 
more general point set,t and also where the approximating functions are 
rational functions more general than polynomials and the point set is a region 
or rectifiable curve.[ It is the object of the present paper to set forth a result 
which includes all of those mentioned, and which indeed seems to be the most 
general result of its type. In the previous study, we considered primarily 
approximation in a circular region by rational functions whose poles lie in 
another circular region; in the present paper more general point sets instead 
of circular regions are contemplated in these two rodles. We shall first prove 
an interesting special case, and then indicate the modifications for the more 
general theorem. 


I, 
Let C be an arbitrary closed Jordan region of the extended § z-plane 


and let D be an arbitrary closed point set having no point in common with C. 


* Presented to the Society, March 25, 1932. 

+ Miinchner Berichte (1926), pp. 223-229. 

t Transactions of the American Mathematical Society, Vol. 30 (1928), pp. 838- 
847 and Vol. 34 (1932), pp. 22-74. 

§ That is to say, we adjoin the point at infinity to the usual (finite) 2-plane; 
consequently the notions closure (of a point set), Jordan curve, and Jordan region 
are most conveniently interpreted on the sphere (stereographie projection of the plane) 
instead of in the plane itself. 
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Let Cr(z) denote the curve in the z-plane which is the image of the circle 
| w |= R>1-when the complement of C is mapped onto | w | > 1 in such 
a way that the point z = 2’ of D corresponds to w= «. The closed regions 
containing C’ bounded by the various curves Cr(z’) have obviously the region 
C in common when 7’ varies over D, and conceivably have a still larger point 
set in common. We denote by Cz this common point set whatever it may be. 
It will appear later that the point set common to the regions considered is 
itself closed, and it will also appear that C actually lies interior to Cp. 


Lemma I. If r_(z) is a rational function of z of degree n* whose poles 


lie in D and if we have 


(1) | m(z) M, for z on C, 
then we have also 
(2) | m(z) |S MR", for z on Cp. 
Let 21, Z2,° * *, 2n be the poles of rn(z); these lie in D and need not be 


distinct. The function rn(z) need not have nm poles; if there are fewer than 
n poles, only an obvious modification is to be made in our reasoning. Let 
w = i(z) be a function which maps the exterior of C onto the exterior of 
y:|w|=1 so that the point z =z; corresponds to w= «©. The function 
$;(z) is analytic exterior to C and (if suitablv defined on C itself) continuous 
in the corresponding closed region except for a pole of the first order at z= 4%. 
The modulus of ¢;(z) on C is unity. The function 


is analytic exterior to C’, continuous in the corresponding closed region, and 
for z on C we have by (1) 
Since inequality (3) holds for z on C it holds also for z exterior to C. 
Throughout Cr exterior to C we have 

| i (2) | =k, 

so that (2) now follows from (3) for z in Ce exterior to C. But Ce contains 
C in its interior, and 7,(z) has no poles in Cr, so (2) is valid for z anywhere 


in Cr. 


* That is to say, (2) can be written in the form 


where the denominator does not vanish identically. 
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Lemma I is analogous to, and a generalization of, a lemma used by 
Bernstein in the proof of his result already mentioned. The present method — 
is closely related -to that used by M. Riesz * in his proof of Bernstein’s lemma. 

Lemma I can obviously be extended to apply to point sets C more general 
than Jordan regions; we shall discuss this fact in more detail later. Let us 
return to the original case considered and use our original notation. 


Lemma II. If C is a Jordan region and if the point set D (having no 
point in common with C) is a Jordan region bounded by a curve which can 
be denoted by Cp(£) [where € is some point of D], then the point set Cr 1s 
the Jordan region containing C bounded by the curve Cv(£), where 


y= (Rp +1)/(R +p). 


Let w—¢(z) be a function which maps the exterior of C onto the 
exterior of y:| w| 1 so that the point z= corresponds to w= ». Then 
the function 


w’ = (1— /(w — = [1 — J/[6(z) 
maps the exterior of C onto the exterior of y’: | w’ | =1 so that z = 2, corre- 
sponds to uw’ = 0. The restrictions | w, | = p, | (4) | =p, % in the closed 
region not containing C bounded by Cp(£), 2: in D, are all equivalent. All 
points z not in Cr can be expressed by the conditions 


(4) = R, | p(21) 


or by the equivalent conditions 


1— 


= R, | w. | Ze, 


(5) 


Wy 


where w = (2), = $(41). 
Conditions (5), considered as restrictions on w, are not difficult to 
transform. We substitute 


w’ = (1— ww) /(w—w,), 
and write (5) in the form 
(6) w= (ww +1)/(w’+0,), |w|ZR>1, |wi| =p>1. 


Here w’ and w, are arbitrary, subject to the conditions indicated, and we seek 
the locus of w. The transformation in (6) transforms the unit circle 


* Acta Mathematica, Vol. 40 (1916), pp. 337-347. 
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| w’ | = 1 and its exterior into | w | — 1 and its exterior, so we obviously have 

|w|>1. Let us set | so we have by (6) 
ww = + ww’ + + + ww’ + 0,0’ + pi’). 

This last expression can be written as 


Ry’ -{- 22 + 1 


7 

(7) R,? + 2a + p:? ’ 
a fraction whose numerator is greater than its denominator, which is positive. 
We are considering the fraction for —p,k; =p,R,;. The denominator 
vanishes for 2—=— (R,? + p.7)/2 =—RFp, so, since the function (7) is 


represented by an equilateral hyperbola whose asymptotes are the axes, its 
minimum occurs for = p,f,, and this minimum value is 


[ (Rip: + 1)/(Ri + px) 
The relation 
is a consequence of the conditions Rk; = R, p1 =p, so we have shown that 
the complement of Cr lies in the Jordan region not containing C bounded by 
the curve Cv(£), v= (Rp +1)/(R +p). 

Reciprocally, let z be given in the Jordan region not containing (’ bounded 
by this curve Cy(g); we shall prove that z belongs to the complement of Ce. 
When this situation is transformed onto the w-plane; it reduces to the follow- 
ing. Given w, in absolute value not less than (Rp + 1)/(R + p); to find w’ 
and w, such that we have (6) satisfied. 

If | w| = R, it suffices to set w’ = w, wi = «©. If we have 


> (Rp +1)/(R +), 
we define the quantity p, by the equation 

| w |= (Rp + 1)/(R + 
so we have pi =p. Then (6) is satisfied if we merely set 


= piw(h + + 1), w’ = R(Rp: + 1)/w(kh + pi); 


R>|w 


we have | w,|—p:, | w’ |=, and Lemma II is completely proved. 

It follows from Lemma II that the complement of Cr never has a point 
in common with C, no matter how D (having no point in common with () 
may be chosen. For such an arbitrary D lies in some Jordan region D’ 
bounded by a Jordan curve ('p(¢). Enlargement of the original ) to the 
new D’ merely adds points to the complement of Cr or leaves that complement 
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unchanged, and the complement of the Cz corresponding to D’ has no point 
in common with C. Thus C itself always lies interior to Cr. 

It is also true under our present hypothesis, namely that C is a Jordan 
region and D an arbitrary closed set having no point in common with C, that 
the point set Cr is closed. In fact, Cr is the point set common to a finite 
or infinite number of closed regions (each bounded by a curve Cr(z’) and 
containing C’) and therefore closed. 

It is not true under our present hypothesis that Cr is necessarily con- 
nected, as we proceed to illustrate by an example. Let us choose C as the 
unit circle, and D as the point set 2, 20, 2w*, where » is an imaginary cube 
root of unity. The curve Cr(2) is a circle of the coaxial family determined 
by 2 (considered as a null circle) and C. For large values of FR, the three 
circles Cr(2), Cr(2), Ce(2o*) are small circles which do not intersect each 
other and which contain the points 2, 2, 2” respectively in their interiors. 
As R decreases, those circles vary as follows: they increase in size, intersect 
each other, become straight lines, become circles not containing the respective 
points 2, 2, 2w” but containing C, decreases in size, and finally approach C. 
At the stage where these circles Cr(z’) are still circles containing the respec- 
tive points 2, 2, 2w? but intersecting each other, the point at infinity is 
exterior to the circles Cr(z’) and hence a point of Cr, yet cannot be connected 
with C by a broken line consisting wholly of point of Cr. 

By means of Lemma I we shall be able to prove 


THEOREM I. Let rn(z) be a sequence of rational functions of respective 
degrees n such that we have for z in an arbitrary closed Jordan region C 
(8) | f(z) —tn(z) | S M/o", 

If the poles of the functions rn(z) le in the closed set D, where D has 
no point in common with C, then the sequence rn(z) converges uniformly for 
zin Cr, where R < p¥?. 

If (8) is valid for z in C and if the function t'ni(z) —rn(z) ts of degree 
n+ 1, with its poles in D, then the sequence rn(z) converges uniformly for 
zm Cr, where R < p. 

If (8) is valid for z in C and if there exists.a sequence 1’n(z) of functions 
such that 1n(z) —1n(z) is a rational function of degree n with its poles in D, 
if we have 


(9) | f(z) —1n(z) | S M/p", zin 

and if the sequence 1’,(z) converges uniformly for z in Cr, where R<p 
(2 may or may not depend on the sequence 1’n(z)), then the sequence rn(z) 
also converges uniformly for z in Cr. 


i 
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We prove the various parts of Theorem I in order. From the two 
inequalities 
| f(z) f(z) — (z) | SM/p™, 
satisfied for z on C, we have 


has < il 1 


also for z on C. The rational function tni1(z) —rn(z) is of degree 2n + 1, 


so Lemma I yields for z on Cp, 
| (2) — 1n(z) | 1 R2n+1 — MR é ~\(*) 
p p/\p 


Hence the sequence rn(z) converges as we have asserted. 
It follows also from the proof just given that if rni(z) —rn(z) is of 
degree n + 1, with its poles in D, we have for z on Cr 


M 1 
| Tn+1 (z) — Tn(z) | + 1) 
p 


so the sequence rn(z) converges uniformly for z on Cr, R <p. The assump- 

tion that rnii(z) —1n(z) is a rational function of degree n + 1 is satisfied 

for instance by the sequence of functions corresponding to a series of the type* 
(z— Bi) (2— (2 — (2 — (2 — Bs) 

a he 
do (z— a) (2 — a) ds (z— (2 — a) (z — 

If we have both (8) and (9) valid, we obtain similarly for z on C, 

| 1n(z) | = 2M/p", 
and Lemma I gives the inequality 
for zon Cr. Thus the sequence rn(z) —?1’n(z) converges uniformly for z on 
Cr, R <p. The sequence 7’,(z) is known to converge uniformly for z on Cp, 
so it follows that the sequence r,(z) converges also in this manner, and the 
proof of Theorem I is complete. If (9) is used, we do not need to know that 
’m(z) is rational or of degree n. 

In each of the parts of Theorem I it is naturally true that the sequence 
n(z) converges to the function f(z) (or its analytic extension) for z in Cr 
if Cz is connected and otherwise for z in that connected part of Cr containing 
C; for by (8) itself the limit of the sequence is f(z) on C, and the limit of 
the sequence is analytic for z on Cp. 


* Compare Angelescu, Bulletin de ’ Académie Rowmaine, Vol. 9 (1925), pp. 164-168; 
Walsh, Proceedings of the National Academy of Sciences, Vol. 18 (1932), pp. 165-171. 
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II. 


It is clear that the reasoning used in proving Lemmas I and II can be 
extended to include point sets C much more general than Jordan regions; 
the reasoning holds with only minor changes if C is any region or other closed 
point set whose complement is connected. But if the complement of C is not 
connected, our previous discussion requires to be supplemented, and we 
proceed to indicate how that can be accomplished. 

Let C and D be arbitrary closed point sets with no common point, such 
that the Dirichlet problem (for arbitrary boundary values) has a solution for 
every region S(z’) defined as the totality of points which can be joined to a 
given point z of D' by broken lines lines not meeting C. Such a totality of 
points actually forms an open region and its boundary consists entirely of 
points of C, as the reader will easily prove.* As before, let Cr(z’) denote the 
curve or curves in the z-plane which are the image of the circle | w |= R <1 
when the region S(z) is mapped onto | w | > 1 in such a way that the point 
z= 2’ corresponds to w= «©. The mapping need not be smooth and the 
mapping function w = ¢(z) is not uniquely defined, but the mapping function 
exists by the hypothesis on the region S(z’), and the point set Cr(z) is 
uniquely defined. Let Sr(z’) denote the complement in the z-plane of the set 
|¢(z) | > R > 1, so that Sr(z’) is closed and contains C, and is bounded by 
Cr(z’). Let Ce denote the point set common to all the point sets Sr(z’), 
where 2’ takes on all possible positions in D; the given set C surely belongs 
to Cr. It can be proved as in connection with Lemma II that C lies interior 
to Cr, and that Cr is closed. 


Lemma III. If rn(z) ts a rational function of z of degree n whose poles 
lie in D and if we have 
(1) | | SM, zon C, 
then we have also 
(2) | m(z) | SMR", z on Cp. 

The proof of Lemma III is slightly more complicated than that of Lemma 
I because of the fact that in the present case the point set C may separate the 
plane. Let 2, 22,° * +, Zn be the poles of rn(z), not necessarily all distinct; 
if there are fewer than n poles, obvious modifications are to be made in our 
discussion. Let 21, z2,: °°, Zm be the poles of rn(z) which lie in S(z:). 
Denote by $1(z), $2(z),° ¢m(z) functions which map the region 
onto the exterior of y:| w|—1 so that the respective points 2, 2m 
correspond to w= «; these functions need not be single-valued, but that 


does not affect our reasoning. The function 


* Compare for instance Walsh, Crelle’s Journal, Vol. 159 (1928), pp. 197-209. 
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is analytic in S(z,) except possibly for branch points, and its modulus is 
single valued in S(z,). For z on C, and hence for z on the boundary of S(z;) 
inequality (1) is valid, so for z on the boundary of S(z,) we have 
(10) | bm(z) | SM. 
To be sure, $i (2) is not properly defined on the boundary of S(z,), but as z 
approaches that boundary, | ¢:(z) | approaches unity and rn(z) is continuous; 
inequality (10) is to be interpreted in that sense. It follows that (10) is valid 
throughout the region S(z,), a region within which the function on the left 
is analytic except possibly for branch points. Throughout the region common 
to S(z,) and Cr we have 

| di(z) | SR, 

so from (10) we derive (2) for z in the region common to S(z,) and Cp. 
In a similar manner it is shown that (2) is valid for z in the region common 
to Cr and any S(z;) containing poles of r,(z). 

Inequality (2) is valid on the boundary of each region S(z;) containing 
poles of tn(z); denote by > the set complementary to the totality of such 
regions S(z;). Then inequality (2) is valid at each boundary point of >; 
the function $,(z) is analytic throughout >, so inequality (2) is valid at each 
point of >, and is valid in particular at each point of Cr belonging to >. 
We have already proved the validity of (2) at each point of Ce not in %, 
that is at each point of Cr lying in a region S(z;) containing poles of rn(z), 
so the proof of Lemma III is complete. 

We add without proof the remarks * that if R’ is less than R, the set Cr 
is interior to the set (re; if FH is an arbitrary closed set interior to Cr, there 
exists an R’ < R such that Cr contains £ in its interior; if P represents an 
arbitrary point interior to Cr, there exists a value of R’ less than FR such that 
P lies on the boundary of Cpr. 

Lemma III can now be applied to establish a result analogous to Theorem 
I; here C is no longer a Jordan region. In the present case C and D are 
arbitrary closed point sets with no common point, such that the Dirichlet 
problem (for arbitrary continuous boundary values) has a solution for every 
region S(z’) defined as the totality of points which can be joined to a given 
point 2’ of D by broken lines not meeting C. 


THEOREM II. Let rn(z) be a sequence of rational functions of respective 
degrees n such that we have for z on C 
(8) | f(z) —rn(z) | S M/o", 


*In the proof of these remarks it may be found convenient to use the results of 
Lebesgue, Palermo Rendiconti, Vol. 24 (1907), pp. 371-402. 
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If the poles of the functions rn(z) lie in D, then the sequence rn(z) 
converges uniformly for z on Cr, where R < p*”. 

If (8) is valid for z in C and tf the function t'nyi(z) —1n(z) ts of degree 
n+ 1, with its poles in D, then the sequence rn(z) converges uniformly for 
z in Cr, where R < p. 

If (8) is valid for z in C and if there exists a sequence 1’n(z) of functions 
such that r’n(z) —1m(z) ts a rational function of degree n with its poles in D, 
if we have 
(9) | f(z) —rn(z) | S M/e*, zin 
and if the sequence 1’n(z) converges uniformly for z in Cr, where R < p, 
[2 may or may not depend on the sequence 1n(z) |, then the sequence rn(z) 
also converges uniformly for z in Cr. 

The proof of Theorem II follows directly that of Theorem I. 


ITI. 

If the point set C of Lemma III actually separates the plane, and if the 
various regions into which C' separates the plane are known to contain respec- 
tively specific numbers of poles of 7n(z) less than n, then it may occur that 
a sharper result than Lemma III can be established, with a corresponding 
application more general than Theorem II. We give only a very simple 
illustration of this remark: 

LemMA IV. Let C be an arbitrary Jordan curve in whose interior the 
origin lies. If ren(z) is a rational function of z of the form 

Ton(Z) = Ane" + + + dy + + +° + 
and if we have for z on C 
(11) | ron(z) | SM, 
then we have also 

| ron(z) | S MR 
for z on Cr, where D consists of the origin and the point at infinity. 

The proof is essentially contained in the discussion already given in 
connection with Lemma ITI. 

Lemma IV will be used in proving a result related to Theorem I: 

THEOREM III. Let C be an arbitrary Jordan curve in whose interior the 
origin lies. Let ron(z) be a sequence of rational functions of the form 


Ton(Z) = + tn’ (2), 
= on + + + + Ann2", 


| 
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such that we have for z on C 


(12) | f(2) pp > 


Then the sequence ren(z) converges for z m Cr, umformly for z in Cri, 
R, < R, where R=p. The point set D is to be taken as consisting of the 
origin and the point at wmfinity. 

The region Cr is bounded by two curves, C’r = Cr(~) exterior to C and 
Cr” =Cr(0) interior to C; the sequence 1’n(z) converges for z interior to 
uniformly for z intertor to C’s, p=R, and the sequence 


converges for z exterior to Cp”, uniformly for z exterior to Co”, << p= R. 


The first part of Theorem IIT follows directly, for we have by (12) for 
zon CU 
| f(z) —Ten(z) | S M/p", | f(z) —tense(z) | M/p™, 
| | S (M/p") (1 + 1/p) ; 


and this last inequality yields by Lemma IV, since the function 
Tens2(%) — Ton (2) 
is of the form used in Lemma IV and of degree 2n + 2, 


| —on(z) | S (M/p") (1 + 1/p) 
for z on Cr:. Thus the sequence r2,(z) converges uniformly for z on Cri if 
< p- 

The limit in Cp (p =f) of the sequence r2,(z) is in Cp an analytic 
function of z, and coincides on C with f(z), so this limit is the analytic 
extension in Cp of f(z) and will be denoted by f(z). The function f(z), 
defined in the ring bounded by C’p and Cp”, may be written in the form 


f(z) =fi(z) + fa(z), 
where f,(z) is analytic interior to O’p and f2(z) is analytic exterior to Cp” 
and vanishes at infinity: we have 


fi(z) = z interior to 
C's 


(13) z 
t) dt | , 
fe(z) z exterior to Co”; 
these integrals are independent of the precise value of o. In a similar way 
we have 
on(t) dt 
z interior to C’c, 
C's t—z 
(14) 
(2) = : ron(t) dt z exterior to Co”. 


Qari Co” t—z 
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We have already proved the uniform convergence of ren(z) to f(z) on 
C’, and Co”. Term-by-term integration of the equations just written yields 

lim =fi(z), uniformly for z interior to <p, 


lim rn”’(z) =f2(z), uniformly for z exterior to C,”. 


Theorem III is now completely proved. 

Theorem III yields a new result which the reader can readily formulate, 
by the use of a linear transformation z = (z —a)/(z# —b). 

Theorem III, together with much more general results, has been proved 
by de la Vallée Poussin * for the case that C is a circle. Approximation on 
the unit circle by rational functions of the kind indicated is equivalent to 
approximation by trigonometric sums. Theorem III was previously proved 
by the present writer (loc. cit.) for the case that C is rectifiable; the previous 
proof is not valid in the present case. We recall also the following complement 
to Theorem III, which holds whether C is rectifiable or not: 


If the function f(z) 1s analytic in the closed region Cr, then there exist 
rational functions ren(z) of the form indicated such that we have (12) 
satisfied for p=R for z on C. 

We have stated Theorem III for the case that C is a Jordan curve. The 
reader will notice that Lemma IV, Theorem III, and its complement are still 
true if C is an arbitrary closed set which separates the plane into two simply 
connected regions containing respectively the points z=0 and z=. 
Moreover, if we have p > o > 1, there exists M’ such that 

| f(z) —Ten(z) | S M’o"/p", zon Oo. 
Consequently we have by the use of equations (13) and (14) 
| — rn(z) | SM%o"/p", z interior to C’, 
| fe(z) — tn’ (z) | S M%o"/p", z exterior to C,”. 


In particular we have 


| f:(z) — | 
| fe(z) (2) | S M”/p1", zonC, 


where p; is an arbitrary number less than p and where M” depends on ,. 


IV. 


There are various generalizations of our results which can be obtained 
with little difficulty. We merely mention these and leave the details to the 
reader. 


* Approximation des fonctions (Paris, 1919), Ch. VIII. 
10 
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(1) Functions f(z) which are meromorphic instead of analytic on C may 
be approximated, where some poles of the approximating functions 7,(z) are 
allowed on C, but with the requirement that the limit points of poles of the 
functions —1n(z) in Theorems I and II and of —ren(z) in 
Theorem III should lie in D. The results are entirely analogous to those 
already obtained. 

(2) The properties of a sequence r,(z) and its limit often depend not 
primarily on the position of the poles of 7n(z) but on the limiting position of 
the poles of rni(z) —1n(z), that is on the limit points of those poles. A 
correspondingly more general statement of our results can be formulated. 

(3) As has already been suggested, Lemma IV and Theorem III are merely 
special cases of more general results, where C’ separates the plane or not and 
D consists of several separated parts. Results exist more general than Lemma 
III and Theorem II, if the various parts of D are known to contain respec- 
tively a specific number (less than n) of poles of 7n(z) or of Tnsi(z) —1n(2). 
This is true, moreover, whether or not parts of D are separated by C. 

(4) Throughout the present paper our measure of the approximation of 


1n(z) to f(z) has been 
max | f(z) —7n(z) |; zon (. 


There exist other interesting measures of the approximation of 7,(z) to f(z) 
on (, such as (i) the line integral 


p>o, 


extended over the boundary of C, if that boundary is rectifiable; (ii) the 
surface integral 


Sf | f(z) —rn(z) |? dS, p> 9, 


extended over the area of (; (iii) the integral 


J 


extended over the circle y: | w | 1 after mapping of C or of such a region 
as S(z’) onto the interior or exterior of y. Any of these new measures of 
approximation may be used, even with the introduction of a positive weight 
cr norm function, and under suitable restrictions there can be proved results 
analogous to those we have here established in detail. 

(5) The approximation of harmonic functions by harmonic rational 
functions may be studied by our present methods. 
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ON APPROXIMATION TO A MAPPING FUNCTION 
BY POLYNOMIALS. 


By O. J. FARRELL.* 


1. Introduction. In a paper on approximation to an arbitrary function 
of a complex variable by polynomials, Professor Walsh + raised, among others, 
the question: What conformal maps can be approximately performed by means 
of polynomials with an error uniformly and arbitrarily small? The present 
paper contributes a new result in connection with this question. 

We confine attention to the conformal mapping of a finite simply con- 
nected region on the interior of the unit circle. For such a map the question 
raised is answered by the following theorem: 


THEOREM I. Let G be a finite simply connected region in the z-plane, 
and let f(z) be a function which maps G conformally on the interior of the 
unit circle. Then in order that f(z) when suitably defined on the boundary 
y of G be continuous on G+ y and be also uniformly developable on G + y 
ia a series of polynomials in z, it is necessary and sufficient that every point 
of y be a simple ¢ boundary point of G and that y be also the boundary of an 


infinite region. 


Theorem I is the chief result of the present paper; most of the paper 
is devoted to its proof. One further result, obtained by a simple application 


of Theorem I, may be mentioned here : 


THEOREM II. In the z-plane let G be a finite simply connected region 
whose boundary y consists wholly of simple boundary points of G and is also 
the boundary, not of an infinite region, but of a finite region R distinct 
from G. Let f(z) be a function which maps G conformally on the interior 
of the unit circle. Then f(z) may be uniformly expanded on G+ y in a 
series of polynomials in 1/(z-—%), where 2 = @ is any chosen fixed point in R. 


An example of a region to which Theorem II is applicable is the region 


* National Research Fellow. 

+ Transactions of the American Mathematical Society, Vol. 30 (1928), pp. 472-482. 

t That is, contained in just one boundary element (Primende). See Carathéodory, 
“Uber die Begrenzung einfach zusammenhiingender Gebiete,” Mathematische Annalen, 


Vol. 73 (1913), pp. 323-370, § 44. 
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consisting of a strip closed at one end which lies interior to the unit circle 
and which winds around infinitely often, approaching every point of the 
circle as it does so. 

It is interesting to note in this connection the existence of a region G 
whose boundary y although made up wholly of simple boundary points is not 
the boundary of any other region either finite or infinite. Consider, for 
instance, the region constructed by Professor Carathéodory * to show that 
boundary elements of the second kind can occur with the power of the con- 
tinuum in every interval of boundary elements. Let P be any boundary 
point of this region that lies in the interior of the rectangle ABCD. Then 
it is readily seen that in a_ sufficiently small neighborhood of P are to be 
found only points of G+ y. This means of course that the complete bound- 
ary y of G does not serve as the boundary of any region other than G@. 


2. Proof of necessity of conditions of Theorem I. The fact that the 
boundary y of G must consist entirely of simple boundary points of G 
results from the following 


LEMMA. Let w=f(z) be a function which maps a finite simply con- 
nected region G of the z-plane conformally on the region |w| <1. A neces- 
sary and sufficient condition that f(z) be definable on the boundary y of G 
so as to be continuous on G + y is that every point of y be a simple boundary 
point of G. 

The proof of this lemma is immediate by Theorems XIII and XXI of 
the paper by Carathéodory already referred to above. 

It remains to show that y must also be the boundary of an infinite 
region. Suppose this were not so. All points of the plane which can be 
joined with the point z= o by a Jordan arc containing no point of y form 
a region whose boundary f consists wholly of points of y, but which by 
hypothesis does not exhaust the point set y. Let z be any fixed point of G. 
All points which can be joined to z by a Jordan arc containing no points 
of 8 form a region JT bounded by £ and containing as interior points those 
points of y which do not belong to B. 

If now there exists a sequence of polynomials converging uniformly to 
f(z) on G+ y, the sequence will in particular converge uniformly on ~ 
and hence also on 7+. This sequence thus defines a function regular- 
analytic in 7, continuous on 7'+ 8, and assuming its maximum absolute 
value, namely unity, at interior points of 7. But this is impossible. Hence 


* Loc. cit., § 49. 
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the complete boundary y of G must also constitute the boundary of an infinite 
region. 


3. A theorem on the convergence of a sequence of mapping functions. 
We require for the proof of the sufficiency of the conditions of Theorem I 
the following theorem: 


THEOREM III. In the z-plane let G be a finite simply connected region 
containing the origin whose boundary y consists wholly of simple boundary 
points of G and is also the boundary of an infinite region. Let 


(1) G1, Ge, 


denote a sequence of uniformly bounded simply connected regions such that 
the closed region G+ y lies interior to every Gn. Let w=—fi(z), fe(z), 
fs(z),° °° 3 f(z) denote the functions that map conformally G1, G2, Gs,°** ; 
G respectively on the region | w| <1 so that in every case the points z = 0 
and w = 0 together with the directions of the positive axes of reals at these 
points correspond to each other. Suppose that f(z) has been defined on y 
so as to be continuous on G+ y. Then if G be the kernel * of the sequence 
(1) and if this sequence converge to its kernel, we have 


(2) Tim fa(2) =f(2) 


uniformly for all z on G+ y. 

It follows from the hypotheses of Theorem III by results of Bieberbach f¢ 
that (2) holds uniformly in any closed region lying wholly interior to G. 
We shall show, however, that (2) holds uniformly for all z in the open 
region G. From this it will then follow, due to the continuity of f(z) and 
fn(z) on G+ y, that (2) holds uniformly for all z on G+ y. 

Suppose that (2) does not hold uniformly for all z in the open region G. 
Then there exists a sequence of points of G 


together with a subsequence of functions 


and a positive number A such that 
(5) | fue (2%) —f (ze) | > A, (kaw 


* See Bieberbach, Lehrbuch der Funktionentheorie, Vol. 2 (1927), pp. 12-13. 
} Loe. cit., p. 13. Compare Walsh, loc. cit., p. 474. 
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No interior point of G can be a limit point of (3) because of the uniform 
convergence of fn(z) in every closed region that lies in G. We may assume, 
then, that (3) converges in the sense of Carathéodory * to a boundary ele- 
ment EF, of G, since in any event a subsequence can be chosen which has this 
property. Let wo designate the point on the circle | w|—1 which corre- 
sponds by w =f (z) to Ep. 

The boundary element E£, may be defined by a chain of cross-cuts 
91, 42," * * which lie on concentric circles and converge to a point of Ly. 
Let 91,92," * * denote the corresponding chain of subregions. 

A point in G, which can be connected to a point on the boundary yn 
of Gn by a Jordan arc J of diameter less than 6 is transformed by w = fn(z) 
into a point whose distance from the point corresponding by this same relation 
to the boundary element of Gn defined by J is less than a quantity 6(8) 
which is independent of n and approaches zero with 6.t 

Let an arbitrary positive « be given. Choose 8 so that 0(8) <e«. From 
the cross-cuts q1, G2, * * choose one gy whose length is less that 8/3, whose 
transform by w= f(z) lies entirely within distance « of wo, and such that 
the point z= 0 is exterior to gy. Let 2’ designate the middle point of qw. 
Denote by Qi and Q» the end-points { of gy. Choose a positive number 4 
less than 6/3 and also less than (,Q2/2. 


By choosing mp sufficiently large, we have for all n = no 


(a) | fr(z’) —f(#) | 


b within distance » of every point of y lie points of yn. 


The condition (a) can be obtained by virtue of the result of Bieberbach men- 
tioned above. The fact that (b) can also be obtained may be seen as follows. 
If this were not possible, there would exist a sequence of points P;, P2, Ps,°*° 
on y together with a subsequence of regions Gp,, Gp, Gu,* °° such that for 
every k no point of the boundary yp, of Gp, lies within distance y of Px. 
We may assume that the sequence P,, P2,- - - has a unique limit point Po. 
Then all points P; for sufficiently large & lie within distance 7/2 of Po. 
Hence no boundary yp», from a certain k on comes within distance »/2 of Po- 


* Loc. cit., definition No. III, top of p. 332; also Theorem VII, p. 341. 

+ See Lindeléf, “ Sur un principe général de l’analyse,” Acta Societatis Scientiarum 
Fennicae, Vol. 46, No. 4, the two italicized results on page 16. Compare Walsh, 
loc. cit., p. 475. 

¢ The points Q, and Q, are distinct. If this were not so, points of y and hence 
also points of the infinite region F’ bounded by y could be found both inside and out- 
side the circle formed by gy. But this would be absurd, for F would not then be a 
region. 
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But then G would not be the kernel of the subsequence Gy,, Gy,,° * -, contrary 
to the hypothesis that the sequence (1) converges to its kernel G. 

Consider any region Gn of (1) for which n=. Join Q,; and Q2 each 
with the nearest point of yn by means of the straight line segments Q:7; 
and é.F.. Let Rk, and R, denote the first points of intersection of rik, J 
and Q.T. respectively with gy when one proceeds from 7, to Q; and from 
T, to Q2. (It can happen of course in simple cases that R, coincides with Q,, 
or R, with Qe, or both.) Thus we obtain a cross-cut 7,R,R2T, of Gn con- 
sisting of the straight line segments 7,2, and R.T, together with that portion 
of gv which joins R, and R:. Call this cross-cut o. We notice that o contains 
z’ and that the length of o is less than 6. 

Denote by G’n and Gn” the two sub-regions of Gn defined by o. For 
sufficiently small choice of 7 the subregion gys of G is wholly interior to 
one of the two regions G’n and Gn”, say G’n, while the point z = 0 is interior 
to the other region Gn”. This may be seen as follows. About # as center 
draw a circle K lying entirely interior to G. The cross-cut gy divides t'e 
interior of K into two regions H’ and H” such that one of them, say H’, 
is entirely interior to gy and H” is wholly exterior to gy. Join an arbitrary 
fixed point of H’ with an arbitrary fixed point of gy., by a Jordan are lying 
in gy. Join also a fixed point of H” with the point z=0. by a Jordan are 
lying in G@ but exterior to gy. Let » denote the minimum distance between 
a point of either are and the boundary y of G. Let p denote the minimum 
distance between either of the points Q;, Q» and a point of K. Finally let 
d denote the minimum distance * between gy and the closed region consisting 
of gs and its boundary. Then it will be seen that we need merely to choose 
any positive 7 which (in addition to being less than 6/3 and 0102/2 as already 
required above) is less than the least of the positive numbers yp, p, 4d. 


The transform 7 of o by w =fn(z) is a cross-cut of the region | w| <1 
lying entirely within distance 6(8) < ¢ of the point on the circle | w|=1 


which corresponds by w= fn(z) to the boundary element of G, defined by 
the segment @,7',. Thus every point of 7 is within distance 2¢ of the point 
w=fn(z’). It follows then from the inequalities 


| —f(z#) | <e and |f(2)—wo|<e 


that all points of + are within distance 4e of wo. Hence one of the two sub- 
regions of | w | <1 defined by + must lie wholly within distance 4€ of wo. 


* This minimum distance \ is positive. In the contrary case, an end-point of dy, 
say Q,, would have to lie on the boundary of g,,,- But then Q, would not be a simple 
boundary point of G. See Carathéodory, loc. cit., Theorem XXII. 
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And this region is the transform by w—fn(z) of G’n, at least for « < 4, 
since then the point w= 0, which corresponds to z==0, is a point of the 
transform of the other region Gn”. 

The transform of gys:1 by w=—fn(z) is therefore a region every point 
of which is within distance 4e of wo. And the transform of gyi: by w = f(z) 
lies wholly within distance « of wo, since gyi is a part of gy. And so we 
have for e << 5A 

| fa(z) —f(z) 


for all z in gys: and for alln =n». But for sufficiently large & the points 
ze of (3) are interior points of gys:. And for these points (5) holds. Here 
we have a contradiction, and hence it must be true that (2) holds uniformly 
in the open region G and consequently also on G + y. 


4. Proof of sufficiency of conditions of Theorem I. It is no loss of 
generality to assume that the given region G@ contains the origin and that 
the mapping makes correspond the points z=0 and w=—f(z) =0 together 
with the directions of the positive axes of reals at these points; for this may 
always be effected by a preliminary linear transformation of the form 


(6) €=az+b. 


Then f(z) becomes g({), and an expansion of g(¢) in the transform of 
G+ y by (6) in terms of polynomials in ¢ is equivalent to an expansion of 
f(z) on G+ y in terms of polynomials in az + b, that is, in terms of poly- 
nomials in 2. 

Choose a sequence of uniformly bounded simply connected regions 
which have the given region G as their kernel and which con- 
verge to their kernel. Let w = f(z), fe(z),° denote the functions which 
map these regions respectively on the interior of the unit circle so that in 
every instance the points and w= 0 correspond, together with the 
directions of the positive axes of reals at these points. 

Let an arbitrary positive « be given. Choose by virtue of Theorem III 
a function fn(z) such that 


(7) | f(z) —fa(z) |<e/2, zon 
By Runge’s well known theorem * there exists a polynomial P(z) such that 
(8) fu(2) —P(z)|<«/2, zon G+y. 


Combining (7) and (8) we have the desired result 


* See, for instance, Bieberbach, loc. cit., Vol. 1 (1921), p. 296. 
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| f(z) —P(z) |<« zon G-+y. 


5. Two applications of Theorem I. Our first application of Theorem I 
is Theorem II, the proof of which is very simple. Let z =a be an arbitrarily 
chosen fixed point in R, and let the circle C: |z—«|—r lie wholly in R. 
The transformation 


(9) | +a 


exchanges the interior of C with its exterior. Let g(¢) denote the inverse of 
(9). Then by Theorem III the function f [g(£)], which maps the transform 
of G by (9) on the region |w|< 1, may be uniformly approximated as 
closely as desired in this closed region by a polynomial in ¢. But this means 
that f(z) can be uniformly approximated as closely as desired on G+ y by 
a polynomial in 1/(z—«). 

Another simple application of Theorem I results in 


THEOREM IV. In the z-plane let G be a region whose boundary y con- 
sists wholly of simple boundary points of G and is also the boundary of an 
infinite region. If the function F(z) is analytic in G, continuous on G+ y, 
and constant on each boundary element of G, then F(z) may be uniformly 
approximated as closely as desired on G+ y by @ polynomial in z. 


For convenience in proving this theorem we require the following 


Lemma. The function f"(z), where n is any positive integer and f(z) 
is the mapping function of Theorem I, may be uniformly approximated as 
closely as desired on G + y by a polynomial in z. 


Let an arbitrary positive « be assigned. Choose by virtue of Theorem I 
a polynomial P(z) such that 


|P(2) —f@) zonG@G+y. 


Then we have 
| Pn(z) — | =| P(z) — f(z) | 


Let z=g(w) be the inverse of w—f(z), where f(z) is a function 
which maps the given region G of Theorem IV on the region | w| <1. Then 
for | w | <1 we have 


< 


F(z) =F[g(w)] = H(w), 


e 
t 
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and H(w) is analytic for |w|<1. Moreover, H(w) takes on a boundary 


value at each point of the circle |w|—1. Let ww, for instance, be a 
point of this circle, and let Ly denote the boundary element of G that corre- 
sponds hy z= g(w) to wo. If wi, be any sequence of points interior 


to |w|<1 converging to wo, the corresponding sequence 21, 22,° °° 
(Zn = 9(Wn)) converges to Ey. But then the sequence 


H(w,), H(we),* **, 
or what is the same, 
F(a), P(z2),° 


converges to a definite value, namely the constant value of F(z) on £). 
So if we define H(w) on | w|=1 as equal to its boundary values there, 
35 

Then, given an arbitrary positive e«, we can find a polynomial * P(w) 
such that 


H(w) is continuous for | w | = 1 as well as analytic for | w 


| H(w) —P(w) | <«/2, |w|S1. 
That is 
| F(z) — P[f(z)] | < «/2, zon@+y. 
But by the lemma each positive integral power of f(z) can be approximated 
as closely as desired on G+ y by a polynomial in z. Consequently a poly- 
nomial p(z) exists such that 
| P[f(z)] — p(z) | < zon @G+y¥. 
Combining the last two inequalities we have 
| F(z) — plz) |<« zonG+y._ 


UNIVERSITY OF MUNICH, 
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* See Walsh, loc. cit., Theorem I. 
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ON INFINITE ORTHOGONAL MATRICES. 


By Monroe HarnisH Martin. 


TABLE OF CONTENTS. 


INTRODUCTION. 
I. Reality discussion of the trigonometrical moment problem of Herglotz. 
II. Application of the trigonometrical moment problem to orthogonal 
matrices. 
III. A connection between reduced skew-symmetric and reduced Hermitian 
matrices. 
IV. The parametric representation of the manifold of the orthogonal 
matrices. 
V. The four classes of orthogonal matrices. 
VI. Rotations and reflections. 
APPENDIX. The problem of moments for a finite interval and the theory 
of bounded Hermitian matrices. 


INTRODUCTION. 
If one interprets the elements mj (j,k =1,2,::-:n<-+ ) of an 
arbitrary real or complex n rowed square matrix M = || mjx || as the codrdi- 


nates of a point in a Euclidean space of n* real or complex dimensions, the set 
of points representing the real unitary matrices (i.e. the orthogonal matrices) 
divides itself into two separate continua, one of which contains the rotation 
matrices (i.e. the orthogonal matrices of determinant +1) and the other 
the reflection matrices (i.e. the orthogonal matrices of determinant —1). 
The interpretation of a finite matrix as a point in a Euclidean space of a 
suitable number of dimensions may obviously be extended to infinite matrices 
by employing an abstract manifold of «* real or complex dimensions. The 
aim of the present paper is to obtain a division of this abstract manifold 
into two sub-manifolds in a manner which is a natural extension of the 
afore-mentioned division of the space of finite orthogonal matrices. The 
procedure is to first obtain a one-to-one parametric representation. of the 


entire manifold of the infinite orthogonal matrices which divides the ortho- 
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gonal matrices into four distinct classes, and then to show how the matrices 
of these four classes may be reapportioned into two sub-manifolds of the 
manifold of the infinite orthogonal matrices, the two sub-manifolds coinciding, 
for finite orthogonal matrices, with the two separate continua noted above. 
Since the formula of Cayley does not yield, as we show in some detail in 
the next few pages, a parametric representation of the entire manifold of 
the orthogonal matrices, it has been found necessary to employ the spectral 
theory which yields a one-to-one exponential representation of the entire 
manifold of the orthogonal matrices. Throughout this paper we employ bold- 
faced capital letters to designate finite matrices, the Roman capitals being 
retained for infinite matrices. 
We denote by 


p=1 q=1 


the compound form (Kopplungsform) of an arbitrary bounded ¢ matrix 


M = || mpq || and shall call a real or complex vector 7 = (21, 42, - -) a unit 
vector if 

+00 

p= 


in which E is the unit matrix. The compound forms of bounded matrices 
possess the obvious uniqueness property in that the necessary and sufficient 
condition for the equality 


to hold for every unit vector z is that M—N. Expressed otherwise, the 
equality 
®([M;z] —0, 


holds for every unit vector x then and only then if M is the zero matrix || 0 |. 

We shall understand by the domain { A(M) of an arbitrary bounded 
matrix M the point-set which one constructs in the complex plane from the 
values, together with their limiting values, which are taken by the compound 
form (1) for those vectors x satisfying (2), i.e. for the totality of the unit 
vectors which compose the so-called complex Hilbert sphere (2). The domain 
A(M) of a bounded matrix M is then, from its definition, a bounded closed 
point set in the complex plane. 


+ D. Hilbert, “Grundziige einer allgemeinen Theorie der linearen Integralgleich- 
ungen,” (1912), p. IV. This book will be referred to as “ Hi”’. 
Termed by German writers “ Wertevorrat.” 
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According to a theorem of Toeplitz + there exists for every bounded 
matrix M at most one bounded matrix K for which the two independent 
conditions KM = E, MK = E are fulfilled. If such a bounded matrix exists 
we designate it as the reciprocal of M and denote it by M-*. We then under- 
stand by the spectrum { of a bounded matrix N the set of those points A in 
the complex plane for which (AE—N)~ does not exist and denote this 
point-set by A(N). It is known § that the point-set A(N) thus defined for 
every bounded matrix N contains at least one point and is a closed subset 
of the domain A(N). If we denote by /[M] the greatest lower bound of 
the compound form ®[N;z2] of a bounded matrix N under the condition 
that |2|=1 and by N* the transposed matrix of the conjugate complex 
elements of N (i.e. N*¥ = N’), the number A is then and only then, according 
to Toeplitz,{ in the spectrum of N if at least one of the following two 
equations is fulfilled 


(3) I[AE—N)(AE—N)*]=0, 1 [(AE—N)*(AE—N)] =0. 


If N is commutable with N*, i.e. N is a normal matrix, the two conditions 
in (3) are identical. 

The subset of the spectrum composed of those and only those points A 
for which the homogeneous equations belonging to the bounded matrix AE — N 
possess a solution x for which | z|—1 is called the point spectrum || of N. 
The points of the spectrum do not necessarily all belong to the point spectrum 
and it is possible that the point spectrum of N contains no single point. 
It is clear that the spectrum of cE — N is obtained from the spectrum of N 
by a translation, determined by the real or complex number ¢, in the complex 
plane. If T is a bounded matrix for which T-* exists then the bounded 
matrices M and TMT- possess the same spectrum and the same point 
spectrum. 

A matrix N is said to be Hermitian if N* =N, unitary if N* exists 
and is equal to N*, and skew-symmetric if N’ =—N. It is known that the 
unitary matrices form a group of bounded matrices and that no unitary 


+O. Toeplitz, “Die Jacobische Transformation der quadratischen Formen von 
unendlichvielen Verinderlichen,” Géttingen Nachrichten (1907), pp. 101-109. This 
paper will be referred to as “T”. 

tA. Wintner, “Zur Theorie der beschrinkten Bilinearformen,”’ Mathematische 
Zeitschrift, Vol. 30 (1929), p. 239. This paper will be referred to as “W”. 

§ See “W”, pp. 241-243. 

“T”, 

| This definition of the point spectrum of an arbitrary bounded matrix N coincides 
for bounded Hermitian and unitary matrices with the usual definition for the point 
spectrum of matrices of these two classes. 
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matrix is completely continuous (vollstetig). The domain of an arbitrary 
bounded matrix N is a unitary invariant, i.e. if U is any unitary matrix, 
then A(N) = A(UNU~). 

The domain A(H) of a bounded Hermitian matrix H is a bounded, 
closed interval of the real axis of the complex plane, the end-points of which 
always belong ¢ to the spectrum A(H) of H. Since the spectrum of any 
bounded matrix, as has been mentioned above, is a subset of the domain of 
the matrix, the spectrum A(H) of a Hermitian matrix H lies entirely on 
the real axis of the complex plane. The domain of a unitary matrix U is a 
convex subset of the unit circle, the spectrum of U being contained on the 
boundary of the unit circle. The real subset of the manifold of the unitary 
matrices forms the manifold of the orthogonal matrices O so that the spec- 
trum of O is likewise contained on the boundary of the unit circle and is in 
addition symmetric with respect to the axis of reals inasmuch as the spectrum 
of any real bounded matrix possesses this symmetry property. The domain 
of a bounded real skew-symmetric matrix is contained on the axis of imagi- 
naries and, as may easily be verified directly, is symmetric with respect to 
the axis of reals. For our purpose it will be more instructive to derive this 
symmetry property of the domain of a bounded real skew-symmetric matrix 
as follows: The matrix iS in which S is a bounded real skew-symmetric 
matrix is obviously Hermitian so that its domain and, therefore, its spectrum 
is contained on the axis of reals. Since the spectrum of S is symmetric with 
respect to the axis of reals, the spectrum of iS is symmetric with respect 
to the axis of imaginaries and, therefore, also the domain of 1S is symmetric 
with respect to the axis of imaginaries inasmuch as, as has been mentioned 
above, the end-points of the domain of a bounded Hermitian matrix H always 
belong to the spectrum of H. Finally, since @[S; 2] ——i® [i8; x], it 
follows that the domain of S is symmetric with respect to the axis of reals. 

A pair of matrices (M,N) is said to be separated if the elements mpg 
of M and the elements npq of N stand in the following relationship to one 
another : 

(4) if then na =), 
if then = mjp Mma = 0, 


in which the two subscripts j,& take independently (p and q fixed) all posi- 
tive integral values. 


7 F. Riesz, “ Les systémes d’équations linéaires a une infinité d’inconnues ” (1913), 
pp. 139-140. For a direct demonstration cf. A. Wintner, “ Spektraltheorie der unend- 
lichen Matrizen” (1929), pp. 146-148. The book of Riesz will be referred to as “R” 
and that of Wintner as “S”. 
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If two bounded matrices M and N form a separated pair (M,N) and 
if Dy Dy are any two points whatsoever in the domains A(M) and A(N) 
respectively, it is clear from (4) that there exist two sequences of unit vectors 
so that (cf. the definition of the domain of a bounded matrix on p. 580) 


by lim 6[M;yx] while 0—[N;y%] for k—1,2,---, 


(5) k-+00 
= lim ® [N; ] while 0—® [M; 2x | for k=1, 


k-+00 
It is not difficult to see that if the matrix pair (M,N) is separated, the 
infinitely many matrix pairs 
(6) (M?, ; (p,q = 1,2," 


are also separated. A pair of bounded matrices (M,N) is said to be per- 
pendicular if 
(7) MN NM =| 0 |, 


and it is easy to see that while a separated pair of bounded matrices is always 
perpendicular, it does not follow that a perpendicular pair of matrices is 
necessarily separated. In addition the property of a pair of bounded matrices 
to be perpendicular is readily seen, in contrast to the property of a matrix 
pair to be separated, to be invariant with respect to simultaneous matrix 
transformations of the two matrices composing the pair. It is trivial from 
(7) that for a perpendicular matrix pair (M,N) we have 


(8) (M+ N)"—M"+ Ne; (n=1,2,° °°). 


We employ (5), (6) and (8) in order to show that a separated pair of 
Hermitian matrices (M,N) possesses in the notation of p. 581 the property 


(9) A(M +N) =A(M) + A(N) 


in which the + sign denotes the usual process of the addition of two point 
sets, i.e. for example A(M) + A(M) —A(M). In order to prove (9) let 
» and v be any two points (not necessarily different) in the respective spectra 
of the bounded Hermitian matrices M and N forming the separated matrix 
pair (M,N). According to (3) there accordingly exist two sequences {yn} 
and {zn} of unit vectors for which 

lim © [(uE—M) (uE—M)*; yn] 

= lim © [ (w?E — + M?) 5 yn] = 0, 


(10) 


lim [(vE— N) (vVE—N)*; zn] 
= lim [(v’E — + N?*) ; z,] = 0, 


n—>+00 


00 
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and we now employ (5), (6) and (8) to show that both » and » lie in the 
spectrum of the Hermitian matrix M-+ N. Im order that a point A lies in 
the spectrum of M+ N it is, again according to (3), necessary and suffi- 
cient that there exist a sequence of unit vectors {zn} for which 

(11) lim 

n-—>+00 
= lim ®[(A7E — 2AM— 2AN + M? + N?) 5 2,] =0, 

inasmuch as from (8) we have (M+ N)*?—M?-+N?. Since, according to 
(6), the matrix pairs (M,N), (M, N*), (M?, N), (M?, N?) are all separated, 
the condition (11) may obviously, from (10), be satisfied by putting either 


A==p and {yn} or A—v and — {zn}, 


inasmuch as, as follows from (5) and (6), the sequences {yn} and {Zn} in 
(10) may be chosen to have 


[M; zn] =0, ©[M?;2,] =0; yn] =0, ®[N?;y,] 


for n=1,2,---, i.e. the points » and v both belong to the spectrum of 
M +N. 

An important application for p. 607 of the text concerns itself with the 
special case in which M is a diagonal matrix, the elements of which are 
either 0 or +1. The complementary matrix E— M is accordingly of the 
same type as M and forms with M the separated pair (E—-M,M). We then 
construct the separated pair (c[E—M]-+N,cM) where ¢ is any number, 
real or complex, and apply the result (9) of the preceding paragraph to this 
matrix pair, thereby obtaining 


+ N)=A(c [E—M] +N +cM) = A(c[/E— M]+ N)+ A(cM), 
or, in particular for and N =iS 
(12) A(mM) + [E— M] +18) = A(zE +8). 


Since the spectrum A(7M) of 7M only contains the two points 0 and 7, 
it is clear from (12) that A > z is then and only then a point in the spectrum 
of [E—M]-+%S if it is a point in the spectrum of tE+ 1S. It is 
furthermore trivial that 27 is then and only then in the point spectrum of 
mE + iS if +2 (and if S is real and skew-symmetric then also —7) is a 
point in the point spectrum of iS so that we are led to the following result 
employed on p. 610 of the text: If S is a real skew-symmetric matrix whose 
spectrum is contained in the closed interval [— ix, + ir] and if M is a diagonal 
matrix, the elements of which are either 0 or +1, forming with S the 
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separated matrix pair (M,S), then the point 27 lies in the point spectrum 
of the Hermitian matrix 7(E—M) + iS if, and only if, if the end-points 
—7m and + = of the interval [— 7, + 7] belong to the point spectrum of iS. 

A matrix I is said to be an idempotent matrix if I? =I (inasmuch as 
then I*=—TI for n—1,2,---). The Hermitian idempotent matrices are 
designated by Hilbert as “ Einzelmatrizen.” The bounded idempotent matrices 
I possess the property that the continuously many matrices 2rinI (n —0, 
+1,:--) are all “logarithms” of E, i.e. exp(2rinI) =E [Cf. (80)]. 
Since the matrix ' 


[(A—1)E+T]/[A(A—1)] 


represents, as may easily be verified, for A(A — 1) 0 the reciprocal matrix 
of (AK —I) for every bounded idempotent matrix I, the spectrum of I con- 
tains at most the two points A=0 andA=-+1. For real symmetric (and 
therefore bounded) idempotent matrices there exists, according to Hilbert,t 
an orthogonal matrix O so that OIO-* = || xpq || where xpg = 0 for pA q and 
Kpp = 0 OF Kpp = -+1 (Cf. the matrices M and E—M above). We denote 
by a the number of times 0 occurs in the sequence {xpp} and by f’ the number 
of times +1 occurs in this sequence so that ¢& 20, B20 and & +f’ 
=-+ oo. The numbers 2 and f’ are uniquely determined by the matrix I, 
i.e. they are independent of the special choice of the matrix O employed in 
transforming I into the diagonal form || kpq ||. It will be necessary to dis- 
tinguish the following four classes of idempotent matrices: 


I: @=+o, =2m for 0Sm<+o, 
Il: P—2m+4+1 for 
III: =m, =+ for 0=m<+o, 


IV: 


We call a matrix Q a square root of E if Q? —E. The bounded square roots 
of E may be characterized by the matrix equation Q"* —Q and possess the 
property that the continuously many matrices 2rinQ (n=0, + 1, + 2,° *) 
are all “logarithms” of E (Cf. above). The general real symmetric square 
root of E depends (as does the general real symmetric idempotent matrix) 
upon infinitely many arbitrary constants. Since (EA + Q)(A*?—1)~ repre- 
sents, as may easily be verified, for A7—1=40 the reciprocal matrix of 
AE — Q for every bounded square root Q of E, the spectrum of Q contains 
at most the two points A>-+1 and A~—1. It therefore follows from 


7 See “ Hi”, p. 145. 
11 
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the theorem of Hilbert t+ on bounded real symmetric matrices without con- 
tinuous spectra that there exists for every real symmetric (and therefore — 
bounded) square root of E an orthogonal matrix O so that OQO* = || ep, || 
where €pg=0 for pq and ep—-+1 or e&p—=—1. We denote by « the 
number of times + 1 occurs in the sequence {epp} and by 8 the number of 
times — 1 occurs in this sequence so that «20, B20 anda+P=-+ o. 
The numbers « and 8 are uniquely determined by the matrix Q, i.e. they 
are independent of the special choice of the matrix O employed in trans- 
forming Q into the diagonal form || €pq ||. It will be necessary to distinguish 
the following four classes of matrices which are square roots of E: 


I: a=+o0, B=2m for 0Sm<+ 0, 
13 Il: B=%m+1 for 0=m<+o, 
(13) III: B=+o for 0Sm<+4+ 0, 


IV: a=+o, 


For the sake of brevity we shall denote an orthogonal matrix not con- 
taining —1 in its spectrum as a Cayley matrix. That not every orthogonal 
matrix is a Cayley matrix is trivial,f even for finite matrices; for example, 
no single reflection matrix (i.e. an orthogonal matrix of determinant — 1) 
is a Cayley matrix. The justification for the name of this sub-manifold of 
the manifold of the orthogonal matrices is contained in the statement that 
the sub-manifold of the Cayley matrices may be put in a one-to-one corre- 
spondence with the manifold of the real bounded skew-symmetric matrices by 
means of the well known formula of Cayley, 


(14) (E+8)(E—S)- = (E—8)“(E+ 8). 


+ See “Hi”, p. 145. 

£Cf. M. Born and P. Jordan, “ Elementare Quantenmechanik ” (1930), p. 37, in 
which they point out that the representation 

U = (E+ 7H) (E—iH)* = 7H), 

in which H is a bounded Hermitian matrix, is restricted to those unitary matrices U 
not containing —1 in their spectrum. The matrix U in this representation is then 
and only then a real matrix, i.e. an orthogonal matrix if H =iS, where S is a bounded 
real skew-symmetric matrix, the representation becoming, in this case, the well known 
representation of Cayley. For finite orthogonal matrices it is not true, as is some- 
times stated, [cf. for instance H. W. Turnbull, “ The Theory of Determinants, Matrices 
and Invariants” (1928), pp. 155-157] that every orthogonal matrix of determinant 
+ 1 permits the Cayley representation (cf. in particular p. 588). On the other hand, 
those orthogonal matrices of determinant + 1, not permitting the Cayley representa- 
tion, may be regarded as limiting cases of orthogonal matrices permitting the Cayley 
representation. In this connection cf. L. E, Dickson, “ Modern Algebraic Theories ” 
(1926), p. 102. 
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In order to demonstrate this let S in (14) be a bounded real skew-symmetric 
matrix so that (E +8) and (E—S)* exist. The matrix O in (14) is 
then obviously real and is orthogonal for 


00’ = 070 = (E+ 
Furthermore it is a Cayley matrix for, from (14), ; 
+ (E—S)(E—S)7?=(E+S-+ E—S)(E—S)7 =2(E—S)* 


so that (O + E)~ exists, i.e. —1 is not a point in the spectrum of O. For 
the converse proposition, i.e. to any given Cayley matrix O there always 
exists a real bounded skew-symmetric matrix S for which (14) is valid, we 
consider the matrix 


(15) = (0—E)(0+ 


which may be constructed for every Cayley matrix O. We first observe that 
because of 


(0 + E)(O—E) —(O—E)(0+8), 


(0 — E)(0+ E)* — (0+ E)*(0— 5), 
we also have 
(16) S= (0+ E)*(O—E). 
Now the matrix S in (15), (16) is certainly real and bounded. In addition 
it is skew-symmetric, for i 
S’ = (0’ + E)71(0’ — E) = (0’ + E)0’0(0’ — E) 
= [0(0’ + E)]"*(E— 0) = (0+ E)7?(E— 0) = —S, 


and may be employed as S in the representation (14) of O since 
(E+ 8)(E—S)" 


— [E-+(0—E) (0+E)*] (0-+E) (0-+E)“[E—(0 
—(0+E+0—E)(0+E—0+E)*=0, 


E)(0-+E)]7 


That this correspondence set up between the manifold of the Cay: v matrices 
and the bounded real skew-symmetric matrices is one to one is trivial. One 
may see, even for finite matrices, that the manifold of the Cayley matrices 
is only a very restricted subset of the manifold of all orthogonal matrices. 
For finite matrices the manifold of the Cayley matrices is only a sub-manifold 
of the manifold of the rotation matrices, not even every rotation matrix being 
a Cayley matrix. As an example of a matrix which is a rotation matrix and 


1, e. 
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not a Cayley matrix one has the matrix — E which for even n is a rotation 

matrix, but is for no single value of n a Cayley matrix. This fact is em- 

phasized very forcibly by actually attempting the representation (14) for 
= —E, thereby obtaining 


and consequently 
—E+S=E+S sotht —E=E, 


an obvious contradiction. We are accordingly convinced that, although the 
Cayley representation (14) possesses no convergence difficulties, it is im- 
possible to obtain, by its use, a parametric representation of the entire mani- 
fold of orthogonal matrices. In order to obtain a parametric representation 
of the entire manifold of the orthogonal matrices we employ the spectral 
theory which will yield a canonical exponential representation. 

A Hermitian matrix is said to be reduced if its spectrum lies in the 
closed interval [0,27] and if its point spectrum does not contain the point 
2m. According to Wintner ¢ a one to one correspondence is set up between 
the manifold of the unitary matrices and the manifold of the reduced Hermi- 
tian matrices by means of the exponential representation 


(17) U = ett, 
in which U is a unitary matrix and H a reduced Hermitian matrix. The 
definition of the matrix e™ is of course 


(1/v!)M, 
v=0 


which represents for every bounded matrix M a bounded matrix. Conse- 
quently if (M,N) is a commutable pair of bounded matrices, we have 

(18) eM+N — eM. — eM, 

and if (M,N) is not only a commutable .pair of matrices but also perpen- 
dicular [Cf. (7) ] 

(19) eM+N — eM + 


For our purposes it is necessary to place the manifold of the bounded Hermi- 
tian matrices in a one-to-one correspondence with the combined manifolds 


+See “W”, pp. 268-277. For further literature cf. H. Weyl, The Theory of 
Groups and Quantum Mechanics (1931), p. 399. 
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of the bounded real symmetric and real skew-symmetric matrices by means 
of the linear representation 


(20) B=B=—B, 


In Theorem I we show that from a consideration of a trigonometric momentum 
problem with real “ momenta” the entire manifold of the orthogonal matrices 
may, by means of the exponential representation (17), (20), i.e. 


(21) O = — 


be put in a one to one correspondence + with that sub-manifold of the reduced 
Hermitian matrices for which in (20) 


(22) B?=B, BS—=SB, 


i.e. B is a real symmetric idempotent (and therefore bounded) matrix and 
S a bounded real skew-symmetric matrix, commutable with B, and such that 
7B + iS is a reduced Hermitian matrix. 

On p. 606 we introduce the term reduced skew-symmetric matrix for 
those skew-symmetric matrices 8, the entire spectrum of which is contained 
in the closed interval [— wm, + tr] of the imaginary axis, and whose point 
spectrum does not contain the end-points —im and + %m. We then show in 
Lemma I that the manifold of the reduced Hermitian matrices (20), (22) 
may be put in a one-to-one correspondence with the manifold of the perpen- 
dicular matrix pairs (E—B,S8) in which S is a reduced skew-symmetric 
matrix. As a consequence of Lemma I we then obtain Theorem II which 
states that the entire manifold of the orthogonal matrices may, by means of 
the exponential representation (21), be put in a one-to-one correspondence 
with the manifold of the matrix pairs (B,S) where 


(23) B—B—B’,, S=S——S’; 
(E— S is reduced. 


We then show in Theorem III that the one-to-one representation (21), (22) 
is in reality none other than the one-to-one representation 


in which the matrix pair (B,S) is identical with the matrix pair (B,8) 
in (21), (22). 

In Lemma II on p. 615, we show that the manifold of the matrices Q 
which are square roots of E may be placed in a one-to-one correspondence 


See p. 277. 
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with the manifold of the idempotent matrices I by means of the linear 
representation 


(25) Q= E—2I. 


An application of this lemma to Theorem I then yields Theorem IV on 
p. 615, in which the entire manifold of the orthogonal matrices is shown 
to be in a one-to-one correspondence, by means of the representation 


(26) O=Q-eS—e5-Q 


with the manifold of the matrix pairs (Q,S) in which Q is a real symmetric 
square root of E (and therefore itself an orthogonal matrix) and S a bounded 
real skew-symmetric matrix, commutable with Q, and such that the Hermi- 
tian matrix (7/2) (E—Q) + is reduced. 

Since Theorem IV assigns to every orthogonal matrix O a uniquely de- 
termined real symmetric square root Q of IX we may interpret the classification 
(13) of the real symmetric square roots of E as a classification of the ortho- 
gonal matrices into the four classes of p. 617. As immediate examples of the 
four types of orthogonal matrices we have the matrices Q of (124) themselves. 

For normal forms, under orthogonal matrix transformations of the 
matrices of each of the four classes we obtain, as consequences of Theorems 
I and IV and Lemma I, the canonical forms given in (133) in which the 
matrices and (¢1—1,2,3,4) are defined in (124) and (125) re- 
spectively. The matrices Oom and Om, occurring in I and II of (133) are 
the canonical finite rotation matrices as defined in (131). From these canoni- 
cal forms I and II of (133) it is clear at once that the orthogonal matrices of 
Classes I and II can be interpreted, with respect to a suitably orientated 
coérdinate system, as rotations and reflections (in the geometrical sense of the 
word) in some subspace of the real Hilbert space, possessing a sufficiently high 
but finite number of dimensions, in which a subspace of infinitely many dimen- 
sions is not “ affected ” ¢ by the transformation. The orthogonal matrices of 
Class III may accordingly be interpreted as representing those orthogonal 
transformations of the real Hilbert space which leave a subspace of at most 


‘ 


a finite number of dimensions “ unaffected ” and the orthogonal matrices of 


Class IV as the orthogonal transformations of the real Hilbert space which 


7 For example we say that the transformation in the ordinary Euclidean 3-space 
possessing the matrix 
Ay1 Ay2 0 
0 
0 0 1 


leaves a space of one dimension not “ affected” by the transformation, 


i} 
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leave “unaffected” a subspace of infinitely many dimensions while simul- 
taneously “ affecting ” a complement subspace of infinitely many dimensions. 
It may not be superfluous to remark that according to this classification 
the unit matrix E is an orthogonal matrix of Class I and the orthogonal 
matrix —E of Class III. It is still an open question as to whether the 
orthogonal matrices of Classes III and IV may be divided into “ rotations ” 
and “ reflections.” In this connection cf. p. 592, where we are able to give 
a precise formulation of this unsolved problem. 

During the last few years several authors have investigated rotations 
of the functional space, or what is the same, rotations in the Hilbert space. 
These papers, however, deal only with very special orthogonal matrices, sup- 
posing, for instance, that the determinant of the matrix is convergent and 
that the “deviation” of the orthogonal matrix from the unit matrix is a 
completely continuous (vollstetig in the sense of Hilbert) matrix. Even these 
very restrictive conditions are not sufficient for the validity of the determinant 
apparatus as employed by them. In this paper we deal with the totality of 
the orthogonal transformations of the Hilbert space and are, therefore, denied 
any recourse to the apparatus of determinants. For example the inaptness 
of the determinant apparatus is clearly revealed by attempting to differentiate, 
by its use, between the various classes (133) of the orthogonal matrices Q‘” 
of (124). 

The Classes I and II of the orthogonal matrices O are then shown to be 
the natural extensions of the finite rotation and reflection matrices as defined 
on p. 579. The matrices of Classes II] and IV obviously have no analogues 
for finite matrices. At this point there is introduced a definition which 
divides ¢ the entire manifold of the infinite orthogonal matrices into two 
sub-manifolds in such a manner that the definition when applied to the mani- 
fold of the finite orthogonal matrices divides it into two sub-manifolds which 
are identical with the sub-manifolds of the finite rotation and reflection 
matrices as defined on p. 579. We define on p. 620 that sub-manifold of 
the orthogonal matrices, the elements O of which may be represented in 
the form e© where G is a real bounded skew-symmetric matrix [not necessarily 
uniquely determined by O (Cf. p. 594) ], i.e. 

(27) G=G=—G, 


as the manifold of the rotation matrices and the complement of this manifold 
with respect to the entire manifold of the orthogonal matrices [i.e. the mani- 
fold of those matrices not permitting the exponential representation (27) ], 


+ Cf. p. 579. 
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as the manifold of the reflection matrices. This definition of the manifolds 
of the rotation and reflection matrices will be referred to as the exponential 
definition in order to distinguish it from the determinant definition on p. 579 
which is utterly valueless for infinite orthogonal matrices since the deter- 
minant of an orthogonal matrix is convergent only for very special orthogonal 
matrices. In order to justify this definition we show on p. 620 in Lemma III 
that the exponential definition of the rotation and reflection matrices is, for 
finite matrices, identical with the determinant definition. In Theorem V on 
p- 621, we show that the matrices of Classes I and II are, in the sense of 
the exponential definition, respectively rotation and reflection matrices. The 
first part of Theorem V follows directly from the canonical form for the 
matrices of Class I. In order to prove the second part of Theorem V we show 
in Lemma IV on p. 622 that if 6 (@ real) is a point in the spectrum of an 
arbitrary (not necessarily reduced) Hermitian matrix H then e“ is a point 
in the spectrum of e*#. As a corollary to Lemma IV we have on p. 624 
that if 1 is a point in the spectrum of an arbitrary real bounded skew- 
symmetric matrix S then e” is a point in the spectrum of e& from which, 
and the canonical form II of (133), the second part of Theorem V is shown 
to follow. 

The unsolved problem, mentioned on p. 591, as to whether the ortho- 
gonal matrices of Classes III and IV permit a resolution into “ rotations” 
and “reflections” may now be put in a precise form as follows: Do the 
Classes III and IV contain both rotation and reflection matrices as defined 
in (27)? That there exist rotation matrices in the sense of the exponential 
definition (27) is trivial since the orthogonal matrices Q“ and Q“ of (124) 
are of Classes III and IV respectively and obviously permit the exponential 
representation (27). The unsolved part of the problem then requires the 
demonstration of the existence or the non-existence of reflection matrices, 
as defined in (27), for each of the Classes III and IV. Put more directly, 
do the matrices of the Classes III and IV all permit the exponential repre- 
sentation (27)? Since the property of a matrix to be a rotation matrix, 
in the sense of the exponential definition (27), is obviously invariant + with 
respect to orthogonal transformations, it is sufficient to treat this question 
for the canonical forms III and IV of (133) for the matrices of Classes III 
and IV. From the fact that the orthogonal matrices Q“®’ and Q“? in the 
canonical forms (133) are both rotation matrices, it is trivial that if the 


{ This invariance property is trivial inasmuch as follows from the definition of 
eG on p. 13 that if O is an arbitrary orthogonal matrix then OeGO-1 = eOGO" in 
which OGO-1 is again a bounded real skew-symmetric matrix. 


qi 
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rotation matrices [i.e. those orthogonal matrices permitting the representa- 
tion (27)] form a group, the canonical matrices III and IV of (133) are 
necessarily rotation matrices [i.e. also permit the representation (27)]. It 
may not be superfluous to point out that, because of the special character 
of the matrices occurring in the canonical matrices III and IV of (133), 
the condition that the rotation matrices (27) form a group is not a necessary 
condition for the matrices of Classes III and IV to be rotation matrices (27). 
A treatment of the above unsolved problems seem to require a detailed in- 
vestigation of orthogonal and real skew-symmetric matrices possessing con- 
tinuous spectra. Connected with this problem is the question ¢ as to whether 
the manifold of all orthogonal matrices forms a connected manifold or not 
(with respect to some natural metric in the manifold of all matrices). For 
the orthogonal transformations of a space with a finite number of dimensions 
the manifold of all orthogonal matrices is not connected (with respect to 
every natural metric of the manifold) but is divided into two separate mani- 
folds (Cf. p. 579). In other words the Euclidean space of a finite number 
of dimensions may be said to be an “orientable” space. It has not been 
possible as yet to answer the question, on the basis of the parametrical repre- 
sentation of orthogonal matrices given in the paper, as to whether the real 
Hilbert space forms, in this sense, an orientable space or not. In order that 
the manifold of all orthogonal matrices be connected it is necessary that each 
of the sub-manifolds in (133) be connected. It seems likely that for the 
answer to the above question the extensive use of the theory of the spectral 
matrix of the orthogonal matrices is unavoidable, the problems treated in the 
present paper depending upon the theory of continuous spectra of unitary 
matrices (cf. “W”, pp. 257-258). 

Theorems I, II, III and IV all give a complete parametric representation 
of the manifold of the orthogonal matrices and we saw that (27) where 
G is an arbitrary real bounded skew-symmetric matrix, may be defined as 
the parametric representation of the manifold of the rotation matrices of the 
Hilbert space. This parametric representation of the rotation matrices is 
the substitute + in Hilbert space for the Euler-Hurwitz factorization { into 
products of “ two-block” rotation matrices which breaks down for infinite 


See “ W ”, p. 277. 
tL. Euler, Commentationes arithmeticae collectae, Vol. 1, p. 427 and A. Hurwitz, 


“Ueber die Erzeugung der Invarianten durch Integration,” Géttingen Nachrichten 
(1897), pp. 76-77. In connection with the work of Hurwitz, cf. I. Schur, “ Neue 
Anwendungen der Integralrechnung auf Probleme der Invariantentheorie,” Sitzungs- 
berichte der Preussischen Akademie der Wissenschaften (1924), p. 196, where a state- 
ment of Hurwitz is corrected. 
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matrices since there exists no last dimension. There are even other obstacles 
to a generalization of the Euler-Hurwitz representation inasmuch as the 
following example shows that a matrix which is (even in the sense of a 
“weak” convergence) the limit of a sequence of orthogonal “two block” 
matrices is not necessarily itself an orthogonal matrix. Denote by Epg the 
“two- block” orthogonal matrix obtained from the infinite unit matrix E 
by interchanging the p-th and q-th columns (or what amounts to the same 
thing, by interchanging the p-th and q-th rows). Consider the sequence of 
orthogonal matrices {O;} defined hy 0, = E, 0; = (i= 2, -), 
i.e. the sequence 


for which 


orf © 


lim On 


n—>+00 


and which is certainly not an orthogonal matrix. 
It may be mentioned that to a given rotation matrix O there may exist 
infinitely many real bounded skew-symmetric matrices which may be em- 
ployed as the matrix G in (27). This is illustrated, even for finite matrices, 
by the example 
0 (6 + 2kz) 
— (6+ 2k) 0 


It would be desirable to obtain a simple sub-manifold of the matrices G in (27) 
so that the matrices of this sub-manifold are in one-to-one correspondence 
with the rotation matrices. Certain considerations for finite matrices seem 
to indicate that this may be achieved for finite matrices by restricting the 
representation (27) to a sub-manifold analogous to the manifold of the re- 
duced skew-symmetric matrices, and it is hoped to treat this question among 
others in a later appearing paper on the finite matrices. 

For finite matrices it is possible + to obtain, for n 2 and n =3, the 
formulas of Rodrigues from the exponential representation (27). 


; 


| cos@ sind 
—sin@ cosé 


+ Cf. G. Galanti, “ Algoritmi di caleolo motoriale,” Atti Accademia Nazionale det 
Lincei, Vol. 6, series 13 (1931), pp. 861-866. 


i 
i 
| 
| 
| 
| 
| 
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Finally, it may be mentioned that the methods and results of the present 
paper hold, precisely as the spectral theory of unitary transformations or the 
method of trigonometric momentum problem used in this paper, not only 
for matrices but also: for operators in the Hilbert space. However, since the 
possibility of such generalizations is known to be trivial we prefer, for clear- 
ness, to deal with matrices only. 


I. REALITY DISCUSSION OF THE TRIGONOMETRICAL MOMENT PROBLEM 
OF HERGLOTZ. 


We consider the trigonometrical moment problem + 


27 
(28) — f dr(¢) (n 0, + 
Jo 
together with its homogeneous special case 
27 
(28’) f ; (n=0,+1,---), 
0 


in which the left-hand members are preassigned real or complex numbers 
and r(@) an unknown real or complex function of the real argument ¢ whose 
definition is desired in the closed interval O0=¢2z. In the following 
we shall consider only real solutions r(#) and therefore suppose that 


(29) (n =0,1,: °°). 
It will be convenient to employ the notations 
—f(8—9), 
(30) f(8 + 0) —f(B—9), 
= f(B +0) —f(8), 


‘ 


(provided these limits exist) for the various “springs” of an arbitrary real 
or complex function f= f(¢) at the point ¢—£ and the customary nota- 
tions [a,b] and (a,b) for the closed and open intervals a= ¢Sb and 
b respectively. 

We suppose that the moment problem (28) permits a solution r(@) of 


bounded variation in the interval of its definition [0, 2] so that the limits 


+G. Herglotz, “Uber Potenzreihen mit positiven, reellen Teil im Einheitskreis,” 
Kéniglich Stchsische Gesellschaft der Wissenschaften zu Leipsig, Mathematisch-Phy- 
sische Klasse (1911), p. 501-511. This paper will be referred to as “He”. 


= 
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(31) +r(¢—0) for 0<¢S 2; r(¢+0) for 2x, 


exist. It is known ¢ from the general theory of Stieltjes integrals that if 
(28) possesses a solution 7(¢) which is of bounded variation in the interval 
of its definition [0, 27] it is uniquely determined, up to an additive constant, 
on the set of its continuity points contained in the interval (0, 27), its values 
at its inner discontinuity points (i.e. for 0 << 2) being assignable at 
will. Since the set of continuity points of 7(¢) in the interval (0,27) is 
necessarily everywhere dense in this interval the values of r(0-+ 0) and 
7(2r—0Q) may then be calculated [cf. (31)] from the values of r(¢) at 
its continuity points and the values of 7(0) and 7(2z) chosen at will, pro- 
vided that the conditions 


2m-0 
(32) A +(¢)-+ A (dr —f dr (p) ; 
0+0 0+0 0+0 
(n= 0, + 
which arise from (28), are satisfied.{ The only solutions of bounded varia- 


tion of-the homogeneous moment problem (28’) may in turn be completely 
characterized by the properties § 


(33) =a=— % = const. at the continuity points of 7(¢) in (0,27), 
(34) A +(4) =0, 


27-0 
inasmuch as, in (32), we have co and dr(h) = 0. 
0+0 


A further possible specialization of the character of the solution r(¢) 
of (28) is that it be monotone non-decreasing. The necessary and sufficient 
conditions on the cy in order that the moment problem (28) possess a mono- 
tone non-decreasing solution +(¢) are given by Herglotz{ and state that the 
truncated matrices (Abschnittsmatrizen) of the infinite Hermitian matrix 
| Cu-v ||, introduced by Toeplitz, be not negative definite, i. e. 

n n 


(35) = 0 for arbitrary &,£2,° ; (n=1,2,- 
1 


where Cy-v = = for k = p—-v. 


Cf. F. Hausdorff, “ Uber das Momentenproblem fiir ein endliches Interval,’ Mathe- 
matische Zeitschrift, Vol. 16 (1923), pp. 220-248. This paper will be referred to 
as “Ha”. Cf. also O. Perron, “Die Lehre von den Kettenbriichen” (1913), pp. 362- 
374. This book will be referred to as “P”. 

tSee “W”, p. 268. 

§ See “Ha”, p. 241. 

See “He”. 
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We denote by E = || 8pq || the unit matrix and by ®[A;2z] the compound 
form (Kopplungsform) 


+00 +00 J 

p=1 q=1 
of an arbitrary bounded matrix A = || dpq ||. With these notations we con- 


sider the trigonometric moment problem + arising from (28) if one places 
(37) Ca = 2]; 


i.e., the moment problem 
727 

(38) em |—=1; (n—0,+1,- +), 
0 


where U is a given unitary matrix so that for every unit vector z [i.e., 
|2|—1] there belongs the sequence of momenta cx defined in (37) satis- 
fying the conditions (29). It is known that this moment problem always 
possesses a real solution +(¢;2) which depends upon the vector x and is, 
as a matter of fact, a bounded Hermitian form 


(39) [|| 52], 
where 
Tpq() =Ta(¢), 0S = 


and the indices p, q take, as will always be understood in the remainder of 
the paper, unless explicitly stated to the contrary, independently the values 
1, 2,::-. The Hermitian form (39) is then, for an arbitrary given unit 
vector z, uniquely determined up to an additive constant at all of its con- 
tinuity points in the interval (0,27). Moreover, since the conditions (35) 
are known to be fulfilled by the momenta (37), for every unit vector x, the 
Hermitian form (39) may be chosen to be, for an arbitrary given unit 
vector z, a monotone non-decreasing function of ¢ in the interval (0, 27). 
The values 7(0,2) and 7(2z,7) of the Hermitian form at the end points 
may then, for an arbitrary given unit vector x, be assigned at will subject 
to the condition that +(¢;2z) be monotone in the closed interval [0, 27] 
and that 
27-0 


(40) A ($32) +, A7($32) == — dr(; 72). 


We now remove the arbitrary character of the solution r(¢; 2) by prescribing, 
for an arbitrary given unit vector z, the following normalizing conditions: 


t See “W”, p. 269. 


| 

{ 

} 
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(41) 7(0;2) =0, 
(42) t(¢—0;2) for 0< $< 2z, 
(43) JA x) =0. 


The normalizing condition (42) serves to fix the value of the solution r(¢; 2) 

at its discontinuity points in the interval (0,27). The prescribing of the 

normalizing condition (43) then from (40) serves to determine uniquely the 

“spring” A +r(¢;2). Finally the normalizing condition (41) fixes the value 
0+0 


of the additive constant so that the solution 7(¢;2) is uniquely determined 
at all points of the closed interval [0,2] since, for ¢=2z, we have from 
(41) and (38), for 


(44) xv) = 2x, | 1, 


The matrix of the Hermitian form under the normalizing conditions (41), 
(42) and (43) has been introduced by Wintner ¢ and designated by him as 
the spectral matrix of U. Since (38), (41), (42), (48) and (44) hold for 
an arbitrary unit vector 2 the elements of the spectral matrix || tpg(¢) || 
obviously possess the following properties }: 


on 
0 
(41’) Tpq(0) = 0, 
(43”) =0 i.e. tq(2r—O0) = tyq(2z), 
(44’) Tpq(2r) = 


If now the unitary matrix is assumed to be real, i.e. U is an orthogonal 
matrix U =U = 0, the elements of the spectral matrix possess in addition 
to the above mentioned, properties the following two properties: 

I. In order that the elements tpq() of the spectral matria of the unitary 
matrit U be the elements of the spectral matrix of a real unitary matria 
U =U, t.e. an orthogonal matrix O, it is necessary and sufficient that 


(45) opq(¢) = 
at the continuity points of wpq(p) in (0, 27), where 


t See “W”, p. 269. 
¢ Cf. the uniqueness property of compound forms mentioned on p. 580. 
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(46) wpa() = + trq(2r—$) and b—=b=const. 
II. The “springs” A tpq(o) of the elements of the spectral matrix of 
0+0 
an orthogonal matrix O are real. 


The demonstration of the two statements I and II proceeds simul- 
taneously and we begin by showing the necessity of (45). We accordingly 
assume U =U =O so that the conjugate equations of (38’) become 


27 
(47) 270" — | Fina ($) |; 


On the other hand if we introduce a new integration variable @ in (38’) by 
means of the transformation 


(48) = — 8, 
we obtain 
0 27 
(49) — 220" —— |] etm (22 —8) | J. |. 


(n==0,+1,---). 
On adding (47) and (49) we have from (46) 


so that the Hermitian form o(¢; 2) = ® [|| wpq(¢) ||; 2] is, for any arbitrary 
given unit vector 2, a solution of the homogeneous moment problem (28’). 
Furthermore the Hermitian form ©® [|| tpq(¢) ||;z] and consequently the 
Hermitian form ©® [|| 7pq(¢) ||;z] are, independently of the unit vector 2, 
monotone non-decreasing functions of ¢ in the interval [0,27]. The Hermi- 
tian form ©® [|| tpq(27 — ¢) ||; 2] is, on the contrary, monotone non-increasing 
in [0,27], for any given unit vector x Accordingly the Hermitian form 
o(¢;2) is of bounded variation [cf. (46)] in the interval [0,27] for any 
arbitrary given unit vector z. From the uniqueness property (33) of solu- 
tions of bounded variation of the homogeneous moment problem (28’) we 
have, for an arbitrary given unit vector 2, 


(51) =® [|] + 24 — ||; = b = const., 


at the continuity points of wpq(¢) in (0,27), and consequently, since (51) 

holds for an arbitrary unit vector x, the necessity of the condition (45) of I. 

Furthermore, since || tpqg(¢) || is Hermitian, the constant b in (51) is real. 
The statement II is an immediate consequence of the necessary condition 
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(45) and the normalizing conditions (41’), (43’), (44’). From (45) we 
obtain on observing (41’) 


(52) Tpq(¢) — Fpq(9) b8pq — Tq (2 — >) 


at the continuity points of wpg(¢) in (0,27). Since the continuity points 
of wpq(¢), which is obviously of bounded variation in [0, 27], are certainly 
everywhere dense in the interval (0,27) we have for ¢6—>+0 [cf. (30)] 
from (43’) and (44’) 


(53) A = (b —2)8pq where b= b =const., 
0+0 


i.e. II is proven. 
We now show the sufficiency of the condition (45) in I. From (38’) 


for n =1 we have as a consequence of (43’) 
1-0 27-0 


which may, on introducing a new integration variable 6 by means of (48) 


in * , be written in the form 
us 


+0 


1-0 
7-0 
We now utilize (45) to obtain 


1-0 7-0 
(55) doya($) + drpa(2x—$) =0, 


inasmuch as the values of wpg(¢) at the inner discontinuity points are im- 
material in the Stieltjes integration. From (55) we may write (54) in 


the form 
r-0 


so that from II there only remains to show that || A tpq(¢) || is a real matrix. 


This follows immediately on writing (45) in the form 
Tq — p) — tpq(h) = b8pq — + 


valid for the continuity points of wpg() in (0,27), and then taking the 
limit for ¢ 0. 


INFINITE ORTHOGONAL MATRICES. 601 


II. APPLICATION OF THE TRIGONOMETRICAL MOMENT PROBLEM 
TO ORTHOGONAL MATRICES. 


Among the properties of the spectral matrix || tpq(¢) || of a given unitary 
matrix U, Wintner + has shown that it is possible to employ it in the con- 
struction of a bounded Hermitian matrix H 


the elements of the spectral matrix || opq(¢) || of which are given by 
= 0 for —wo< 

(57) = for 0S 2z, 


= 8pq for 


Conversely if H is a bounded Hermitian matrix whose spectral matrix 
|| opq() || fulfills the conditions 


(58) = (0) for 0, 
(24 —0) for %, 


(i.e. @ = 2 is not a point of the point spectrum of H) and if a matrix 
|| to¢(#) || be introduced by means of the definitions 


(59) = for 0S pS 2x, 
then the matrix 


27 
(60) U — | (1/2n) J droa($) 


is a unitary matrix possessing as its spectral matrix the matrix || tpq(¢) |. 
If we designate a Hermitian matrix whose spectrum lies in the interval 
[0, 2] and whose point spectrum does not contain the point 27, as a reduced 
Hermitian matrix we may sum up the above results in the following form: 
There exists between the unitary matrices and the reduced Hermitian matrices 
a one-to-one correspondence, i.e. to a given unitary matrix U there is asso- 
ciated a reduced Hermitian matrix H by means of (56) and to this same 
reduced Hermitian matrix H there is associated, by means of (60), the pre- 
viously given unitary matrix U. 

In the following we propose to apply the results of the previous section 
in order to characterize that sub-class of the reduced Hermitian matrices 
Which is in one-to-one correspondence with the real unitary matrices, i.e. 


See “W ”, pp. 268-277. 
12 
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the orthogonal matrices. In any case we may write any Hermitian matrix 


uniquely in the form 

(61) H =7B+i8, 

where B is a real symmetric matrix and S a real skew-symmetric matrix so 
that our problem + is to characterize the matrix pair (B,S) for which the 


reduced Hermitian matrix H —7zB-+ 18 has the property that the matrix 
U = e## is real. As an answer to this problem we show 


THEOREM I. The necessary and sufficient conditions in order that the 
reduced Hermitian matrix H =7B + 18 yield a real unitary matrix O, 1. e. 
an orthogonal matria, in the one-to-one representation 


(62) O = — 


are that S be a bounded real skew-symmetric matrix and B a real symmetric 


idempotent matrix which is commutable with 8, 1. e. 


(63a) B=B=B, B?=B; S=S=~—%S, 
(63b) BS = SB. 


Before beginning the demonstration of Theorem I we note that the 
representation (62) may, from (63b) and the distributive property (18) of 
the exponential with respect to commutable matrices, be given the form 


It may also be mentioned that the representation (62) or its equivalent (62’) 
is “covariant ” under orthogonal matrix transformation. More precisely if 
V is any orthogonal matrix then we have from (62) 


= exp [tr(VBV! + 7VSV*) ], 


where VBV- is a real symmetric idempotent matrix [cf. p. 585] commutable 
with the bounded real skew-symmetric matrix and + iVSV* 
is a reduced Hermitian matrix if tB + 7S is a reduced Hermitian matrix. 
This “ covariance ” property is important in what follows inasmuch as with- 
out it the classification of the orthogonal matrices in four classes as developed 
below would be meaningless. 

We begin with a demonstration of the necessity of the conditions (63a) 
and (63b) and shall retain the notation || tpq(¢) || for the spectral matrix 
of a unitary matrix U. First we show that, 


t See “W ”, p. 277. 
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27-0 
0+0 1T+0 


27-0 


On introducing a new integration variable 6 by means of (48) we obtain for 
the left-hand members of (64) and (65) respectively 


1T+0 


T-0 
(66) AF pq( — 8). 

0+0 e’ 277-0 

27-0 0+0 
(67) — 2x — 8), 


From (45) we obtain 


1T+0 
(68) dupq() + f Arpq (24 — 0, 
0 27-0 21-0 


0+0 0+0 
(69) (2 (22 — 4) 


T-O 
0+0 


_ — 6) — = 0, 


inasmuch as the values of wpq(¢) at its inner discontinuity points play no 
role in the Stieltjes integration in (68) and (69). Formulas (64) and (65) 
obviously follow from (66) and (67) by virtue of (68) and (69), respec- 
tively. The reduced Hermitian matrix H in the exponential representation 
of Theorem I may always be calculated from the spectral matrix of the given 
unitary matrix U by means of (56). For the treatment of a real unitary 
matrix U = U =O we express the Stieltjes integration in (56) as follows: 


27-0 


1-0 2 
inasmuch as [ef. (43’) on p. 598] 
pd (>) = Jf, = 0. 


By means of (65) we may rewrite (70) in the form 


which in turn may be replaced by 


604 MONROE HARNISH MARTIN. 


We introduce a bounded real skew-symmetric matrix 8 by means of 


—=—tl dl Foal) ] I, 


and employ it, together with (64), to abbreviate (71) to 


T-0 27-0 


Now from (38’) [cf. p. 598] for n=0 we have 
27 
— | = A 


1-0 27-0 


inasmuch as from (43’) 


27 
Atpq(>) = 9, 
21-0 
so that (73) may be further shortened to 


in which S is the bounded real skew-symmetric matrix introduced in (72) 
and || A tp¢q(¢)||, since || tpq(#) || is a bounded Hermitian matrix, is, from II 
0+0 


on p. 599, a bounded real symmetric matrix. We introduce a bounded real 
[cf. (61) ] symmetric matrix B by means of 


B= E—(1/2n) | A 
and which, from (59), may obviously be written in the form 


(75) B= | A I, 


so that, inasmuch as || op¢(¢) || is the spectral matrix of the reduced Hermitian 
matrix H we have t¢ 


7 See “Hi”, pp. 141-145. Cf. also “S”, p. 160 and p. 174. 


| 


INFINITE ORTHOGONAL MATRICES. 605 
A +1 A A | =B, 


i.e. B is a real symmetric idempotent matrix so that the necessity of (63a) 
is demonstrated. 
In order to demonstrate the necessity of (63b) we write (72) in the 


form 
(76) = lim 27Sn, 
where 
1 


or, according to (59), 


We now apply the well-known theorem of Hilbert + that 


(77) 


to obtain 


(78) | A || |] || = || | A Il; 


(v= 1,2,°- *,n—1); (n = 2, 3,° 
and hence also 


(79) | A || || || = || || | a ; 
(v= 1,2,---,n—1); (n=2,3,--°), 


inasmuch as, from II on p. 599, the matrix || A opq(¢) || is a real matrix. 
0+0 
From (75), (77), (78) and (79) we accordingly have 
(E— B)S, = 8, B), 


from which and (76) then follows, for n — -+ ©, the necessity of (63b). 
We now demonstrate the converse part of Theorem I, i.e. we assume 
that H27B-+iS is a reduced Hermitian matrix for which the matrices 


7 See “Hi”, pp. 141-145. 


; 
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B and § fulfill the conditions (63a) and (63b) and demonstrate that U is a 
real matrix. We precede the proof by the derivation of the identity 


(80) etl — — 1)I, 


where 6 is an arbitrary real or complex number and I any bounded idempotent 
matrix (cf. p. 585). Since I is assumed to be bounded we have the con- 


vergent development (cf. p. 588) 


(161)? +00 (i61 ) 
p=0 (2v)! v=0 (2v+1)! 


which may, since I is idempotent, obviously be written in the form 
2p 2y+1 
(46) *” | 


6 


from which (80) follows at once. In an analogous manner it is possible to 
obtain the identity 


e462 — KF cos 6 + iQ sin 8, 


valid for arbitrary real or complex @ and for an arbitrary square root Q of 

the unit matrix [Ii (cf. p. 585). From the commutability condition (63b) 

we obtain (62’) from which if we apply (80) for 67 and I = B we obtain 
= (EK — 2B) -eS =eS- (H— 2B), 


which is, because of (63a), certainly a real matrix. q.e.d. 


III. A CoNNEcTION BETWEEN REDUCED SKEW-SYMMETRIC AND 
REDUCED HERMITIAN MATRICES. 


For convenience we adopt the notation 
(82) 


for the orthogonal equivalence of two matrices, i.e. for the existence of an 
orthogonal matrix O for which M = ONO-. We introduce the definition 


A real skew-symmetric matrix S will be said to be reduced if the 
spectrum of the Hermitian matrix iS is contained in the closed interval 
[—7,-+ 7] and if the end-points —a and +7 are not contained in the 
point spectrum of iS. 


The property of a real skew-symmetric matrix to be reduced is an obvious 
orthogenal invariant. 


$ 
{ 
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We now show 


Lemma I. Let B be a real symmetric idempotent matrix and let 8 be 
a real bounded skew-symmetric matrix commutable with B, i. e. 


(83) BS = SB, 

then the necessary and sufficient conditions in order that the Hermitian 
matrix tB +18 be reduced (cf. p. 588) are 

(84a) (E— B)S=S(E—B) =] 

(84b) S be reduced. 


Since B is a real symmetric idempotent matrix we have, according to 
a theorem of Hilbert,t in the notation (82) 


(85) B~ || kpq || where kpg=0 for and or kp = +1. 


We designate by « and f” the number of times 0 and + 1 respectively occur 
in the sequence {xpp} so that necessarily = 0, 20 and + p’ =+ 
and distinguish the following four possibilities for the matrix || Kpq || in (85): 


I: =—2m for 0Sm<+o, 
(86) Il: BP —=2%m+4+1 for 0Sm<+a, 
III: =m, p’=+0 for 0Sm<+ 
IV: P=+ 0, 


and corresponding to these four possibilities for the matrix || Kpq || in (85) 
we have the following four canonical forms for the matrix B: 


I: B~B® = ||, where 6° nq =0 for pq, 
and 65), =1 for +o, 
bo» =0 for p > 2m, 
II: B~ B® = | ||, where pg =0 for pq, 
(87) and ==1 for p=1,2,---,2m+1<+o, 
=0 for p> 2m+1, 
Ill: B~ B® — || ||, where pq =0 for pq, 
and =0 for p—1,2,---,m<+o, 
bo =1 for p>m, 
IV: B~B® =| ||, where b“pg =0 for pq, 
and = b = 1 for p—1,5,9,- -, 


t See “Hi”, p. 145. 


e 
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Since the commutability property (83) assumed for the matrices B and S 
in Lemma I is invariant under simultaneous transformations of B and S we 
must have, simulianeously with the matrix transformation of the matrix B 
of Lemma I into each of the above canonical forms, the reduction of the 
skew-symmetric matrix S of Lemma I to one of the following types: 


Sco-am 
88 
Si Z2 
Z Sx» Z 


pq pq Ypa 10 0 


in which the capital letters repregent matrices and the vacant spaces of the 
remaining two “ quadrants” of I,,II and III are occupied entirely by zeros. 
For example, the matrix S®’ = || s®, || of (88) is a bounded real skew- 


symmetric matrix for which 


(89) 8 nq =0, for p=—1,2,---,2m, OS <q; 
and for 0= 2m < p, q=1,2,° +, 2m. 


We uow prove the necessity of the conditions (84a), (84b) in Lemma I. 
As mentioned in connection with Theorem I the property of a Hermitian 
matrix to be reduced is an orthogonal invariant. Consequently the Hermitian 


matrices 


(90) + iS”; (j = 1, 2, 3, 4), 


' 
i 
| 
| 
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constructed from (87) and (88), are all reduced. In order to show the 
necessity of the conditions (84a), (84b) of Lemma I we consider separately 
each of the four possible canonical forms for the matrix B of Lemma I as 
given in (87). 

1. Proof of the necessity of (84a) for matrices B of Class I. From 
I of (88) we are enabled to write 


(91) SH + 9,0, 


where, in the schematic notations of (88), (89), we have placed 


| 


Soo-2m 


so that the matrix pair (Sa”’, S,’) is separated (cf. p. 582). Since the 
Hermitian matrix 7B +%iS® is reduced [ef. (90) and adjoining] the 
domain A(#B®’ + 1S) lies in the closed interval [0,27] (cf. p. 582), 
i.e. from (91) 
(93) OS +18) 52] — rh [B™ 5 2] 
+ [iS.;2] + @[i8,% for |r| —1. 
Since (93) holds for an arbitrary unit vector z we may choose in (93) 
+00 

(94) == Lom = 0), > | ay |? == 1, 

so that, from (92) and the definition of B“ in (87), we derive from (93) 
(95) 0= 2] S 2z, 
first, for only those unit vectors 2 of (94), and then, because of the peculiar 
definition of S,“ given in (92), for an arbitrary unit vector x. Since the 
domain of any bounded Hermitian matrix of the type iS, where S is a real 
skew-symmetric matrix, is necessarily symmetrical with respect to the origin 
(cf. p. 582) one must perforce replace (95) by 
(96) =0 for |a|—1, 


and thereforé from the uniqueness property of compound forms (cf. p. 580) 


= 0 |, 
or from (91) 


(97) 
From (87), (97), and (92) it is clear that the matrix pair (E — B®, S®) 
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is separated and consequently a fortiort perpendicular. Since the perpen- 
dicularity of a matrix pair is invariant with respect to simultaneous matrix 
transformations of the two matrices in the pair (cf. p. 583) the matrix pair 
(Ii — B, S) of Lemma I is itself perpendicular and the necessity of (84a) 
is accordingly demonstrated, under the temporary restriction that B be of 


Class I. 


2. Proof of the necessity of (84b) for matrices B of Class I. We choose 
instead of (94) those unit vectors x for which 


2m 


(98) | Ly = 1, ton 0, 
v=1 


so that, from (92) and the definition of B“ in (87) we derive from (93) 
(99) 52] ie. [iS 32) S+7, 


first, for only those unit vectors of (98), and then because of the peculiar 
definition of Sa given in (92), for an arbitrary unit vector z. Since, as 
has been mentioned in the introduction (cf. p. 581), the spectrum of any 
bounded matrix is contained in the domain of the matrix it is clear from 
(99) that the spectrum of 1S,” is contained in the closed interval [— 7, + 7]. 
Furthermore the matrix EK — B™ is a diagonal matrix the elements of which 
are 0 and + 1 and forms with S“ the separated matrix pair (EK — B”’, 8S“) 
[cf. (87), (97), (92)] so that from p. 584 and the fact that the Hermitian 
matrix + is reduced [cf. (90) and adjoining] the points 
and + 7 cannot be in the point spectrum of iS, i.e. S® is a reduced skew- 
symmetric matrix. Since the property of a skew-symmetric matrix to be 
reduced is an orthogonal invariant the skew-symmetric matrix S of Lemma I 
is itself reduced and the necessity of (84b) is, under the temporary restriction 
that B be of type I of (87), accordingly demonstrated. 


3. Proof of the necessity of (84a) and (84b) for the matrices B of 
Classes U, III, and EV. That (84a) and (84b) are necessary if the matrix 
B in Lemma I is of type II of (87) follows at once on replacing 2m by 
2m + 1 throughout the preceding demonstrations. In order to treat type III 
of (87) we may write, analogously to (91) and (92), from (88) 


(100) S® — 6, 4+ 


where 


(1 


| 
} 


INFINITE ORTHOGONAL MATRICES. 611 


so that the matrix pair (Sa,S,®) is separated. Since the matrix 
7B + iS is reduced [cf. (90) and adjoining] we accordingly have 
(cf. p. 582) from (100) 


(102) 0S @[(rB + iS) 52] 
= [BO 52] + [iS 2] + © [So 2] S 2x for = 1, 


and hence 


+00 
(103) 0S7r4+ 52] = for Ty > | av |? == 1, 
v=m+1 
m ‘ 
(104) 0S 32] S for S| av |?—1, = 0, 
v=1 


so that one may deduce [cf. (95), (99) and adjoining] from (103) and 
(104) that the matrix pair (E— B®,S) is separated and that the skew- 
symmetric matrix S“ is reduced and then, as a consequence, that the matrix 
pair (EK —B,S8S) of Lemma I is perpendicular and that the skew-symmetric 
matrix S is reduced. In order to treat the remaining case in which the 
matrix B of Lemma I is of the type IV of (87) we write 


(105) Sm — -f- S,™, 
where, in the notations employed in (88), we understand 
S;, 833 Zi 
(106) Z Z Z Z Z Si, 


so that the matrix pair (S,“,S,“’) is separated. Since the Hermitian 
matrix 7B + iS is reduced [cf. (90) and adjoining] we accordingly have 
(cf. p. 582) from (105) 


(107) 0S @[(nB +18; 2] = 2] 
+4 + [iS,% S2e for |r| 


and since x is an arbitrary unit vector in (107) we may put 
(108) 
Ly Ls = Le = = M10 ‘== (0; 


|? + | aa |? + | |? + |? 1, 


so that from (106) and the definition of B“ in (87) we may derive from 
(107) 
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(109) 0< [iS, ; 2] S 2x, 


first, for only those unit vectors x in (108), and then, because of the peculiar 
definition of S, given in (106), for an arbitrary unit vector z. A treat- 
ment of inequality (109) analogous to that given for (95) then yields 


= | 
or from (105) 


(110) — 


From (87), (110), and (106) it is clear that the matrix pair (EK — B™, S“) 
is separated and consequently perpendicular. From this point on the proof 
of the necessity of (84a) for those matrices B of Lemma I of type IV in (87) 
is identical with the proof given in the treatment of type I and is accordingly 
not repeated. 

In order to show the necessity of (84b) if the matrix B in Lemma I is 
of type IV in (87) we choose, instead of (108), those unit vectors x for which 


(111) | as |? + | |? + | |? + | |? + | |? + | |? 1, 


so that now, from (106) and the definition of B“ in (87), the inequality 
(107) is replaced by 


(112) [iS ;2] ie. SO [i832] S47, 


first, only for those unit vectors z in (111), and then, because of the peculiar 
definition of S,“” given in (106), for an arbitrary unit vector x. By em- 
ploying the same argument used in the discussion of (99) we learn that the 
spectrum of 1Sa is contained in the closed interval [—7z, + 7] and that 
neither of the end-points —z and + 7 are contained in the point spectrum 
of iSa (cf. p. 610). Finally it follows, just as in the treatment on p. 610, 
that the matrix S in Lemma I is a reduced skew-symmetric matrix. 


4. Sufficiency of the conditions (84a) and (84b) in Lemma I. We now 
turn to the proof of the sufficiency of (84a) and (84b) in Lemma I. Since 
B is now by hypothesis a real symmetric idempotent matrix and S a real 
skew-symmetric matrix commutable with B [the commutability condition (83) 
is a necessary but not a sufficient condition for the perpendicularity of the 
matrix pair (EH —B,S)], we may by simultaneous orthogonal matrix trans- 
formations obtain the canonical forms in (87) and (88) for the matrices 
B and S, respectively. As has been mentioned before, the assumptions in 


| 
| 
| 
| 
| 
| 
i 
i 
4 
q 
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(84a) and (84b) for the matrices B and S are orthogonal invariants and 
since the property of a Hermitian matrix to be reduced is likewise an oriho- 
gonal invariant it will be sufficient to prove the sufficiency for the Hermitian 
matrices in (90). We consider separately the four possibilities in (87) and 
begin with the treatment of type I. From the perpendicularity of the matrix 
pair (E— B®, S®) there follows from (87) and (88) that 8S,“ = || 0 | 
in (92), i.e. from (91), the matrix equation (97). Since S™ is a reduced 
skew-symmetric matrix it follows from (97), (92) and (87) that ~B™ + iS™ 
is a reduced Hermitian matrix (cf. p. 584); from which the sufficiency of 
(84a) and (84b) in Lemma I follows [if B is of type I in (87)]. The 
treatment of the types II and III of (87) obviously proceeds entirely along 
the same lines and accordingly is not repeated here. The treatment of type 
IV of (87), while proceeding in the same general manner, is however more 
complicated and consequently is given in some detail. From the perpen- 
dicularity of the matrix pair (E— B™, S“) there follows from (87) and 
(88) that S,“ = || 0 |] in (106), i.e. from (105), the matrix equation (110). 
Since S® is a reduced skew-symmetric matrix it follows from (110), (106), 
and (87) that first, the spectrum of 7B“ + iS is contained in the closed 
interval [0,2] and second, from p. 584, that the end-point 27 is not con- 
tained in the point spectrum of 7B‘ + iS“; from which the sufficiency of 
(84a) in Lemma I for the matrices B of the type IV in (87) follows. q.e.d. 


III. THe PARAMETRIC REPRESENTATION OF THE MANIFOLD OF 
THE ORTHOGONAL MATRICES. 


We first employ Thcorem I and Lemma I for the demonstration of the 
following two theorems: 


THEOREM II. Every orthogonal matrix O may be represented in the 
form 
(113) O = et(mB+iS) gitB. gS — 2S. 


in which B is a real symmetric idempotent matrix and S a real bounded skew- 
symmetric matrix commutable with B, 1. e. 


(114a) B=B=B’, B?=B; 
(114b) BS = SB. 


Furthermore this representation is possible and unique if the matrix pair 
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(E —B,S) is perpendicular and tf the skew-symmetric matrix 8 is reduced, 
i.e. of 

(115a) (KE —B)S=—S(E—B) =| 0], 

(115b) S ts reduced. 


THEOREM III. Every orthogonal matriz O may be represented in the 
form 


(116) = 2C — 


in which C is a real symmetric idempotent matrix and § a bounded real skew- 
symmetric matria such that the matrix pair (C,S) 1s perpendicular, i. e. 


(117a) C=C=C,0?=C; 
(117b) CS=SC =| 0 J, 


and this representation is unique if the skew-symmetric matrix S in (116) 
is reduced. The matrix C is in fact the matrix E—B of Theorem II. 


Theorem II is a trivial consequence of Theorem I and Lemma I in that 
for its demonstration it is only necessary to replace the condition in Theorem 
1 that the Hermitian matrix 7B + iS be reduced by the equivalent conditions 
(84a) and (84b) of Lemma I. That the representation (113), (114a), 
(114b) always yields an orthogonal matrix, i.e. a real unitary matrix even 
without the conditions (115a), (115b) is trivial inasmuch as (cf. p. 606) 


O = ginB . ¢-S — (EK — 2B)eS —O, 


from which it is clear that the prescribing of the conditions (115a) and 
(115b) is responsible for the uniqueness of the representation (113). 

Theorem III is now demonstrated as a consequence of Theorem II and 
the identity (19) on p. 588 valid for every perpendicular pair (M,N) of 
bounded matrices. In order to show this we write the representation (113) 
as follows: 


(118) O=exp [t(7B +18S)] —exp + iS) ] 
= — expt [— 7(E—B) + 


If we now choose the matrices B and §S to fulfill the conditions (114a), 
(114b), (115a), (115b) the representation (113), (118) provides a unique 
representation of any given orthogonal matrix O and which may, from (19), 
be written in the form 


O = __ 


| 
| 
q 
i 
i 
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which in turn, from (80) [@=—7 and I= E—B], may be written as 
(119) O = 2(E— B) — 
inasmuch as for B? = B, as is well known, 


(E—B)? = E?— 2B + B? = E—B. 


The matrix E—B in (119) may accordingly be identified as the matrix C 
in Theorem III. Finally it is clear that the representation (116), (117a), 
(117b) always yields an orthogonal matrix, even though S is not a reduced 
skew-symmetric matrix, for 
00’ = = [2(E— B) — e*] [2(E — B) — 
= 4(E — B)? — 2(E— B)e§ — 2eS(E— B) + E 
= 4(E — B) —2(E— B) —2(E—B)+E=E. 


It is clear from the above considerations that the only effect on the repre- 
sentation (116) of prescribing that the skew-symmetric matrix S be reduced 
is to insure the uniqueness of the representation. 

We now show 


Lemna II. The formula Q = E 
between the idempotent matrices I and the matrices Q which are square roots 
of EK. This one-to-one correspondence has the obvious property that the 
matrices I and Q in it are simultaneously real and simultaneously symmetric. 


21 yields a one-to-one correspondence 


Let I be a given arbitrary (not necessarily Hermitian) idempotent 
matrix, i.e. [7 =I. The matrix Q = E— 2I is then uniquely determined 
and satisfies the matrix equaticn 


Q? = (E— 21)? = — 414. 42? 


so that Q is a square root of E. 
Let Q be an arbitrary (not necessarily Hermitian) square root of K, 
i.e. Q? =E. The matrix I= 3$(E—Q) is then uniquely determined and 


satisfies the matrix equation 
I = (14) (E—Q)? = (4) 2Q + Q) = (14) (E—Q) =I, 


so that I is an idempotent matrix. 
That the correspondence Q = E 
As a consequence of Theorem I and Lemma II we show 


2I is one to one is trivial. 


THEOREM IV. Every orthogonal matric O may be represented in the 


form 


| 


i 
i 
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(120) 0 = QeS = SQ, 


in which Q is a real symmetric square root of E (and therefore itself an 
orthogonal matriz inasmuch as QQ’ = Q’Q =Q?=E), S a bounded real 
skew-symmetric matrix, commutable with Q, 1. e. 


(121A) 
(121b) QS = SQ, 
and this correspondence between the orthogonal matrices O and the matrix 


pairs (Q,8) for which the Hermitian matrices (2/2)(E—Q) are 
reduced 1s one-to-one. 


The matrix B in the representation (62) is, from (63a), a real symmetric 
idempotent matrix. According to the above lemma there exists a uniquely 
determined real symmetric square root Q of E for which (62) may be written 
in the form 


(122) O = exp é[(n/2) (E—Q)+ i8] = exp [i(x/2) (E—Q)] - exp [—S]. 


The matrix B=4(E—Q) is idempotent so that (122) may, from (80) 
[6 = 7 and I = (14) (E— Q)], be written in the desired form (120). Finally 
from Lemma II and Theorem I the correspondence (120), (122) between 
the orthogonal matrices O and the matrix pairs (Q,S) of (121a), (121b) 
is one-to-one provided that the Hermitian matrix 7B + 1S, i.e. (7/2) (E — Q) 
+ iS is reduced. q.e.d. 


V. THe Four CLaAsses oF ORTHOGONAL MATRICES. 


According to Lemma II if Q is a real symmetric square root of E there 
exists a uniquely determined real symmetric idempotent matrix B for which 


(123) Q—E—2B 


holds. Corresponding to the four canonical forms for the matrices B, under 
orthogonal matrix transformations, given in (87) we accordingly obtain the 
following four canonical forms for the matrices Q which are square roots of H: 


T: Q~Q? =| JAR, =—1 
for j= 1,2,° + 0, for > 2m, 
Tl: Q~Q? =] |, =9 TAR, C55 =—1 


for j= (Q2m+1)< + 0, gj; forj > 2m +1, 
(124) HI: Q~Q? =] = 9 FAK, 
for 7 = 1,2,---,m< +0, qj; =—1 forj > ™m, 


| 
| 


i 

| | 

| 
| 

| 
| 

| 

i 

| 

4 

| 

i 
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IV: Q | q jx I; = 0. 1A k, q? 53 =. 7543544 1 
for j= 1, 5, 9,°°°, q =-+1 for ] == 3,7,11,°°-, 


On pages 607-612, we have shown that simultaneously with the transformation 
of the matrix B of Theorem I to a given canonical form (87) and hence 
simultaneously with the reduction of the matrix Q, defined by (123), to a 
canonical form in (124), the skew-symmetric matrix S of Theorem I is trans- 
formed into one of the four following forms: 


I: S~S™ = | Som = 2m = — S’om, 

IIT: S~S® — Sco-m = com = — 9’ com, 

' Soo_m 

Z2 242 424. 
S; Z2 Ss Z. 

IV: S~S®=|/Z2 22 2Z. 


Boa 


ra] , 
Soq = = — = 
Yoa Spa 


[cf. for example for I of (125) formulas (91), (92), and (97)]. Since, 
according to Theorem IV, we may express any given orthogonal matrix O 
uniquely in the form (120) it is possible to effect a division of the orthogonal 


matrices into four classes, namely according as 


(126) Class I: O~ QMe8™, Class II: ~Q@e8®, 
Class IIT: O~ Class IV: 


in which the matrices Q, S“ (1—1,2,3,4) are defined in (124) and 
(125). As has been mentioned in connection with Theorem I this classi- 
fication is possible because of the invariance of the spectra and the “ co- 
variance” property there pointed out with respect to orthogonal matrix 
transformations. 

We now confine our attention to orthogonal matrices of Classes I and 
II in (126) and obtain a further simplification of the canonical forms in 


13 


| 
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(126) for these two classes. We shall understand by a canonical /-rowed 
skew-symmetric matrix F; (1 < + ©) the skew-symmetric matrix obtained 
by “inserting ” in succession the real binary skew-symmetric matrices 


0 


1SpSl/2 (l even); 1S pS (I—1)/2 (1 odd), 


+n 


in the diagonal positions of the /-rowed square zero matrix. For even | every 
row and column of F; contains one and only one si, the same being true for 
odd 7 with the exception of the first row and column which contain only 
zeros. As is well known every finite real skew-symmetric matrix S is ortho- 
gonally equivalent to a canonical skew-symmetric matrix so that the points 
in the spectrum of S are then necessarily 


(127) s,—|| 


(128) 181, +182, 1812 or 0, $1, 182, 18, 1-1) /25 


according as / is even or odd respectively. In an analogous manner we shall 
understand by an infinite canonical skew-symmetric matrix Fo the skew- 
symmetric matrix obtained by inserting infinitely many of the binary skew- 
symmetric matrices (127) in the diagonal positions of the infinite zero matrix. 
Those bounded skew-symmetric matrices, possessing no continuous spectrum, 
are analogous to finite real skew-symmetric matrices in that they are ortho- 
gonally equivalent { to an infinite canonical skew-symmetric matrix Fo. 
With the use of canonical skew-symmetric matrices, as defined above, the 
canonical forms for the matrices of Classes I and II as set forth in (126) 
may be further simplified to 


(129) ClassI:0 ~ QeFm, Class IT: ~ Qe8® ~ Q® eFama, 
inasmuch as, as is clear from I and II of (126) that 


By employing the identity { 


7+ See “Hi”, p. 163, where the above fact is demonstrated for completely con- 
tinuous skew-symmetric matrices the proof permitting an immediate generalization 
to bounded skew-symmetric matrices, not possessing continuous spectra. 

¢t The identity (130) may be derived on applying the Cayley-Hamilton theorem 
to the definition of exp M as given on p. 588. On placing 


0 
F,= 


the Cayley-Hamilton theorem yields the recursion formulas 


| 
| 
i 
44 
| | 
| 
| 
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cos sin 
(130) exp 0 


sin 6 cos 0 
and if 1 is odd also 


exp 


00 
06 


in which 6 denotes an arbitrary real or complex number, and the finite 
canonical /-rowed rotation matrices O; defined by 


(131) = 
we are enabled to write (129) in the form 
(132) Class I: Class II: O~ Orme; 


and consequently replace the classification of the orthogonal matrices O as 
given in (126) by 
Class I: ~ 
(133) Class II: 0 ~Qe8? ~ Q@ Ooms, 
Class III: O~Qe8®, 
Class IV: O~Q¢8®, 


For finite orthogonal matrices there exist no classes which would corre- 
spond to Classes III and IV of (133) whereas Classes I and II correspond 
to the finite orthogonal matrices of determinants + 1 and —1 respectively 
since, denoting by det M the determinant of an arbitrary finite matrix M, 
we have from ¢ (124) 


from which the matrix 


v=o v=0 (2v)! v=0 (2v + (Qv+1)! 


takes the form 


F +00 pees 
ES ( 1) 2 ( 1) (2v-+ 1)! 
sin 6 cos @ sin 6 
= Ecos 6+ 6 | 


Cf. the paper of Galanti referred to on p. 594. 
+ The first of the equations in (134) follows from the invariance of a determinant 
of a matrix with respect to matrix transformations, i.e. 


det = det Oe®O- det 


and the easily verified fact that the finite canonical rotation matrices defined in (131) 
above are of determinant + 1. 
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det e-® — (+ 1), S—S—~—S, 
(134) det (—1)™— 
det — (—1)?m1 — — 1, 


VI. AND REFLECTIONS. 


We now return to infinite orthogonal matrices and propose the definition: 
We designate an orthogonal matrix O as a rotation matrix if and only tf 
there exists a bounded real skew-symmetric matrix G (not necessarily unique) 


for which 
(135) O = 
holds. An orthogonal matrix not permitting this representation we designate 
as a reflection matriz. 
In order to justify the introduction of this definition we show f the follow- 


ing lemma pertaining to finite orthogonal matrices: 


Lemma III. Every orthogonal matrix of determinant + 1 (1. e. a finite 
rotation matriz) permits the representation (135) and no orthogonal matriz 
of determinant — 1 (1. e. a finite reflection matrix) permits this representation. 

Let O be a given orthogonal matrix of determinant + 1, i.e. the matrix 
O is of Class I in (133) so that we have 


(136) O ~ Q Fam, 


in which the matrices Q@® and F.» are defined on p. 616 and p. 618, 
respectively. If we now introduce a canonical skew-symmetric matrix F om 


defined by placing 


7 That every orthogonal matrix of determinant + 1 permits the representation 
(135) is not, as appears at first sight, a trivial consequence of the normal forms for 
orthogonal matrices under orthogonal matrix transformations and the above identity 


(130) is clear from the example 


2h? 2b — b?)# 
— 2b (2? — b?)% — 2b? == eX 4 
= 0 Pio 0 (2? — 
0 0 —1 —b 0 


of an orthogonal matrix of determinant + 1 which is already in canonical form and 
whose exponential representation (135) is not at all obvious from the identity (130). 


= 


INFINITE ORTHOGONAL MATRICES. 621 


=1 


in (128) we are enabled to write the matrix Q® of (136), (124) in the 
exponential form 


inasmuch as, as follows from (130) for 6-7, we have 


0—1 


tal 
—10 


—1 


exp 7 | 


Since the matrices F2m and F “2 are obviously commutable we may employ 
the distributive property of the exponential representation with respect to 
commutable matrices and write (136) with the help of (137) in the form 


O et Fam eF am == exp + 


and hence, since the property of being a rotation matrix in the sense of 
our definition is for finite as well as for infinite matrices obviously an ortho- 
gonal invariant,t the demonstration of the first part of Lemma III is 
completed. 

The demonstration of the second part of Lemma III, namely that every 
finite matrix permitting the representation (133) is necessarily of determinant 
+ 1 is contained in (134) (cf. footnote thereto on page 619). 

As an application of the exponential definition of rotation and reflection 
matrices as given in (135) we show 


THEOREM V. Every orthogonal matrix of Class I is, in the sense of the 
definition (135), a rotation matrix and every orthogonal matria of Class II 
is, in the sense of definition (135), a reflection matria. 


The demonstration of the first part of this theorem is seen to be identical, 
from the formula (136) on, of the first part of Lemma III and consequently 
is not repeated. As has been mentioned above, the property of an orthogonal 
matrix to be a rotation or a reflection matrix, in the sense of the definition 
on p. 620, is an orthogonal invariant. Consequently in order to demonstrate 
that the matrices of Class II in (133) are all reflection matrices it will be 
sufficient to demonstrate that the matrices Q°?’Oom,, of II in (133) are all 
reflection matrices. The second part of Theorem V may not, as appears at 


+ This invariance property is trivial inasmuch as follows from the definition of 
eG on p. 588 that if O is an arbitrary orthogonal matrix then OeGO-1 = eOGO in 
which OGO-1 is again a bounded real skew-symmetric matrix. 


| 

| 

| 

| | 

| 
nee 
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first sight, be reduced to the fact that no finite orthogonal matrix of determi- 
nant —1 permits the representation (135) [cf. (130)], since it would be 
possible that Q® eF2™4 = Q)Oom,, = e& in which G is a bounded real skew- 
symmetric matrix containing infinitely many elements different from zero. 
In order to give a correct demonstration we first show 


Lemma IV. The spectrum of an arbitrary real bounded Hermitian 
matric H (not necessarily reduced) is mapped upon the spectrum of the 
matria e*4 by the transformation w = e**, 1. e. if 6 (6 real) is a point in the 
spectrum of H then e* is a point in the spectrum of e*#, 


The proof of this lemma is trivial for reduced Hermitian matrices as 
it follows directly from the connection between the spectral matrices of H 
and e*# as given in (59). We shall however require the result of this lemma 
for an arbitrary Hermitian matrix H and accordingly give a direct proof 
valid even if the matrix is not reduced. We adopt the notations for an arbi- 
trary Hermitian matrix M 


L[M] greatest lower bound of @®[M;z2] for |z| 
u[M] least upper bound of |®[M;2]| for |2| 


], 
=], 


(138) 


We shall require the well known inequalities + 
(139) |®[MN;2]|S ®[N*N;2])* for |2|—1, 
(140) [M,N] Su [M] [N], 
(141) L[MM*]=0 I[M*M] 20, 
valid for any two bounded matrices M and N. 
First we derive the relations 


(142) [(6E — H) (6E— H)*;2] 
[(6E — H)*(6E — H) ; 2] = ®[(6E — H)?;2] =0, 


(143) (e#E — (eK — etH)*; x] 


= — eff) * (eB — eff) ; 7] —— (— 1) 
Vj); 
(144) 0 = ®[ — H)*; x] — H)?; &[ (6K — H)*; 
(k = 1, “4. 


valid for real 6, an arbitrary unit vector z, and an arbitrary bounded Hermi- 
tian matrix H. The proof of (142) is, from (141), trivial. For the demon- 
stration of (143) we observe that from 


7 Cf. for instance “S”, p. 137, p. 130, p. 132, respectively. 


= 
— | 
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(145) [(e#E — et#) (cE — 
= (cE — (eR — sz] 
= (cE — * — ; 


we obtain 
(146) [ (e#E — eH) (eR — eH) *; 7] — 2 — O[ 4 ; 
from which (143) obviously follows. The inequalities (144) are derived from 


that of (139) by placing therein M = (@E—H), N = (@E—H)**" and 
k = 2,3: in succession and at the same time employing (142) and 


0 (6E — H)?(6E — H)**; = — H)*; 


If H is a diagonal matrix the lemma is trivial and we exclude this case in 
what follows. Let @ be a point in the spectrum of H, i.e. assume [cf. (581) ] 


H) (66 — H)*] 
— I[ (6E — H)*(6E — H)] =1[(6E — H)?] =0, 


(147) 


so that there exists a sequence of unit vectors {xn} for which 


(148) lim ®[(@E— H)?; an] = 0. 
n—>+00 
From (142), (143), and (144) we have 


(149) 0S (e#E — (cE — 2] 235 x] 
v=1 


+00 4y-2. 


Since 6K — H $ || 0 || is bounded we have 

(150) 0< H]| —u, 

where we write, for the sake of brevity, u[@E — H] =u and hence have from 
(138) and (140) 

(®[ — H)*"*; 2])* S (y= 1,2,- 
so that the inequality (149) may be replaced by 

(151) 0S O[ (e#E — — 


If one now applies the inequality (151) to the sequence of vectors {am} for 
which (148) holds there follows from (151) the fulfillment of (3) for 


2 4 
< + 


4] 

| 
| 
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i.e. e is a point in the spectrum of e*#. 
If S is a real bounded skew-symmetric matrix the matrix 1S is a bounded 
Hermitian matrix so that we have the 


Corotiary. The spectrum of an arbitrary real bounded skew-symmetric 

matriz S is mapped upon the spectrum of the matria eS by the transformation 

=e*,1.¢. if 10 is a point in the spectrum of S then e is a point in the 
spectrum of eé, 

We now demonstrate the second part of Theorem V and first calculate 

the matrix Q®’ Ooms: of (133) obtaining from (124), (132), (127) and (131) 


(152) Q? Ooms 


—1 
—CO08 8; 
sin $; —COS S; 
—COS —SIN 
SIN Sz —COS 


—COS Sm —SIN Sm 
SIN Sm —COS Sin 
1 


from which it is clear that the matrix (152) possesses only a point spectrum 
namely the points 


(153) —1, e*81, e*t82, 1,: 


so that —1 necessarily occurs an odd number of times in the spectrum of 
(152). - If now the matrix (152) were to permit the exponential representa- 
tion e© of (135) the matrix G therein could, from the above corollary, possess 
no continuous spectra and consequently (cf. p. 618) is orthogonally equiva- 
lent to an infinite canonical skew-symmetric matrix Foo. Since the spectrum 
of any matrix is invariant under matrix transformation it is clear that either 
the points 


(154) (2h-+1)mi, —(2k+1)ai; 


belong simultaneously to the spectrum of G or neither belongs to the spectrum 


A= M = 
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of G. Therefore if —1 occurs in the spectrum of e© it follows from (154) 
and the above corollary that it must occur an even or an infinite number of 
times which is a contradiction to (153). q.e.d. 


APPENDIX. 


THE PROBLEM OF MOMENTS FOR A FINITE INTERVAL AND THE THEORY 
OF BoUNDED HERMITIAN MATRICES. 


Several presentations have been given for the spectral representation of 
a bounded Hermitian matrix by means of Stieltjes integrals as introduced 
by Hilbert. The various modes of investigation require in common with the 
method of Hilbert, as far as the author knows from the literature,t the use 
of the characteristic constants of the truncated matrices of the given bounded 
Hermitian matrix. This procedure has certain methodical inconveniences. 
First, the spectra of the truncated matrices of a bounded Hermitian matrix 
do not necessarily determine the spectrum of the infinite matrix itself. An 
example of such a bounded Hermitian matrix has been pointed out by 
Toeplitz { in which he considers the bounded Hermitian matrix constructed 
from the infinite zero matrix by inserting the real binary symmetric matrix 
3 
4 | 


in the diagonal positions of the infinite zero matrix, i.e. the matrix of the 
Hermitian form 


and which contains only the points —1 and +1 in its spectrum whereas 
not only —1 and +1 but also 0 belong to the spectrum of infinitely many 
truncated matrices. Second, the method of the truncated matrices is re- 
stricted to the treatment of Hermitian matrices alone. For instance the 
truncated matrices of a unitary matrix are not necessarily also unitary 
matrices although it is possible to obtain by a direct treatment of the trigono- 
metrical momentum problem belonging to the infinite matrix itself a spectral 


tI. See “Hi”, pp. 131-137; II. Hellinger Toeplitz, “Integralgleichungen und 
Gleichungen mit unendlichvielen Unbekannten,” Hneyklopidie der Mathematische Wis- 
senschaften 2UI2, pp. 1575-1584. III. F. Riesz, “ Uber quadratische Formen von unend- 
lichvielen Veriinderlichen,” Géttingen Nachrichten (1910), pp. 190-195. Cf. also by 
the same author “R”, pp. 128-139. We refer to the article of Hellinger Toeplitz as 
“HT” and this paper of Riesz as “U”. 

tSee “T”, p. 107. 
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representation which is entirely analogous to that discovered by Hilbert ft 
for bounded Hermitian matrices. It is shown in the present note that such 
a direct treatment is also possible for bounded Hermitian matrices and yields 
a very simple demonstration of the fundamental theorem of Hilbert. It is 
necessary to start, not with the problem of trigonometrical moments but with 
the ordinary problem of moments for a finite interval as developed by 
Hausdorff.{ The method possesses, in contrast to the methods of F. Riesz, 
not only the advantage of avoiding the use § of the truncated matrices at 
all but also enables us to start directly with a monotone Stieltjes kernel 
(Belegungsfunktion) whereas F. Riesz deduces { the result from his gen- 
eral theorem || on the solvability of a system of Stieltjes integral equations 
with a function of bounded variation and then has to prove that the 
solution is actually monotone. It is of course a matter of fact that the 
demonstration of the theorem of Hausdorff is based on the theorems of 
Helly applied by Carleman in connection with the method of the truncated 
matrices as developed by Hilbert. In addition to the theorem of Hausdorff 
we need the fact that every bounded positive definite matrix possesses a 
bounded “square root ”. If one is already in possession of the spectral repre- 
sentation of a bounded Hermitian matrix (the deduction of which is the 
purpose of this note) the uniqueness,tt as well as the existence of a bounded 
positive definite “square root” of a bounded positive definite matrix, is 
assured. We need, however, only the existence of a “square root” of a 
bounded positive definite matrix and this is available, according to a remark 
of eHllinger-Toeplitz,{{ without the use of a spectral representation. 

For the sake of completeness we first discuss in some detail the remark 
of Hellinger-Toeplitz concerning the construction of a bounded positive defi- 
nite square root of a bounded positive definite matrix. The basis of this 
remark is the ordinary Taylor development 


7 See “ Hi”, p. 138. 

t See “Ha”. 

§ See “R”, pp. 129-139, where Riesz gives a direct proof employing an ap- 
proximation by matrix polynomials which however also depends upon the use of the 
truncated matrices. 

See “UU”. 

|| F. Riesz, “Sur les opérations fonctionelles linéaires,” Comptes Rendus, 29 no- 
vembre (1909), and “ Sur certains systémes d’equations fonctionelles et l’approximation 
des fonctions continues,’ Comptes Rendus, 14 mars (1910). 

Tt See “W'”, p. 267. For finite matrices a direct demonstration of this existence 
and uniqueness property is given by L. Autonne in “Sur l’Hermitien,” Rendiconti del 
Circolo Matematico di Palermo, Vol. 16 (1902), pp. 120-121. 

tt See “HT”, p. 1567, footnote (522 a). 


INFINITE ORTHOGONAL MATRICES. 627 


+00 
(155) f(z) =(1—2)*#= Sav, <1, 
in which 
(156) = 1, + = —1, Aptn-p = 9; (n = 2, 3,° ‘ 
u=0 

We denote by 

+00 +00 
(157) W[A;2z,y] = ApgXpYa, 

p=1 


the bilinear form of an arbitrary bounded matrix A and by 
+00 +00 
p=1 
the compound form (Kopplungsform) of A. The upper limit of | ¥[A; 2, y] | 
for those vectors x and y for which 
+00 +00 


will be denoted by R(A), the upper and lower limits of | ®[A; 2] | for those 
vectors x of (159) being denoted by M(A) and m(A) respectively. It is 
known that if A; and A, are two arbitrary bounded matrices then according 
to the inequality of Schwarz t¢ 


(160) R(A,A,) S R(A,)R(A2). 
Furthermore it is clear that the series 
+00 
(161) > Av 
v=0 
converges to a bounded matrix A if 
+00 
(162) ¥ R(Av) < + ©. 
v=0 


For an arbitrary bounded Hermitian matrix H it is known that the compound 
form ®[H; takes only real values and that 
(163) R(H) = M(H). 


A bounded Hermitian matrix for which the upper and lower limits of its 
compound form on the complex Hilbert sphere | «| —1 of (159) are con- 


7 Cf. for instance “S”, p. 130. 


| 
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tained in the open interval (0,1) will be denoted by K. We accordingly 
have for every Hermitian matrix K 


(164) 0<m(K) =M(K) <1, 
in which the equality sign holds for and only for those matrices yE in which 


E is the unit matrix and 0<y<1. The matrix E—K is likewise a 
bounded Hermitian matrix for which we have from (164) 


(165) 0<m(E—K) =M(E—K) <1. 
The matrix 
(166) A= > wk’, 

v=0 


in which the a are the coefficients in the Taylor development (155) and 
consequently fulfill the bilinear relations (156), is a bounded matrix since, 
from (164) and the definition of the av in (155), (156) we have from (160) 
and (163) 


> R(aK") >| % | R(K’) | R(K)’ => | w | M(K)” 00, 


and therefore 


One then verifies easily from (166) and the definition of the ay in (155), 


(156) that 
(167) A? = E—K, 


and, in an analogous manner from (165), that the matrix 
+00 

v=0 

is bounded and fulfills the matrix equation 


(169) B? = K. 


The matrices A and B defined in (166) and (168) may then be said to be 
“square roots” of the bounded positive definite matrices E—-K and K 
respectively. The matrices A and B in (166) and (168) are in addition 
positive definite but inasmuch as we shall not need this fact in the following 
we give no demonstration. The matrices A and B are obviously Hermitian 


and commutable, i. e. 


(170) AB—BA—A*B* —B*A* where A* A’, 


v=0 
| 
| 
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We now employ the results of the previous paragraph in the demon- 

stration ¢ of the 

_ Lemma. [f K is any bounded Hermitian matrix whose compound form 

®(K; 2x] ts bounded by the inequalities (164), i.e. 

(171) for |2|—1, 

then the matrix polynomials 

(172) an,m(K) where anm(x) =2"(1—2)"™; 
(m=0,1,--°,n); (n=0,1,---), 

are not-negative defimte matrices, 1. e. 

(173) 0S for |x| —1; 
(n=0,1,--°). 


In order to demonstrate (173) we employ the “ square root” representa- 
tion (167), (169) for the matrices E —K and K respectively in the matrix 
polynomials (172) to obtain with the aid of the multiplication theorems 
(Faltungsitze) of Hilbert and the commutability property (170) 
amn(K) — (B*)™(A*)*™ — — (BRAY) 

(m =0,1,°--,n; n=0,1,---), 


from which (173) follows at once inasmuch as the Hermitian matrix 
(B™A"™) (B™A”™)* is known to be non-negative definite. 
We now consider the problem of moments { for a finite interval, viz. 


+ The demonstration of this lemma may also be seen as a consequence of a theorem 
given by F. Riesz in “R”, p. 129, which states that for a Hermitian matrix H 
whose compound form satisfies the inequalities 


m=%[H;z]=M for |z|—1, 
the compound form of the matrix polynomial 
n 
f(H) where f(z) = > cv’, 
v=-0 


constructed from the matrix H, satisfies the inequalities 


AS[f(H);2]SA for |c|—1, 
where 


SA for mSpSM. 
In the demonstration for this theorem, given by Riesz, use is made, however, of the 
truncated matrices of the matrix f(H) whereas in the direct demonstration of the 


lemma given above, we avoid this procedure. 
tSee “Ha”, pp. 222-232. 
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in which the c; are preassigned real numbers and there is desired a real 
monotone non-decreasing function p(y) of the real argument p» which satisfies 
the system (174) of Stieltjes integral equations. According to Hausdorff f 
this problem possesses a solution then and only then if the sequence {cz} is 
completely monotone, i.e. if and only if the following inequalities hold: 


(175) A*"cy, = 0; (m (n=0,1,---), 
where 

ACm = Cm — Cm41y Aj = AJA; (j =2, 3,° ° 
so that 


= Cm — ("7") -{- + (—1)"™cn; 
(m = 0, 1,- (n = 0, 1,- 


As is well known one may then insure the uniqueness of the solution p(,) 
of (174) at all points of its interval of definition, the closed interval [0,1], 
by prescribing, for instance, the normalizing conditions 


(176) O=p(0) and p(u—0)—p(v), O<p<1, 
for the solution p(y) of (174), obtaining as a consequence of the assumption 
=0 from (174) for 
(177) p(1) —p(0) = p(1) = 

For our purposes we consider the problem of moments arising from (174) 
if one places 
(178) Ko=—E; (J==0,1,°--), 
in which @ is an arbitrary but fixed unit vector and K a Hermitian matrix 
whose compound form ®[K;z] is bounded by the inequalities (164), i.e. 
(171). We seek a monotone non-decreasing function p(u;2) of the real 
argument and the components of the above given unit vector x 


which satisfies the system (174), (178) of Stieltjes integral equations, i. e. 
is a solution of the problem of moments 


(199) dp(us2), (l= 0,1,- + +). 


That the moment problem (179) possesses, for any given unit vector z, such 


tSee “Ha”, p. 226. Cf. also I. J. Schoenberg, “On Finite and Infinite Com- 
pletely Monotonic Sequences,” Bulletin of the American Mathematical Society, Vol. 38, 
No. 2 (1932), pp. 72-76. 
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a monotone solution follows from the above lemma inasmuch as the Hausdorff 
conditions (175) are, for the moment problem (179) 


A*"}[K";2] =0, where A*™O[K*"; z] 


and which are, from (172) and (173), obviously fulfilled. In place of the 
normalizing conditions (176) prescribed for the solution p(y) of (174) we 
now prescribe 


(180) O==p(0;z) and p(u—0;2) =p(y;x) for |r| =—1, 
for the solution p(u; 2) of (179) obtaining in place of. (177) 
(181) p(1;r) —p(0;2) =p(1;2)=1 for |r| —1, 


the solution p(u#;2z) of (178) being thereby uniquely determined, for any 
given unit vector z, at all points of the closed interval [0,1]. 

We now define the function also for and 
1<yp<-+ o taking it identically equal to 0 and +1 in the two ranges 
respectively. With this understanding we write in place of (178) 


+00 
(182) (I= 0,1,- +). 
-00 
Let H be an arbitrary bounded Hermitian matrix. Since H is bounded there 
exist two real numbers a (a >0) and £ so that the matrix 
(183) K = «H + BE 


fulfills the condition (164). In denoting by p(y;) the solution of the 
moment problem (179), (180), (181) we introduce a function o(yn;z) by 
means of the definition 


(184) o(u3%) =p(m+ 832), 2>0, 
From (182), (183) and (184) we then have 


+00 
pldo(u52), 
-00 


i.e. the spectral representation of Hilbert. 


| 
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A NOTE ON THE CONVERGENCE OF THE SUCCESSIVE 
APPROXIMATIONS TO THE SOLUTION OF AN 
ORDINARY DIFFERENTIAL EQUATION. 


By E. K. HAvinanp. 


If f(z,y) is continuous in z and y together in |*—2|Sa, 
| y¥— yo | Sb, where we may assume without restriction that = yo = 0, 
Peano has proved * the existence of at least one solution of the differential 


equation 
dy/dx = f(x,y) 


satisfying the initial condition y(0) = 0. 

Although there will in general be more than one solution under these 
conditions, O. Perron,t by a slight modification of the proof of M. Nagumo,f 
has shown that a sufficient condition for the uniqueness of the solution is 


where 
(2) 1, 


which is seen to be a generalization of the Lipschitz condition. Furthermore, 

Perron has demonstrated + that no greater value of | | is sufficient. 
Correspondingly, the continuity condition assumed in Peano’s proof is 

not in general sufficient to insure the convergence of the successive approxi- 


mations to the solution given by 


M. Miiller being the first to give § an example where the successive approxi- 
mations diverge although f(z, y) is continuous. 


* See, for example, E. Kamke, Differentialgleichungen (Leipzig, 1930), pp. 59-66. 

+O. Perron, “Eine hinreichende Bedingung fiir die Unitit der Lésung von Dif- 
ferentialgleichungen erster Ordnung,” Mathematische Zeitschrift, Vol. 28 (1928), pp. 
216-219. 

tM. Nagumo, “ Eine hinreichende Bedingung fiir die Unitit der Lésung von Dif- 
ferentialgleichungen erster Ordnung,” Japanese Journal of Mathematics, Vol. 3 (1926), 
pp. 107-112. 

§ M. Miiller, “Uber das Fundamentaltheorem in der Theorie der gewéhnlichen 
Differentialgleichungen,” Mathematische Zeitschrift, Vol. 26 (1927), pp. 619-645, 
especially p. 629. 
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A Rosenblatt has shown,* however, that (1) is a sufficient condition for 
the convergence of the successive approximations if condition (2) is replaced 
by |&| <1. It is accordingly of interest to consider the possibility of the 
occurrence of larger values of | & | in a sufficient condition for the convergence 
of the successive approximations. In this note, it is proposed to show by a 
refinement of Miiller’s method that condition (1) is not sufficient for con- 
vergence when |&| > 1. As similar methods have failed to establish either 
the sufficiency or the non-sufficiency of (1) if || 41, this boundary case 
remains unsolved. 

The non-sufficiency of (1) for the convergence of the successive approxi- 
mations when | &| > 1 is established by the following example: 


0 z= 0, —o 

Let dy/dx = f(x,y), where <y<0 
— exé 


and let % = Yo = 0. 
Then 
= f(t, yodt— f° f(t, 0)dt = = 2*/(1 +e) 


and so in general 


Yyor-s(2) +6) 
Yu(z) =0 \ (k = 1, 2, 3, ). 


Thus the successive approximations diverge. Furthermore, the limits of 
the convergent sequences {Yox-1(%)}, {yxx(x)} do not satisfy the differential 


equation. 
Whether or not (1) is a sufficient condition for the convergence of the 
successive approximations when | &|— 1 is a question we are not at present 


able to answer. In the example dy/dz = f(x,y), where 


0, z= 0, 

0<eSa, 0OSyS|2|" 


and % = yo = 0, 


* A. Rosenblatt, “Uber die Existenz von Integralen gewéhnlicher Differential- 
gleichungen,” Arkiv fér Matematik, Astronomi och Fysik, Vol. 5, No. 2 (1909), pp. 1-4. 
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the successive approximations may be shown to converge to the solution 
y= 3 (1/(2 + «) 


however small the value of «. In the limiting case, where « = 0, the successive 
approximations do, indeed, diverge, but the corresponding function f(z, y), 
although bounded, is not continuous at (0,0). 

Again, the functions 


0, 0), —o<cy< 
log (1+ 2), 
= 
log (1+ 2)—y/z, 0<aSa, 0OSyS|2z| log (1+|2|) 
0, 


lead to converging approximations. 

In consequence, there does not appear to be any possibility of setting up 
a divergent sequence of successive approximations in the case | & | = 1 by the 
method of Miiller. It may, of course, be that any search for a function f(z, y) 
for which the successive approximations diverge under the condition (1) when 
| k | 1 is futile, for this condition may be sufficient for convergence, though 
such has not so far been proved to be the case to the best of our knowledge. 

Examples such as dy/dx = y™ show that the convergence of the suc- 
cessive approximations is not sufficient to insure uniqueness of the solution. 


If an example could be given where the successive approximations diverged 
when f(x,y) satisfied condition (1) with || —1, it would be shown by 
virtue of the Nagumo-Perron theorem that conversely uniqueness was not a 
sufficient condition for the convergence of the successive approximations, a 


question at present undetermined. 
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